FRONT SOLUTIONS FOR THE GINZBURG-LANDAU

EQUATION

J.-P. Eckmann and Th. Gallay

DÂepartement de physique th

Âeorique UniversitÂe de GenÁeve CH-1211 Geneva 4, Switzerland

Abstract. We prove the existence of front solutions for the Ginzburg-Landau equation ∂_tu(x, t) = ∂2_xu(x, t) + ( − |u(x, t)|∈ ) u(x, t) , interpolating between two stationary solutions of the form u(x) = √ − q2e^{iqx} with different values of q at x = ±∞↙ S⊓⌋⟨ {∇≀\⊔∫ ⊣∇⌉ ∫⟨≀⊒\ ⊔≀ ⌉§⟩∫⊔ ⊒⟨⌉\ ⊣⊔ ↕⌉⊣∫⊔ ≀\⌉ ≀{ ⊔⟨⌉ q is in the Eckhausunstable domain▷

UGVA – DPT 1992/06 – 767

- 2 -

1. Introduction We consider the Ginzburg-Landau equation (GL) ∂_tu(x, t) = ∂2_xu(x, t) + ( − |u(x, t)|∈ ) u(x, t) , (1.1) where u is a complexvalued function of x ∈ R and t ∈ R_+ . This equation has time- independent periodic solutions of the form

u_q(x) = √ − q2e^{iφ}e^{iqx} , (1.2) where q ∈ ∪−∞, 1♯ and φ ∈ R. These stationary solutions are known to be unstable for small amplitudes (q2 > 1/3↽ and marginally stable for large amplitudes ↼q2 < 1/3↽ ↼Eckhaus stability cf▷ ♭CE♯↽▷ Our aim is to show the existence of front solutions of Eq▷↼1▷1↽ interpolating between two stationary solutions ↼1▷2↽▷ By this we mean solutions of the form u(x, t) = U (x, x − ct), where U (x, ξ) is a complex function which converges to one of the stationary solutions (1.2), say u_{q0}(x), as ξ → −∞ ⊣\⌈ ⊔≀ ⊣\≀⊔⟨⌉∇ ≀\⌉⇔ ∫⊣† u_{q1}(x), as ξ → +∞↙ S⊓⌋⟨ ∫≀↕⊓⊔⟩≀\∫ ⊔†√⟩⌋⊣↕↕† ↕≀≀‖ ↕⟩‖⌉ ⊣ ⊘§⌉⌈ ⌉\⊑⌉↕≀√⌉ ⇕≀⊑⟩\} ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔ ⊒⟩⊔⟨ ⌋≀\∫⊔⊣\⊔ ⊑⌉↕≀⌋⟩⊔† c > 0 while leaving a periodic pattern ↼the function u_{q0}↽ behind and destroying another one ↼ u_{q1}↽ in front as shown in Fig▷ 1▷ In the case where u q 1 ≡ ′ ⇐q1 = ±∞⇒⇔ ∫≀↕⊓⊔⟩≀\∫ ≀{ ⊔⟨⟩∫ {≀∇⇕ ⊣∇⌉ ⌉⊣∫⟩↕† ∫⟨≀⊒\ ⊔≀ ⌉§⟩∫⊔⇔ ∫⌉⌉ ⌉↙}↙⇔ ∪CE⊎⇔ ∪B⊎↙ I\⌈⌉⌉⌈⇔ ⟩\∫⌉∇⊔⟩\} ⟩\ E∐↙⇐∞↙∞⇒ ⊔⟨⌉ ⊣\∫⊣⊔‡ u(x, t) = v(x − ct)e^{iq0x} where v is a complexvalued function q0 ∈ (−∞, 1) and c > 0 we obtain an ordinary differential equation for v . v^{′′}(ξ) + (c + 2iq0)v^′(ξ) + ( − q20 − |v(ξ)|∈ ) v(ξ) = 0 . (1.3)

Now, deffning H(v, v^′) = 12|v^′|∈+ 12(1 − q20)|v|∈− ∞△|v|△, (1.4) we can write Eq.(1.3) as a one-dimensional complex Hamiltonian system with Hamiltonian H and ↼complex↽ dissipation coefαcient c + 2iq0, the αxed points are thus given by the local extrema of the Ψpotentialν term in Eq▷↼1▷4↽▷ It follows that Eq▷↼1▷3↽ has a stable αxed point F1 at v = 0, and a circle F 2 of unstable ones (v = √ − q20e^{iφ} ↽ which corresponds to the stationary solutions ↼1▷2↽▷ In view of the Ψdissipation lawν dH/dξ = −c|v ′|∈≤ ′⇔ ⊣\† ⊔∇⊣|⌉⌋⊔≀∇† ⌉\⊔⌉∇⟩\} ⊔⟨⌉ ∇⌉}⟩≀\ |v|∈< 1 − q20 H < 14(1 − q20)2, will stay there and converge to the origin. In particular, F 2 is on the boundary of this region, and its unstable manifold intersects this region. Therefore, we can conclude the existence of fronts for Eq.(1.1) connecting any solution (1.2)�no matter whether stable or not�to the origin.

- 3 -

x t = 0 u(x, t)

x t = 6 u(x, t)

x t = 12 u(x, t)

Fig. 1: The real part of a typical front solution of the GL-equation (1.1) is plotted at three different values of t▷ The parameters are q0 = −′.3 q1 = 0.9 and c = 5. The case where both stationary solutions u q0 u_{q1} are nonzero is harder▷ As a matter of fact we cannot make the ansatz u(x, t) = v 0(x − ct)e iq0x + v 1(x − ct)e^{iq1x for as soon} as u contains a superposition of any two different wavenumbers q0 q1 the nonlinear term |u|∈u in Eq▷↼1▷1↽ produces all the Ψharmonicsν q_n = q0+ n(q1− q0), n ∈ Z. So, the simplest expression we can hope for is u(x, t) = ∑ n∈Z C_n(x − ct)e^{iqnx} . (1.5) Inserting in Eq.(1.1), we obtain the following system for the C_n . C^′_n = D_n , D^′_n = −(c + 2iq_n)D_n + C_n(q2_n − ∞) + F_n(C) , (1.6)

- 4 -

where F = (F_n)_{n∈}Z is the non-linear term

F_n(C) = ∑ p+s+r=n C_pC_sC^∗_{−r} , (1.7)

and the symbol^′ ⇕⌉⊣\∫ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ξ = x − ct▷ We are thus looking for solutions C(ξ) = (C_n(ξ))_{n∈}Z of Eq.(1.6) subject to the boundary conditions lim ξ→−∞ C(ξ) ∈ F∈, lim_{ξ→+∞} C(ξ) ∈ F∋ , (1.8) where F2 = { (C_n)_{n∈}Z | |C_n| = √ − q20δ_{n,0} } , F3 = { (C_n)_{n∈}Z | |C_n| = √ − q21δ_{n,1} } , are the circles of αxed points of Eq▷↼1▷6↽ corresponding to the stationary solutions u_{q0} u_{q1} respectively▷ More precisely the question we are interested in is the following . for which q0, q1 ∈ ∪−∞, 1♯ do solutions of Eqs▷↼1▷6↽ ↼1▷8↽ exist⋆ A partial answer is given by the two theorems below which constitute the main result of this paper▷ Theorem 1.1. (Unstable-Unstable case) Let 0 < α < 1/2 c > 0▷ There exists an ϵ1 = ϵ1(c) > 0 such that for every ϵ ≤ ϵ1 there is a solution of Eqs▷↼1▷6↽ ↼1▷8↽ with q0 = −∞ + ϵ and q1 = 1 − αϵ▷ Moreover ϵ1(c) has a (strictly) positive limit as c → ∞↙ Theorem 1.2. (Stable-Unstable case) Let −∞/ √ ∋ < q0 ≤ ′↙ T⟨⌉∇⌉ ⌉§⟩∫⊔ ⊣\ ϵ1 > 0 and a c1 > 0 such that for all ϵ ≤ ϵ1 and all c ≥ c1 Eqs▷↼1▷6↽ ↼1▷8↽ have a solution with q1 = √ ∞ − ϵ2▷ Remark. The problem of constructing front solutions is phase covariant in the following sense. The system Eq.(1.6) has two continuous symmetries, which refiect the phase and translation invariance of the GL-equation Eq.(1.1). Indeed, deffning the transformation R_φ by (R_φC)_n = e^{iφ}C_n we see from Eq▷↼1▷7↽ that F ∘ R_φ = R_φF for all φ ∈ ∪′, 2π♯▷ Similarly F commutes with T_δ where (T_δC)_n = e^{inδ}C_n ▷ As a consequence as soon as any pair of points of F 2 and F 3 are connected by an orbit of Eq▷↼1▷6↽ the same is true for any other pair since the two operations R and T allow to rotate the circles F2 F3 independently▷ We shall brieβy comment on the range of validity of the theorems ↼in q0 q1↽▷ First of all a nice application of the Maximum Principle for parabolic equations shows that if u(x, t) is any solution of Eq.(1.1), the number of zeros of Re (u(x, t)) is (locally in x↽ nonincreasing in time ♭A♯▷ This means that front solutions can only exist for |q1| > |q0|⇔ ⟩{ c > 0 as is easily seen from Fig▷ 1▷ Moreover since Eq▷↼1▷1↽ is invariant under the complex conjugation u → u^∗ ⇔ ⊔⟨⌉∇⌉ ⟩∫ \≀ ↕≀∫∫ ⟩\ }⌉\⌉∇⊣↕⟩⊔† ⟩\ ⊣∫∫⊓⇕⟩\} ⊔⟨⊣⊔ q 1 > |q0|↙ F⟩\⊣↕↕†⇔ ∫≀⇕⌉ }⌉\⌉∇⟩⌋⟩⊔† ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫ ⊒⟨⟩⌋⟨ ⊒⟩↕↕ ⌊⌉ ⌉§√↕⊣⟩\⌉⌈ ⊣⊔ ⊔⟨⌉ ⌉\⌈ ≀{ S⌉⌋⊔↙ △↙∈ ↕⌉⊣⌈ ⊓∫ ⊔≀ ∫⊓√√≀∫⌉ ⊔⟨⊣⊔ (q0 − q1)2 < 6q21 − ∈↙ C≀⇕⌊⟩\⟩\} ⊔⟨⌉∫⌉ ⌋≀\⌈⟩⊔⟩≀\∫ ⊒⌉ ≀⌊⊔⊣⟩\ ⊔⟨⌉ ∫⟨⊣⌈⌉⌈ ∇⌉}⟩≀\ ⟩\ F⟩}↙ ∈↙

−∞ −E 0 E 1 q0

E q1 1

Fig. 2: The shaded region shows the values of q0, q1 for which we expect front solutions generically to occur▷ The black regions are the domains of validity of Theorem 1▷1 and Theorem 1▷2▷ The constant E = 1/ √ ∋ ⟩∫ ⊔⟨⌉ ⊔⟨∇⌉∫⟨≀↕⌈ ≀{ ⊔⟨⌉ E⌋‖⟨⊣⊓∫ ⟩\∫⊔⊣⌊⟩↕⟩⊔†↙

N≀⊒⇔ ↕⌉⊔ ⊓∫ ⌋⟨≀≀∫⌉ q 0, q1 in this shaded region and consider the sequence of wavenumbers q_n = q0+ n(q1− q0). If the difference q 1− q0 is sufαciently small many q_n lie in the interval ♭−∞, 1♯ and by Eq▷↼1▷2↽ there corresponds to each of them a stationary solution u_{qn} ▷ Thus as well as between u q 0 and u_{q1} one can imagine fronts between u_q�1and u_{q1} u_q�2 and u_{q1}, . . . , all of them being solutions of the same system Eq▷↼1▷6↽ with different boundary conditions ↼1▷8↽▷ So to avoid inessential complications we restrict ourselves to the case q0 ≤ ′ ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉∇⌉ ⟩∫ ≀\↕† ≀\⌉ √≀∫∫⟩⌊⟩↕⟩⊔† ≀{ ⌋≀\∫⊔∇⊓⌋⊔⟩\} ⊣ {∇≀\⊔ ∫≀↕⊓⊔⟩≀\⇔ \⊣⇕⌉↕† ⌊⌉⊔⊒⌉⌉\ u_{q0} and u_{q1} ▷ In this situation we expect this solution to exist for all q 0, q1 in the shaded region and this is well conαrmed by numerical simulations▷ However the domain in which we prove it ↼Theorem 1▷1 Theorem 1▷2↽ is much smaller. it is the black region in Fig▷ 2▷

2. Preliminaries We begin our analysis of the dynamical system Eq.(1.6) by diagonalizing the linear part of the right-hand side. The corresponding operator is already block diagonal with 2 × ∈ ⌊↕≀⌋‖∫ ↕⊣⌊⌉↕↕⌉⌈ ⌊† n ∈ Z; the nthblock is just the linear part of the equation for (C_n, D_n), and its eigenvalues are given by

λ_{n±} = 12 ( −(c + 2iq_n) ± √ c2− △ + 4icq_n ) . (2.1) So, deffning the new variables ( C_n D_n ) = ( λ_{n+} λ_{n−} ) ( A_n B_n ) , (2.2) we obtain the following system: ( A^′_n B^′_n ) = ( λ_{n+} 0 0 λ_{n−} ) ( A_n B_n ) + 1 λ_{n+} − λ_{n−} ( F_n(A + B) −F_n(A + B) ) , (2.3) where (A + B)_n ≡ A_n + B_n = C_n by Eq▷↼2▷2↽▷ In these variables the circles of αxed points F 2 F 3 become F 2) A0 = −λ0_− λ0_+ − λ0_− √ − q20e^{iφ} , F3) A1 = −λ1_− λ1_+ − λ1_− √ − q21e^{iψ} , B0 = λ0_+ λ0_+ − λ0_− √ − q20e^{iφ} , φ ∈ R , B1 = λ1_+ λ1_+ − λ1_− √ − q21e^{iψ} , ψ ∈ R , (2.4)

all the other A_n, B_n being equal to zero▷

2.1. The Function Space

Let (H, (·, ·)) be the Hilbert space H = { ( A_n ) n∈Z | | | ∑ n∈Z (1 + |n|)6|A_n|∈< ∞ } , (A, Ã) = ∑ n∈Z (1 + |n|)6A^∗_nÃ_n ,

and denote by H2the direct sum H ⊕ H. From now on, we mean by a solution of the system

a C1curve ξ → (A(ξ), B(ξ)) in H2, such that Eq.(2.3) is satis�ed. If this is the case, then (by construction) C_n(ξ) = A_n(ξ) + B_n(ξ) is of class C 2for all n and Eq▷↼1▷6↽ is veriαed▷ Moreover since ∑ n∈Z (1 + |n|)2|C_n(ξ)| ≤ ( ∑ n∈Z 1 (1 + |n|)2 )_{/2} ‖C(ξ)‖ , it is easy to see that u(x, t) deffned by the sum (1.5) is C2in x and t and veriαes the GLequation Eq▷↼1▷1↽▷ The space H is mapped into itself by the non-linear term (1.7). Indeed, a standard result

in Sobolev space theory (see e.g., [CE]) says that convolution is a continuous bilinear map from H × H into H. This means that there exists a K > 0 such that ‖A ∗ B‖ ≤ K‖A‖‖B‖ {≀∇ ⊣↕↕ A, B ∈ H. Now, F (C) is nothing but the double convolution C ∗ C ∗C̄ where ¯ : H → H

is the antilinear isometry de�ned by (

C̄)_n = (C_{−n})^∗_{↙ S≀⇔} F . H → H is C^∞_{⊣\⌈} ‖F (C) − F (C̃)‖ ≤ ∋K2r2‖C − C̃‖ , (2.5) for all C, C̃ ∈ H such that ‖C‖, ‖C̃‖ ≤ r ▷ In the sequel if E is some normed space and

f . E → E some Lipschitz map, we shall denote by B r ⊂ E the ball of radius r around the origin in E and by Lip(f ) the Lipschitz constant of f ▷ With these notations Eq▷↼2▷5↽ simply means that Lip(F ) ≤ ∋K2r2 in B_r ⊂ H.

2.2. Spectral Properties and Invariant Manifolds

Figs. 3 and 4 show the real part of the spectrum (2.1), plotted as a function of the wave-number q ▷ The points where q = q_n ≡ q0 + n(q1− q0) for some n ∈ Z correspond to the eigenvalues of the system. The two branches (+ and −⇒ ⌋∇≀∫∫ ⊣⊔ q = 0 if c ≤ ∈∅ ≀⊔⟨⌉∇⊒⟩∫⌉⇔ ⊔⟨⌉† ⊣∇⌉ ∫⌉√⊣∇⊣⊔⌉⌈ ⌊† ⊣ ⌈⟩∫⊔⊣\⌋⌉ }∇≀⊒⟩\} ↕⟩‖⌉ c as c → ∞↙ I\ ⊣↕↕ ⌋⊣∫⌉∫⇔ ⌉⟩}⌉\⊑⊣↕⊓⌉∫ ⊒⟩⊔⟨ ‡⌉∇≀ ∇⌉⊣↕ √⊣∇⊔ ≀\↕† ≀⌋⌋⊓∇ ⟩{ q_n = ±∞ {≀∇ ∫≀⇕⌉ n ∈ Z.

q

Re λ

1 −∞ λ0_+ λ1+ λ2_+

λ0_− λ 1− λ2_−

+

−

+

− c = 1

Fig. 3: The real part of the spectrum (2.1), in the case c < 2▷

8

q

Re λ

1 −∞ λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+λ0_+ λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+λ1_+ λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+λ2_+

λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_−λ0_− λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_−λ1_− λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−λ2_−

+

−

+

− c = 4

Fig. 4: The real part of the spectrum (2.1), in the case c > 2▷ In view of these spectral properties our strategies for the proofs of Theorem 1▷1 and Theorem 1▷2 are very natural▷ In the Ψunstableunstable caseν ↼Section 3↽ we αx α ∈ (0, 1/2), c > 0 and deαne q0 = −∞ + ϵ q1 = 1 − αϵ for some ↼small↽ ϵ > 0▷ The spectrum ↼2▷1↽ thus contains two Ψcentralν eigenvalues ↼that is Re λ0_+ and Re λ 1_+ are O(ϵ)), while the real parts of all the other ones are bounded away from zero as ϵ → ′↙ U∫⟩\} ⊔⟨⟩∫ ⟩\{≀∇⇕⊣⊔⟩≀\⇔ ⊒⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⌉⊑≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⇐∈↙∋⇒ ≀\ ⊔⟨⌉ ↕≀⌋⊣↕ ⟩\⊑⊣∇⟩⊣\⊔ ⇕⊣\⟩{≀↕⌈ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊔≀ ⊔⟨⌉∫⌉ ⊔⊒≀ ⌋⌉\⊔∇⊣↕ ⌈⟩∇⌉⌋⊔⟩≀\∫↙ A√√↕†⟩\} ⊔⟨⌉ }⌉\⌉∇⊣↕ ⊔⟨⌉≀∇† ∇⌉√≀∇⊔⌉⌈ ⟩\ A√√⌉\⌈⟩§ A⇔ ⊒⌉ ∫⟨⊣↕↕ √∇≀⊑⌉ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ ∫⊓⌋⟨ ⊣ ⌋⌉\⊔⌉∇ ⇕⊣\⟩{≀↕⌈ ⟩\ ⊣ \⌉⟩}⟨⌊≀∇⟨≀≀⌈ ≀{ ⊔⟨⌉ ≀∇⟩}⟩\ ⊒⟨≀∫⌉ ∫⟩‡⌉ ⌈≀⌉∫ \≀⊔ ⌈⌉√⌉\⌈ ≀\ ϵ▷ Since the circles F2 F3 shrink to zero as ϵ → ′⇔ ⊣↕↕ ⊔⟨⌉∫⌉ ⊘§⌉⌈ √≀⟩\⊔∫ ⊒⟩↕↕ ⌊⌉↕≀\} ⊔≀ ⊔⟨⌉ ⌋⌉\⊔⌉∇ ⇕⊣\⟩{≀↕⌈ ⟩{ ϵ is sufαciently small▷ As a consequence we shall prove the existence of front solutions connecting F2 to F3 by simply studying the resulting βow on the center manifold▷ In the Ψstableunstable caseν ↼Section 4↽ we choose q0, q1 such that q20 < 1/3 1/ √ ∋ < q1 < 1▷ We do not follow the same procedure as above because the αxed point F2 corresponding to q0 is no longer close to zero so that we have no guarantee that it would lie on the local center manifold which we would construct▷ We rather consider the evolution of the system ↼2▷3↽ on the ↼inαnitedimensional↽ invariant manifold corresponding to the upper branch ↼labelled Ψ⇁ν↽ of the spectrum▷ Using c as a parameter we shall prove the existence of such a centerunstable manifold in a neighborhood of size O(c) of the origin, thus containing the ffxed points F2, F3 if c is sufαciently large▷ We shall then study the resulting semiβow on the manifold and prove the existence of front solutions▷

3. Proof of the Unstable-Unstable Case As indicated, we őx α ∈ (0, 1/2), c > 0 and deαne q0 = −∞ + ϵ q1 = 1 − αϵ for some small ϵ > 0▷ To avoid complications we assume from the outset that ϵ ≤ ∞/10▷

3.1. Spectral Properties We ffrst describe in detail the spectrum (2.1) by performing perturbation theory in ϵ▷ All calculations are omitted being straightforward▷ We αnd for the two central directions λ0_+ = − ∈ϵ c − ∈i + O^{( c2ϵ2}_{(c + 2)3}^) , λ_{1+} = −^{∈αϵ}_{c + 2i} + O^{( c2ϵ2}_{(c + 2)3}^) , (3.1)

and for the other eigenvalues

Re λ_{n+} ≥ c (c + 2)2 , n ≠ 0, 1 , Re λ_{n−} = −c − R⌉ λ_{n+} , n ∈ Z . (3.2) Moreover, using the identity λ_{n+} − λ_{n−} = √ c2− △ + 4icq_n we obtain 1 |λ_{n+} − λ_{n−}| ≤ ∈ c + 2 , n ∈ Z . (3.3) Finally, for n = 0, 1 we also have 1 λ0_+ − λ0_− = 1 c − ∈i + O^{( cϵ}_{(c + 2)3}^) ,^1_{λ1+ − λ1−} =^1_{c + 2i} + O^{( cϵ}_{(c + 2)3}^) . (3.4)

3.2. Reduction to the Center Manifold Using the estimates above, we now reduce the system (2.3) to a center manifold corresponding to the eigenvalues λ0_+, λ1_+. The ffrst main result of this subsection is:

Proposition 3.1. There is a K0 > 0 such that for all ϵ < K0c/(c + 2), the system (2.3) deffnes a fiow on a two-dimensional local center manifold of radius O(ϵ 1^{/2}), which contains the ffxed points F 2, F3▷

Definition. We deffne ϵ_c = K0c/(c + 2).

Proof. In a ffrst stage, we show the existence of a center-unstable manifold associated with the branch {λ_{n+}}_{n∈}Z of the spectrum, by applying Theorem A.1 to the system obtained from

- 10 - Eq.(2.3) by reversing the sign of the �time� ξ ▷ Using the notations of Appendix A we set E^{cs} = {(A_n)_{n∈Z}}^∼= H, E^u = {(B_n)_{n∈Z}}^∼= H, and we de�ne the linear operators A^{cs}, A^u by (A^{cs}A)_n = −λ_{n+}A_n (A^uB)_n = −λ_{n−}B_n ▷ According to Eqs▷↼3▷1↽ ↼3▷2↽ we have Re (−λ_{n+}) ≤ R⌉ (−λ0_+) ≤ c/(c2 + 4) ≤ c/4 for all n ∈ Z, and Re (−λ_{n−}) ≥ ∋c/4▷ Thus the assumption H1 of Theorem A▷1 is satisαed with λ^{cs} = c/4 λ^u = 3c/4 and D = 1 (since A^{cs}, A^u are diagonal↽▷ On the other hand the nonlinear terms in Eq▷↼2▷3↽ are C^∞ ⇔ √⟨⊣∫⌉ ⌋≀⊑⊣∇⟩⊣\⊔⇔ ⊣\⌈ ⊑⊣\⟩∫⟨ ⊣⊔ ⊔⟨⌉ ≀∇⟩}⟩\ ⊔≀}⌉⊔⟨⌉∇ ⊒⟩⊔⟨ ⊔⟨⌉⟩∇ ⊘∇∫⊔ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫⇔ ∫≀ ⊔⟨⊣⊔ H∈ ⟩∫ ∫⊣⊔⟩∫⊘⌉⌈↙ M≀∇⌉≀⊑⌉∇⇔ ⟩{ ℓ cs(r), ℓ^u(r) denote their Lipschitz constants in B_r ⊂ E^{cs} ⊕ E^u it follows from Eqs▷↼2▷5↽ ↼3▷3↽ that ℓ cs(r), ℓ^u(r) ≤ Cr2/(c + 2) for some C > 0▷ So choosing β = c/3 and deαning r21 ≡ K1c(c + 2) for some sufffciently small K 1 > 0 we can bound σ(r, β) in Eq.(A.2) by 12(r/r1)2, which is smaller than 1/2 if r < r 1▷ Applying Theorem A▷1 we thus obtain. Lemma 3.2. There is a K1 > 0 such that for all r < r1 = √ K1c(c + 2), there exists a phase covariant C 1^{,1}function h . E^{cs} → E^u with h(0) = 0, Dh(0) = 0, whose graph (restricted to B_r ↽ is a local centerunstable manifold for the system ↼2▷3↽▷ Moreover Lip(h) ≤^∞_∈(r/r_1)^2. Thus, the system (2.3) deffnes on the center-unstable manifold B = h(A) a semifiow (for ξ ≤ ′⇒ ⊒⟨≀∫⌉ √∇≀|⌉⌋⊔⟩≀\ ≀\⊔≀ E^{cs} veriαes the differential equation A^′_n = λ_{n+}A_n + 1 λ_{n+} − λ_{n−} F_n(A + h(A)) , A ∈ B_r ⊂ H . (3.5)

In a second stage, we reduce the system (3.5) to the two-dimensional center-stable manifold associated with the eigenvalues λ 0_+, λ1_+. Let now E^{cs} ≡ H0∼= C2 be the subspace of H

spannedbythetwocentraldirections A 0, A1 and E^{u its orthogonal complement in} H. Proceed- ing as above, we de�ne the linear operators A cs, A^u by A^{cs}(A0, A1) = (λ0_+A0, λ1_+A1) and (A^uA)_n = λ_{n+}A_n n ≠ 0, 1▷ In view of Eqs▷↼3▷1↽ ↼3▷2↽ the assumption H1 of Theorem A▷1 is veriαed if we take λ^{cs} = 0, λ^u = c/(c + 2)2, and D = 1. On the other hand, denoting by ℓ^{cs}(r), ℓ^u(r) the Lipschitz constants in B_r ⊂ H of the non-linear terms in Eq.(3.5), we see

from Eqs.(2.5), (3.3) and Lemma 3.2 that H2 is satis�ed, and that ℓ cs(r), ℓ^u(r) ≤ Cr2/(c + 2) for some C > 0▷ So choosing β = λ^u/3 and deαning r2 = K2c/(c + 2) for some sufffciently small K 2 ≤ K1 we have σ(r, β) ≤ ∞∈(r/r2)2 in Eq.(A.2). Applying Theorem A.1, we obtain: Lemma 3.3. There is a K2 > 0 such that for all r < r2 = √ K2c/(c + 2), there exists a phase covariant C 1^{,1}function g . E^{cs} → E^u with g(0) = 0, Dg(0) = 0, whose graph (restricted to B_r ↽ is a local centerstable manifold for the system ↼3▷5↽▷ Moreover Lip(g) ≤^∞_∈(r/r_2)^2. Combining the two lemmas we obtain the existence, if r < r 2 of the local center manifold Γ_r = {(A, B) ∈ H2| A = (a, g(a)), B = h(A), a ∈ B_r ⊂ H0}↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⊔⟨⌉ √∇≀|⌉⌋⊔⟩≀\

↖ ∞∞ ↖ ≀\⊔≀ H0of the �ow de�ned on Γ_r by Eq▷↼2▷3↽ veriαes the differential equation A^′ = λ0_+A0+ 1 λ0_+ − λ0_− F0 ( a + k(a) ) , A^′_∞= λ1_+A1+ 1 λ1_+ − λ1_− F1 ( a + k(a) ) , (3.6)

where a = (A 0, A1) ∈ B_r ⊂ H0and k . H0→ H is de�ned by the identity (a, g(a)) + h(a, g(a)) = a+k(a). So, k is phase covariant k(0) = 0, Dk(0) = 0, and Lip(k) ≤ ℓ(r/r2)2 for some ℓ > 0▷ We now complete the proof of Proposition 3▷1▷ Consider the αxed points ↼2▷4↽▷ Using Eqs▷↼3▷1↽ ↼3▷3↽ and recalling that √ − q21 √ − q20 are O(ϵ1^{/2}), we see that there exists an R > 0 such that F2, F3 ∈ B_{Rϵ}1/2 ⊂ H2for all ϵ > 0▷ Thus if Rϵ1^{/2} < r2 these αxed points will lie on the center manifold Γ_{Rϵ}1/2 ↼see Remark 3 after Theorem A▷1↽▷ Thus deαning ϵ_c = (r2/R)2 = K0c/(c + 2) and noting that (Rϵ 1^{/2}/r2)2 ≡ ϵ/ϵ_c the proof of Proposition 3▷1 is complete▷ The proof gives us the further result. Corollary 3.4. The projection onto H0∼= C2 of the fiow deffned on the center manifold by Eq.(2.3) veriffes the differential equation Eq.(3.6) with k . H0→ H a phase covariant C1^{,1} function verifying k(0) = 0, Dk(0) = 0, Lip(k) ≤ ℓϵ/ϵ c ▷ This result reduces the proof of Theorem 1▷1 to the study of the system ↼3▷6↽ in the ball B_{Rϵ}1/2 ⊂ H0. In order to extract the relevant terms as ϵ → ′⇔ ⊒⌉ ∇⌉∫⌋⊣↕⌉ ⊔⟨⌉ ⊣⇕√↕⟩⊔⊓⌈⌉∫ A_0 A_1 and the parameter ξ by deαning η = −ϵξ and setting A0(ξ) = √ ϵX0(η), A1(ξ) = √ ϵX1(η), k( √ ϵx) = √ ϵ l(x) for all x ∈ H0. We thus obtain the new system

X^′_′ = − λ0_+ ϵ X0− ∞ λ0_+ − λ0_− F0 ( x + l(x) ) , X^′_∞= − λ1_+ ϵ X1− ∞ λ1_+ − λ1_− F1 ( x + l(x) ) , (3.7)

where x = (X 0, X1) ∈ B_R ⊂ H0and^′ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ η ▷ By construction the function l . H0→ H has the same properties as k in Corollary 3▷4▷ In view of Eqs▷↼1▷7↽ ↼3▷1↽ ↼3▷4↽ and Corollary 3▷4 the formal limit ϵ → ′ ⟩\ E∐↙⇐∋↙⇒ †⟩⌉↕⌈∫ ⊔⟨⌉ ∫⟩⇕√↕⌉ ⌉∐⊓⊣⊔⟩≀\∫ X^′_′ = 1 c − ∈i X0 ( − |X0|∈− ∈|X1|∈ ) , X^′_∞= 1 c + 2i X1 ( α − |X1|∈− ∈|X0|∈ ) . (3.8)

We shall study these equations in the next subsection, and come back to the case ϵ > 0 in Sect▷ 3▷4▷

3.3. The Limiting Case ϵ = 0

We now study the reduced system (3.8) and show that it has front solutions. This system has two circles of ffxed points corresponding to Eq.(2.4): F02 = {|X0| = √ ∈, X1 = 0} , F03 = {X0 = 0, |X1| = √ ∈α} . Lemma 3.5. Every point of F03 is connected by an orbit to F02. Proof. We begin by setting X0 = ρ0e^{iψ0} X1 = ρ1e^{iψ1} with ρ 0, ρ1 ∈ R_+ and ψ 0, ψ1 ∈ R. Inserting in Eq.(3.8), we obtain the following equations for the amplitudes ρ0, ρ1. (c + 4/c) ρ^′ = ρ0 ( − ρ20− ∈ρ21 ) , (c + 4/c) ρ^′_∞= ρ1 ( α − ρ21− ∈ρ20 ) . (3.9) The equations for the phases ψ 0, ψ1 can be explicitly integrated and yield the relations ρ0 = C0e^{cψ0/2} ρ1 = C1e^{−cψ1/2} where C 0 C1 are positive constants determined by the initial conditions▷ We next eliminate the parameter c from Eq▷↼3▷9↽ by the transformation r0(η) = ρ0((c + 4/c)η), r1(η) = ρ1((c + 4/c)η), leading to the system r^′ = r0 ( − r20− ∈r21 ) , r^′_∞= r1 ( α − r21− ∈r20 ) . (3.10) Since 0 < α < 1/2 and r0 ≥ ′⇔ r1 ≥ ′⇔ ⟩⊔ ⟩∫ ∫⊔∇⊣⟩}⟨⊔{≀∇⊒⊣∇⌈ ⊔≀ ⊑⌉∇⟩{† ⊔⟨⊣⊔ E∐↙⇐∋↙∞′⇒ ⟨⊣∫ ⌉§⊣⌋⊔↕† ⊔⟨∇⌉⌉ ⊘§⌉⌈ √≀⟩\⊔∫¬ F∞= (0, 0) (a source), F 2 = ( √ ∈, 0) (a sink), and F3 = (0, √ ∈α) (a saddle).

We now prove the existence of a trajectory (r 0, r1)(η) of Eq.(3.10) leaving F 3 at η = −∞ ⊣\⌈ ∇⌉⊣⌋⟨⟩\} F∈ ⊣⊔ η = +∞↙ W⌉ ⊒⟩↕↕ ⌈≀ ⊔⟨⟩∫ ⌊† ∫⟨≀⊒⟩\} ⊔⟨⊣⊔ ⊔⟨⌉ ⇐≀\⌉↖⌈⟩⇕⌉\∫⟩≀\⊣↕⇒ ⊓\∫⊔⊣⌊↕⌉ ⇕⊣\⟩{≀↕⌈ W ≀{ F∋ ↕⟩⌉∫ ⟩\ ⊔⟨⌉ ⌊⊣∫⟩\ ≀{ ⊣⊔⊔∇⊣⌋⊔⟩≀\ ≀{ F∈↙ I\ ≀∇⌈⌉∇ ⊔≀ ⌈≀ ⊔⟨⊣⊔⇔ ⊒⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⇐⌋↕≀∫⌉⌈⇒ ⌈≀⇕⊣⟩\ D in R_+ × R_+ bounded by the two curves

E_+ = { (r0, r1) | | | r20 + 2r21 = 2 } , E_− = { (r0, r1) | | | r21 + 2r20 = 2α } , as shown in Fig▷ 5▷ Elementary calculations show that on both E_+, E_− ⇔ ⊔⟨⌉ ⊑⌉⌋⊔≀∇ ⊘⌉↕⌈ ⇐∋↙∞′⇒ √≀⟩\⊔∫ ⊔≀⊒⊣∇⌈ ⊔⟨⌉ ⟩\⊔⌉∇⟩≀∇ ≀{ D whereas it is parallel to the boundary on the two remaining segments of ∂D , this means that the interior�D of D is invariant under the βow of Eq▷↼3▷10↽▷ Moreover it is easy to verify that r^′ > 0 and r^′_∞< 0 everywhere in �D ▷ As a consequence since D is compact any trajectory in�D necessarily converges to some ↼αxed↽ point in D as η → ∞⇔ ⊣\⌈ ⌊† ⌉↕⟩⇕⟩\⊣⊔⟩≀\ ⊔⟨⟩∫ ⊘§⌉⌈ √≀⟩\⊔ ⇕⊓∫⊔ ⌊⌉ F∈↙ S≀⇔ ⟩⊔ ∇⌉⇕⊣⟩\∫ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉ ⊓\∫⊔⊣⌊↕⌉ ⇕⊣\⟩{≀↕⌈ W ≀{ F∋ ⟩\⊔⌉∇∫⌉⌋⊔∫ �D ▷ Writing W = {(r0, f (r0)) | r0 > 0} ⊣\⌈ E_− = {(r0, f̂(r0)) | r0 > 0} \⌉⊣∇ r0 = 0, we easily ffnd f (r0) = √ ∈α ( − ∞ ∈ r20 1 − α + O(r40) ) , f̂ (r0) = √ ∈α ( − ∞ ∈ r20 α + O(r40) ) .

F2

F3

r0 r1

E_+

E_−

D

W

Fig. 5: The domain D of R+ × R+ bounded by the two ellipses E+, E� (shaded region) is attracted to F2by the

�ow of (3.10). In particular, the unstable manifold W ≀{ F ∋ ⟩\⊔⌉∇∫⌉⌋⊔∫ F∈↙ S⟩\⌋⌉ ∞ − α > α we have f (r0) > f̂(r0) if r0 is sufαciently small so that W ↕⟩⌉∫ ⟩\�D in a neighborhood of F3▷ Remark. The condition α < 1/2 is essential in this argument. if 1/2 < α < 2 both αxed points F2, F3 are stable so that no connection can occur between them▷ Note that the slope of the tangent to the curve (q0− q1)2 = 6q21 − ∈ ⊣⊔ q0 = −∞⇔ q1 = 1 is exactly 12 , see Fig. 2.

3.4. The Case ϵ > 0 We now come back to the full equations ↼3▷7↽ and prove by a perturbation argument the existence of front solutions for sufαciently small ϵ i▷e▷ Theorem 1▷1▷ Although this could be done by direct estimates in this simple αnitedimensional case we shall use the general methods of Appendix A as a preparation for the inαnitedimensional situation of Section 4▷ The perturbation argument is a comparison of the βows Φ^ϵ_η Φ0_η deαned by the vector αelds χ ϵ χ0 of Eqs▷↼3▷7↽ ↼3▷8↽ respectively▷ By construction the βow Φ^ϵ_η has two circles of αxed points.

F ϵ 2) X0 = −λ0_− λ0_+ − λ0_− √ ∈ − ϵ e^{iφ}, X1 = 0 , φ ∈ R , F^ϵ_3) X1 = −λ1_− λ1_+ − λ1_− √ α − α2ϵ e^{iψ}, X0 = 0 , ψ ∈ R .

Using Eqs▷↼3▷1↽ and ↼3▷3↽ it is easy to see that dist(F^ϵ_2, F02) and dist(F^ϵ_3, F03) are O(ϵ) as ϵ → ′↙ T⟨⌉ ⇕⊣⟩\ ∫⊔⌉√∫ ≀{ ⊔⟨⌉ √∇≀≀{ ⊣∇⌉¬ ⟩⇒ T⟨⌉ ⊙≀⊒∫ ⌈⌉√⌉\⌈ ⌋≀\⊔⟩\⊓≀⊓∫↕† ≀\ ϵ at ϵ = 0. ii) The stable and unstable manifolds of F^ϵ_2 F^ϵ_3 are continuous in ϵ at ϵ = 0.

We begin by comparing the fiows.

Proposition 3.6. There exists a K3 > 0 such that ‖ ‖Φ^ϵ_η(x) − Φ0_η(y) ‖ ‖ ≤ ⌉§√ ( K3η c + 2 ) (‖x − y‖ + K3(ϵ/ϵ_c)) , (3.11)

for all x, y ∈ B_R ⊂ H0and all η ∈ R_+ . Proof. We ffrst note that χ^ϵ χ0 are close to each other in the Lipschitz norm. Lemma 3.7. Let Δχ(x) = χ^ϵ(x) − χ0(x), x ∈ H0. Then, there exists a K4 > 0 such that Lip(Δχ) ≤ (ϵ/ϵ_c)K4/(c + 2) in B2_R⊂ H0.

The proof is a calculation which can be found in Appendix B. We next rewrite Eq.(3.7) in the form x ′ = χ0(x) + Δχ(x), regarding Δχ as an additional nonlinear term▷ From this point of view the systems ↼3▷7↽ ↼3▷8↽ have the same linear part with spectrum contained in the halfplane Re (z) ≤ ∈c/(c2 + 4). The non-linear part of χ 0 has ↼in B2_R↽ a Lipschitz constant bounded by C/(c + 2), for some C > 0 and by Lemma 3▷7 the same is true for χ^ϵ = χ0 + Δχ with C replaced by C + K4(ϵ/ϵ_c). So, setting E^{cs} = H0, E^u = {′}⇔ λ^{cs} = 2c/(c^2 + 4), D = 1, and ℓ^{cs}(2R) = (C + K_4)/(c + 2),

we can apply Theorem A.1 to both systems simultaneously, the condition (A.4) being fulfflled with β = K 3/(c + 2) for some sufffciently large K 3 > 0▷ It follows that Φ^ϵ, Φ0 ∈ K_β and in particular we have ‖Φ ϵ η(x) − Φ^ϵ_η(y)‖ ≤ e^{βη}‖x − y‖ {≀∇ ⊣↕↕ x, y ∈ B_R and all η ∈ R_+ . Now, we apply Theorem A.2 to compare Φ ϵ with Φ 0, the condition (A.5) being fulfflled with A^{cs}_1 = A^{cs}_2 f^{cs}_1 − f^{cs}_2 = Δχ δ = 0 and ϵ → ϵ/ϵ_c ▷ By Eq▷↼A▷6↽ we thus have ‖Φ^ϵ_η(y) − Φ0_η(y)‖ ≤ (1 − ∈σ)^{−∞}R(ϵ/ϵ_c)e^{βη} for all y ∈ B_R and all η ∈ R_+ . Combining these

results, we obtain Eq.(3.11).

We now study the stable and unstable manifolds of F ϵ 2 F ϵ 3 ▷ Lemma 3.8. There is a K5 > 0 such that for ϵ/ϵ_c ≤ K5c/(c + 2), the annulus of radius ρ2 = K5c/(c + 2) around the circle F^ϵ_2 is attracted to F^ϵ_2 by the βow Φ^ϵ_η ▷ Proof. We ffrst study the geometry in the case ϵ = 0. Let x0 = ( √ ∈, 0) ∈ F′∈ ⊣\⌈ ∫⌉⊔ x = x0+ z with z = (Z0, Z1) ∈ B2_ρ⊂ H0for suf�ciently small ρ > 0▷ Inserting in Eq▷↼3▷8↽ we obtain Z^′_′ = −∈ c − ∈i (Z0+ Z^∗_′ ) + f0(z) , Z^′_∞= 2α − △ c + 2i Z1+ f1(z) , (3.12) where f . H0→ H0is C1^{,1} and Lip↼ f ↽ ≤ Cρ/(c + 2) in B 2_ρ for some C > 0▷ As is easily veriαed the linear part of Eq▷↼3▷12↽ ↼regarded as an operator in R4) has one zero and three stable eigenvalues. The gap between the stable and the central part of the spectrum is equal to 2c/(c2 + 4), and if V_s V_c denote the corresponding eigenspaces then x 0 + V_c is just the tangent to the circle F 0 2 at x 0 and V_{s is the normal hyperplane▷ This situation prevails} for small ϵ▷ To see this denote by x ϵ the unique point of F ϵ 2 for which X 0 ∈ R+ . Setting now x = x^ϵ + z and inserting in Eq▷↼3▷7↽ we obtain Eq▷↼3▷12↽ with f^ϵ(z) = f (z) + δχ(z) replacing f (z), where δχ(z) = χ^ϵ(x^ϵ + z) − χ0(x0+ z). In Appendix B, we prove:

Lemma 3.9. There exists a K6 > 0 such that Lip(δχ) ≤ (ϵ/ϵ_c)K6/(c + 2) in B_R ⊂ H0.

Using this bound, we can compare the two systems (i.e., Eq.(3.12) with f or f ϵ in the righthand side↽ in the ball B ρ ⊂ H0. Setting E cs = V_s E^u = V_c λ^{cs} = −∈c/(c2 + 4), λ^u = 0, D = 1 and ℓ^{cs}(2ρ), ℓ^u(2ρ) = (Cρ + K6ϵ/ϵ_c)/(c + 2), the condition (A.3) can be fulfflled if ϵ/ϵ_c ≤ ρ and ρ ≤ ρ2 = K5c/(c + 2) for some (sufffciently small) K 5 > 0▷ Thus by Theorem A▷1 there exist h0, h^ϵ . B_{ρ2} ⊂ V_s → V_c whose graphs V 0, V^ϵ are ↼except for a translation↽ the local stable manifolds of x 0, x ϵ for the βows Φ 0η Φ ϵ η respectively▷ Moreover applying Theorem A▷2 with A 1 = A2 f1− f2 = δχ δ = 0 and ϵ → ϵ/ϵ c we easily see that ‖h^ϵ − h0‖_∞ = O(ϵ/ϵ_c) in B_{ρ2} ⊂ V_s ▷ Note that in view of the phase covariance of the system we can obtain from V ϵ the corresponding stable manifold of any point of F ϵ 2 by simply applying the transformation X 0 → X0e^{iφ} φ ∈ R. The union over φ ∈ ∪′, 2π♯ of these manifolds is the annulus of radius ρ2 around the circle F^ϵ_2 ▷ This completes the proof of Lemma 3▷8▷ These considerations about the behavior of Φ 0η Φ ϵ η near F 0 2, F^ϵ_2 can be repeated in an analogous manner for F 0 3, F^ϵ_3 ▷ Choosing y 0 = (0, √ ∈α) ∈ F′∋ ⊣\⌈ ∫⌉⊔⊔⟩\} x = y0+ z we obtain instead of Eq▷↼3▷12↽ Z^′_′ = 2 − △α c − ∈i Z0+ g0(z) , Z^′_∞= −∈α c + 2i (Z1+ Z^∗_∞) + g1(z) , (3.13)

where again Lip(g) ≤ Cρ/(c + 2) in B 2_ρ ⊂ H0. Recalling that α < 1/2 one veriαes that the linear part has one stable one zero and two unstable eigenvalues▷ The gap between the centerstable and the unstable part of the spectrum is equal to (2 − △α)c/(c2 + 4), and if W_{cs}, W_u denote the corresponding eigenspaces then W_u is just the complex line {Z 1 = 0}↙ I\ ⊔⟨⌉ ∫⊣⇕⌉ ⊒⊣†⇔ ⌋⟨≀≀∫⟩\} y^ϵ ∈ F^ϵ_3 as above and setting x = y^ϵ + z we obtain Eq▷↼3▷13↽ with g replaced by some g^ϵ such that Lip(g^ϵ − g) ≤ K6(ϵ/ϵ_c)/(c + 2). So, reversing the sign of the Ψtime˚ η and setting E^{cs} = W_u E^u = W_{cs} λ^{cs} = −(2 − △α)c/(c2 + 4), λ^u = 0, D = 1, and ℓ^{cs}(2ρ), ℓ^u(2ρ) = (Cρ + K6ϵ/ϵ_c)/(c + 2), the condition (A.3) can be fulfflled if ϵ/ϵ_c ≤ ρ and ρ ≤ ρ3 = K5(1 − ∈α)c/(c + 2). Thus, there exist k 0, k^ϵ . B_{ρ3} ⊂ W_u → W_{cs} whose graphs W ′, W ϵ are ↼except for a translation↽ the local unstable manifolds of y 0, y ϵ , moreover ‖k^ϵ − k0‖_∞ = O(ϵ/ϵ_c) in B_{ρ3} ⊂ W_u ▷ Having gained control near the circle of αxed points we can conclude the proof of Theorem 1▷1 by following the βow in the space in between using Proposition 3▷6▷ Assuming that ϵ/ϵ c ≤ ρ3 we choose two points in the unstable manifolds of F ϵ 3 and F 0 3 deαned by P^ϵ = y^ϵ + (ρ3, k^ϵ(ρ3)) ∈ y^ϵ + W^ϵ , P 0 = y0+ (ρ3, k0(ρ3)) ∈ y0+ W′ . By construction dist(P^ϵ, P 0) ≤ ‖y^ϵ − y0‖ + |k^ϵ(ρ3) − k0(ρ3)| = O(ϵ/ϵ_c) as ϵ → ′↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ∫⟩\⌋⌉ P0 lies in the unstable manifold of F03 we have seen in Sect▷ 3▷3 that Φ0_η(P 0) converges to F 02 as η → ∞↙ T⟨⊓∫⇔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣\ η > 0 such that dist(Φ0_η(P 0), F02) ≤ ρ2/3 and it follows from Eq▷↼3▷9↽ that η = (c + 4/c)T where T = T (ρ2, ρ3) does not depend explicitly on c▷ Finally we know from Eq▷↼3▷11↽ that dist ( Φ^ϵ_η(P^ϵ), Φ0_η(P 0) ) ≤ ⌉§√ ( K3 c + 4/c c + 2 T ) (dist(P^ϵ, P 0) + K3(ϵ/ϵ_c)) .

Now let us choose ϵ so small that dist(Φ^ϵ_η(P^ϵ), Φ0_η(P 0)) and dist(F^ϵ_2, F02) are smaller than ρ2/3▷ Then by the triangle inequality dist ( Φ^ϵ_η(P^ϵ), F^ϵ_2 ) ≤ ⌈⟩∫⊔ ( Φ^ϵ_η(P^ϵ), Φ0_η(P 0) ) + dist ( Φ0_η(P 0), F02 ) + dist ( ⨆, F^ϵ_2 ) ≤ ρ2. In view of Lemma 3▷8 this means that Φ^ϵ_η(P^ϵ) → F^ϵ_2 as η → ∞⇔ ⊒⟨⟩↕⌉ Φ^ϵ_η(P^ϵ) → y^ϵ ∈ F^ϵ_3 as η → −∞ ∫⟩\⌋⌉ P^ϵ ∈ y^ϵ + W^ϵ ▷ Thus we have shown the existence of a solution of Eq▷↼3▷7↽ connecting y ϵ ∈ F^ϵ_3 to some point of F^ϵ_2 ▷ The various assumptions on ϵ can be summarized by the single condition ϵ ≤ ϵ1(c), where ϵ1(c) = K7 ( c c + 2 ) ~√ ( −K3 c + 2 c T (ρ2, ρ3) ) , for some K7 > 0▷ Since ρ2, ρ3 have positive limits as c → ∞⇔ ∫≀ ⌈≀⌉∫ ϵ1(c). This concludes the proof of Theorem 1.1.

- 17 -

4. The Stable-Unstable Case We now study the more interesting case where one of the stationary solutions is (Eckhaus) stable and the other unstable, i.e., we choose two wave-numbers q 0, q1 such that q 2 0 < 1/3 1/ √ ∋ < q1 < 1▷ We follow the procedure announced in Sect▷ 2▷2▷

4.1. Reduction to the Center-Unstable Manifold

We ffrst investigate the behavior of the spectrum (2.1) as c → ∞↙ I{ n ∈ Z is ffxed and if c ≥ ∀(1 + |q_n|), we ffnd by straightforward calculations

λ_{n+} = 1 c (q2_n − ∞) + 1 c2R(c, q_n) , (4.1) where |R(c, q_n)| ≤ ▽(1+|q_n|)3. On the other hand, if c ≥ ∈⇔ ⟩⊔ ⟩∫ ⌉⊣∫† ⊔≀ ∫⌉⌉ ⊔⟨⊣⊔ R⌉ λ_{n+} ≥ −λ̂ for all n ∈ Z, where λ̂ = 1 2 ( c − √ c2− △ ) = 1 c + O^(_{c3}^) . (4.2) Since λ_{n+} + λ_{n−} = −(c + 2iq_n), it follows that Re λ_{n−} ≤ −c + λ̂ so that the gap between the two branches of the spectrum is greater than c − ∈λ̂ = √ c2− △↙ A∫ ⊣ ⌋≀\∫⌉∐⊓⌉\⌋⌉⇔ ⊒⌉ ⟨⊣⊑⌉ {≀∇ ⊣↕↕ n ∈ Z, 1 |λ_{n+} − λ_{n−}| ≤ ∞ √ c2− △ = O^(_c^) . (4.3)

Finally, if n is αxed and c ≥ ∀(1 + |q_n|), we ffnd | | | | λ_{n+} − λ_{n−} − ∞ c | | | | ≤ △ c2 (1 + |q_n|) . (4.4)

We now follow exactly the same procedure as in Sect. 3.2: reversing the sign of the time ξ in ↼2▷3↽ we apply Theorem A▷1 to show the existence of a centerstable manifold corresponding to the branch {−λ_{n+}}_{n∈}Z of the spectrum. Using the same notation, we take E^{cs} = E^u = H, λ^{cs} = λ̂ λ^u = c − λ̂ D = 1, and β = c/3▷ Moreover if c is sufαciently large we see from Eqs▷↼2▷5↽ ↼4▷3↽ that ℓ^{cs}(r) = ℓ^u(r) ≤ Cr2/c for some C > 0▷ So deαning r1 = K1c for some ↼sufαciently small↽ K1 > 0 we have σ(r, β) ≤ ∞∈(r/r1)2 in Eq.(A.2), and Lemma 3.2 still holds for r < r 1▷ This shows the existence of the local centerunstable manifold Γ_r = {(A, B) ∈ H2| B = h(A), A ∈ B_r ⊂ H} {≀∇ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⇐∈↙∋⇒↙ N≀⊒⇔ ⊣∫ ⟩∫ ⌉⊣∫⟩↕† ∫⌉⌉\ {∇≀⇕ E∐∫↙⇐△↙∞⇒⇔ ⇐△↙∋⇒⇔ ⊔⟨⌉ ⊘§⌉⌈ √≀⟩\⊔∫ ⇐∈↙△⇒ ⟨⊣⊑⌉ ⊣ ⊘\⟩⊔⌉ ↕⟩⇕⟩⊔ ⊣∫ c → ∞∅ ∫≀⇔ ⊒⌉ ⌋⊣\ ⊘\⌈ ⊣\ R > 0 such that F2, F3 ∈ B_R ⊂ H2for all suf�ciently large c▷ Deαning thus c0 = R/K1 and noting that12(R/r1)2 = 12(c0/c)2, we obtain:

- 18 - Proposition 4.1. There exists a c0 > 0 such that for all c ≥ c0 the system ↼2▷3↽ deαnes a semiβow ↼for ξ ≤ ′⇒ ≀\ ⊔⟨⌉ ↕≀⌋⊣↕ ⌋⌉\⊔⌉∇↖⊓\∫⊔⊣⌊↕⌉ ⇕⊣\⟩{≀↕⌈ Γ_R which contains the αxed points ↼2▷4↽▷ The projection onto H of this semi�ow veri�es the differential equation (3.5), with h . H → H a phase covariant C1^{,1}function verifying h(0) = 0, Dh(0) = 0, Lip(h) ≤ ∞∈(c0/c)2. This proposition reduces the proof of Theorem 1.2 to the study of the system (3.5) in the ball B_R ⊂ H. In order to extract the leading terms as c → ∞⇔ ⊒⌉ ∇⌉∫⌋⊣↕⌉ ⊔⟨⌉ ⊔⟩⇕⌉ ξ by setting ξ = −cη ▷ We thus obtain A^′_n = α_n(c)A_n − ν_n(c)F_n(A + h(A)) , A ∈ B_R ⊂ H , (4.5) where α_n(c) = −cλ_{n+} , ν_n(c) = c/(λ_{n+} − λ_{n−}), and^′ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ η ▷ In view of Eqs▷↼4▷1↽ ↼4▷4↽ the formal limit c → ∞ ⟩\ E∐↙⇐△↙▽⇒ †⟩⌉↕⌈∫ ⊔⟨⌉ ∫⟩⇕√↕⌉∇ ⌉∐⊓⊣⊔⟩≀\∫ A^′_n = α_nA_n − F_n(A) , A ∈ B_R ⊂ H , (4.6)

where α_n = 1 − q2_n ▷

4.2. The Limiting Case c = ∞ W⌉ \≀⊒ ∫⊔⊓⌈† ⊔⟨⌉ ∇⌉⌈⊓⌋⌉⌈ ⌉∐⊓⊣⊔⟩≀\∫ ⇐△↙⇏ ⊣\⌈ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉† ⟨⊣⊑⌉ {∇≀\⊔ ∫≀↕⊓⊔⟩≀\∫↙ O{ ⌋≀⊓∇∫⌉⇔ ⊔⟨⟩∫ ∫†∫⊔⌉⇕ ⟩∫ ∫⊔⟩↕↕ ⟩\⊘\⟩⊔⌉↖⌈⟩⇕⌉\∫⟩≀\⊣↕⇔ ∫≀ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\\≀⊔ ⟨≀√⌉ ⊔≀ ∫⟨≀⊒ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ {∇≀\⊔ ∫≀↕⊓⊔⟩≀\∫ |⊓∫⊔ ⌊† ⊣ ∫⟩⇕√↕⌉ ⊣∇}⊓⇕⌉\⊔ ⊣∫ ⟩\ S⌉⌋⊔↙ ∋↙∋↙ F≀∇ ⌋≀\⊑⌉\⟩⌉\⌋⌉⇔ ⊒⌉ ∫⊓√√≀∫⌉ {∇≀⇕ \≀⊒ ≀\ ⊔⟨⊣⊔ −∞/ √ ∋ < q0 ≤ ′ ⊣\⌈ ⊔⟨⊣⊔ q1 = √ ∞ − ϵ2 for some ϵ ≤ ϵ0 = 1/10 ↼Fig▷ 2 black region↽▷ Then recalling that q_n = q0 + n(q1− q0) and α_n = 1 − q2_n we see that α 0, α1 ↼and perhaps α_{−∞}⇒ ⊣∇⌉ √≀∫⟩⊔⟩⊑⌉⇔ ⊒⟨⌉∇⌉⊣∫ α_n < 0 for all |n| > 1▷ This means that most of the variables A_n are exponentially damped by Eq▷↼4▷6↽ so that only a few modes (A −∞, A0, A1) will be relevant in our analysis.

We ffrst consider the behavior of the system in a neighborhood of the two circles of ffxed points F 2, F3 corresponding to Eq.(2.4): F2) |A0| = √α0 A_n = 0 for all n ≠ 0 , F3) |A1| = √α1 A_n = 0 for all n ≠ 1 .

The following results will be proven in Sect. 4.3:

i) The circle F 2 has an annular neighborhood A which is attracted to F2by Eq.(4.6) and

whose size does not depend on ϵ▷ ii↽ Any point P ∈ F∋ ⟨⊣∫ ⊣ ↕≀⌋⊣↕ ⊓\∫⊔⊣⌊↕⌉ ⇕⊣\⟩{≀↕⌈ W_P of ↼complex↽ dimension 1 which is nearly parallel to the 0direction ↼i▷e▷ the direction deαned by A 0 = 1, An = 0 for all n ≠ 0), and whose size does not depend on ϵ▷

To prove that front solutions exist for c = ∞ ⊒⌉ \≀⊒ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀\⊔⟩\⊓⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ↕≀⌋⊣↕ ⊓\∫⊔⊣⌊↕⌉ ⇕⊣\⟩{≀↕⌈ W_P under the semiβow deαned by Eq▷↼4▷6↽ intersects the attractive annular neighborhood A, if ϵ is sufαciently small▷ This has to be done by direct estimates, for the sake of clarity we just explain here the main steps of the calculation and defer the proofs to Appendix C▷ First of all we write any A ∈ H as A_‖ + A_⊥ ⇔ ⊒⟨⌉∇⌉ A_‖ = (A_{−∞}, A0, A1) and A_⊥ = (A_n)_{|n|>1} , the corresponding decomposition of H will be denoted by H_‖ ⊕ H_⊥ ↙ W⌉ ⊣↕∫≀ ⌈⌉⊘\⌉ ⊔⟨⌉ ⌈≀⇕⊣⟩\ D ϵ = {A‖ | |A0| ≤ ∞, |A1| ≤ ∈ϵ, |A−∞| ≤ ∈ϵ} ⊂ H‖ ⇔ ⊣\⌈ \≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⊘§⌉⌈ √≀⟩\⊔∫ F ∈, F3 lie in Dϵ see Fig▷ 6▷ A0

A1

A_{−∞}

F ∈

F ∋

D_ϵ

Fig. 6: The parallelepiped D_ffl contains the �xed points F_2, F3▷ The unstable manifold of F3 remains in this domain and goes along the A0axis until it intersects the basin of attraction of F2▷

Now if A(η) is a solution of Eq.(4.6) and if ϵ is sufαciently small we have the following results. Lemma 4.2. There exists a K2 > 0 such that if A_‖ ∈ D_ϵ and ‖A_⊥‖ = K2ϵ2 then d dη ‖A_⊥‖ < 0▷ In other words as long as A_‖ ∫⊔⊣†∫ ⟩\ D_ϵ the other components A_⊥ ≀{ A remain bounded by K2ϵ2 if they were initially▷ Since we are interested in a trajectory starting from F3 ↼where A_⊥ = 0), we can henceforth assume that ‖A_⊥‖ ≤ K2ϵ2 as long as A_‖ ∈ D_ϵ ▷ Lemma 4.3. If ‖A_⊥‖ ≤ K2ϵ2 A_‖ ∈ D_ϵ and |A 1| = 2ϵ then^d_{dη} |A1| < 0▷

A similar result holds for A_{−∞}∇⌉√↕⊣⌋⟩\} A 1▷ Together with Lemma 4▷2 this means that a trajectory of the system cannot leave the region̂D_ϵ = {A_‖ ∈ D_ϵ , ‖A_⊥‖ ≤ K2ϵ2} ⊓\↕⌉∫∫ |A0| > 1▷ In particular we can assume in our case that A ∈D̂_ϵ as long as |A 0| ≤ ∞↙ Lemma 4.4. If A ∈ D̂_ϵ and ϵ 3 ≤ |A0| ≤ √α0(1 − ϵ), then^d_{dη} |A0| ⟩∫ √≀∫⟩⊔⟩⊑⌉ ⊣\⌈ ⌊≀⊓\⌈⌉⌈ ⊣⊒⊣† {∇≀⇕ ‡⌉∇≀↙ N≀⊒⇔ ⊔⟨⌉ ⇕⊣⟩\ ∇⌉∫⊓↕⊔ ≀{ ⊔⟨⟩∫ ∫⊓⌊∫⌉⌋⊔⟩≀\ ⟩∫¬ Proposition 4.5. There is an ϵ1 ≤ ϵ0 such that for all ϵ ≤ ϵ1 every point of F3 is connected to F2 by an orbit of the system ↼4▷6↽▷ Proof. If W_P is the local unstable manifold of P ∈ F ∋⇔ ⊒⌉ ⌋⊣\ ⌋⟨≀≀∫⌉ A ∈ W_P ∩ D̂_ϵ such that |A 0| ≥ ϵ3▷ This is always possible if ϵ is sufαciently small because WP is nearly tangent to the 0direction and its size does not depend on ϵ▷ So denoting by A(η) (η ≥ ′⇒ ⊔⟨⌉ ⌉⊑≀↕⊓⊔⟩≀\ ≀{ A under Eq▷↼4▷6↽ we know from the preceding lemmas that A(η) remains in̂D_ϵ and is driven along the 0direction with nonvanishing velocity until |A 0(η)| = √α0(1 − ϵ). But, as is easily veriffed, this last point lies in the annular neighborhood A of the circle F2, if ϵ is sufαciently small▷ Remarks

1) If A(η) is a solution of Eq.(4.6) and if u(x, t) = ∑ n∈Z A_n(t)e^{iqnx} ,

then it is easy to see that u(x, t) veriffes the GL-equation (1.1). So, Proposition 4.5 shows the existence of solutions of Eq.(1.1) satisfying lim t→−∞ u(x, t) = u_{q1}(x) , lim_{t→+∞} u(x, t) = u_{q0}(x) , uniformly in x ↼unlike the front solutions↽▷ 2↽ Let n be the ↼real↽ dimension of the unstable manifold of any point of F3 and let m be the ↼real↽ codimension of the stable manifold of the circle F2▷ For q0, q1 in the range of Theorem 1▷2 we have seen that n = 2 and m = 0, so that the intersection of the two manifolds is generic in the sense that n > m▷ For other values of q0, q1 it is not difαcult to show that this genericity condition is fulαlled if and only if (q0− q1)2 < 6q21− ∈↙ T⟨⟩∫ ⟩∫ ⊔⟨⌉ ∫⟨⊣⌈⌉⌈ ∇⌉}⟩≀\ ⟩\ F⟩}↙ ∈↙

↖ ∈∞ ↖ 4.3. The Full Case c < ∞ W⌉ \≀⊒ ⌋≀⇕⌉ ⌊⊣⌋‖ ⊔≀ ⊔⟨⌉ {⊓↕↕ ⌉∐⊓⊣⊔⟩≀\∫ ⇐△↙▽⇒ ⊣\⌈ ∫⟨≀⊒⇔ ⌊† ⊔⟨⌉ ∫⊣⇕⌉ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊣∇}⊓⇕⌉\⊔ ⊣∫ ⟩\ S⌉⌋⊔↙ ∋↙△⇔ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ {∇≀\⊔ ∫≀↕⊓⊔⟩≀\∫ {≀∇ ∫⊓{⊘⌋⟩⌉\⊔↕† ↕⊣∇}⌉ c ≥ c0▷ To simplify the forthcoming expressions we rewrite Eqs▷↼4▷5↽ ↼4▷6↽ in the form A^′ = Λ^cA − F^c(A) , A ∈ B_R ⊂ H , (4.5φ) A^′ = ΛA − F (A) , A ∈ B_R ⊂ H , (4.6φ) where Λ^c, Λ are the linear operators in H de�ned by (Λ^cA)_n = α_n(c)A_n (ΛA)_n = α_nA_n and F^c . H → H is the C1^{,1}function deαned by (F^c(A))_n = ν_n(c)F_n(A + h(A)). We begin by comparing the semifiows Φ^c_η Φ_η of Eq▷↼4▷5φ↽ ↼4▷6φ↽ respectively▷ Proposition 4.6. There exists a K3 > 0 such that ‖Φ^c_η(A) − Φ_η(B)‖ ≤ ⌉§√(K3η) ( ‖A − B‖ + K3 c1^{/4} ) , (4.7) for all A, B ∈ B_R ⊂ H and all η ≥ c^{−∞/4}▷

Proof. Since (by Eqs.(4.1), (4.2)) α_n ≤ ∞ ⊣\⌈ R⌉ α_n(c) ≤ cλ̂ for all n ∈ Z, there exists a λ > 1 such that ‖e^{Λct}‖, ‖e^{Λt}‖ ≤ e^{λt} for all t ∈ R_+ and all c ≥ c 0▷ On the other hand using Eqs▷↼2▷5↽ ↼4▷3↽ and Proposition 4▷1 it is easy to see that Lip(F^c), Lip(F ) ≤ K4 in B2_R⊂ H, for some K_4 > 0▷ So setting E^{cs} = H, E^u = {′}⇔ λ^{cs} = λ D = 1, and ℓ^{cs}(2R) = K_4 we can apply Theorem A▷1 to both systems ↼4▷5φ↽ ↼4▷6φ↽ the condition ↼A▷3↽ being fulαlled if β > λ + 10K4▷ It follows that Φ^c, Φ ∈ K_β for all c ≥ c 0▷ Now we want to use Theorem A▷2 to compare the semiβows Φ^c, Φ in B_R ⊂ H. Before doing this, let us remark that, although (by Eq.(4.1)) α

n(c) ≡ −cλ_{n+} converges to α_n = 1−q2_n for all n as c → ∞⇔ ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⟩∫ \≀⊔ ⊓\⟩{≀∇⇕ ⟩\ n . in fact |αn(c)| }∇≀⊒∫ ↕⟩‖⌉ √ n as n → ∞ ⊣\⌈ |α_n| ↕⟩‖⌉ n2 so that ‖Λ^c − Λ‖ = ∞ {≀∇ ⊣↕↕ c▷ On the other hand the conditions ↼A▷5↽ do not involve the operators themselves but the associated semigroups e^{Λct}, e^{Λt} in which the large n components are exponentially small if t > 0▷ So we can hope that e Λ^c t, eΛt are close to each other if c is sufαciently large and t strictly positive▷ Indeed we αnd. Lemma 4.7. sup t≥c�1/4 ( e^{−λt}‖e^{Λct} − e^{Λt}‖ ) = O^(_{c1/4}^) , as c → ∞ . ↼See Appendix C for the proofs of the lemmas in this section▷↽ The same phenomenon oc curs when comparing the nonlinear terms F^c, F for the convergence of the factor ν_n(c) ≡

↖ ∈∈ ↖ c/(λ_{n+} − λ_{n−}) to 1 as c → ∞ ⟩∫ \≀⊔ ⊓\⟩{≀∇⇕ ⟩\ n cf▷ Eq▷↼4▷4↽▷ As a consequence the difference F^c − F does not become small but nevertheless e^{Λt}(F^c − F ) does, if t > 0. Lemma 4.8. sup t≥c�1/2^{sup}A2B_{2RA}6=0 ( e^{−λt} ‖e^{Λt}(F^c(A) − F (A))‖ ‖A‖ ) = O^(_{c1/2}^) , as c → ∞ . Accordingly setting A^{cs}_1 = Λ^c A^{cs}_2 = Λ, f^{cs}_1 = −F^c f^{cs}_2 = −F we see that the assumption ↼A▷5↽ of Theorem A▷2 is fulαlled with δ = c^{−∞/4}and ϵ = Cc^{−∞/4}for some C > 0▷ In view of Eq▷↼A▷6↽ it follows that ‖Φ^c_η −Φ_η‖_∞ = e^{βη}O(c^{−∞/4}) in B_R ⊂ H, for all η ≥ c^{−∞/4}▷ Combining this with the fact that Φ c, Φ ∈ K_β and choosing K 3 ≥ β sufαciently large we obtain Eq▷↼4▷7↽▷ We next study the behavior of the semiβow Φ^c_η around the circles of αxed points corre sponding to Eq▷↼2▷4↽.

F c 2) A0 = −λ0_− λ0_+ − λ0_− √ α0 e^{iφ} , A_n = 0 for all n ≠ 0 , φ ∈ R , F^c_3) A1 = −λ1_− λ1_+ − λ1_− √ α1 e^{iψ} , A_n = 0 for all n ≠ 1 , ψ ∈ R . Using Eqs▷↼4▷1↽ ↼4▷3↽ it is easy to see that F^c_2, F^c_3 are close to F_2, F3 ↼Sect▷ 4▷2↽ in the sense that dist(F^c_2, F2) and dist(F^c_3, F3) are O(1/c 2) as c → ∞↙ N≀⊒⇔ ↕⌉⊔ Â^c be the point of F^c_2 corresponding to φ = 0 in the expression above, and let A = Â c + X with X ∈ B2_ρ⊂ H for some small ρ > 0▷ In order to study the evolution of X we introduce the ↼real↽ subspaces V_s = {X ∈ H | I⇕ X0 = 0}⇔ V_c = {X ∈ H | R⌉ X0 = 0, X_n = 0 ∀n ≠ 0} ⊣\⌈ ⊒⌉ ⊒∇⟩⊔⌉ X as a pair (X_s, X_c) with X_s ∈ V_s X_c ∈ V_c ▷ With these notations we have the following result. Lemma 4.9. If A = Â^c + X is a solution of ↼4▷5φ↽ and if c is sufαciently large then X = (X_s, X_c) veriffes the differential equation

X^′_s = M^c_s X_s + R^c_s(X) , X^′_c = M^c_c X_c + R^c(X) , (4.8) where M^c_c = 0, M^c_s . V_s → V_s is a linear operator satisfying ‖e^{M cs t}‖ ≤ D̂e^{− ∞∈α0t} ↼ t ∈ R_+ ) for some D̂ ≥ ∞⇔ ⊣\⌈ R c = (R^c_s, R^c) : H → H is a C1^{,1}function vanishing at the origin such that Lip(R c) ≤ K5(ρ + c0/c) in B2_ρ⊂ H, for some K5 > 0▷ It is clear from the proof ↼see Appendix C↽ that Lemma 4▷9 remains true if c = ∞⇔ ⊔⟨⊣⊔ ⟩∫⇔ {≀∇ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⇐△↙≄⇒↙ I\⌈⌉⌉⌈⇔ ⟩{Â ∈ F∈ ⊑⌉∇⟩⊘⌉∫ Â0 = √α0 and if A =Â + X then the equation ↼4▷6φ↽ for X is simply X^′_n = (α_n − ∈α0)X_n − α0X^∗_{−n} + R_n(X) , (4.9)

- 23 -

which can be rewritten as

X^′_s = M_sX_s + R_s(X) , X^′_c = M_cX_c + R_c(X) , (4.10) with M_s, M_c and R_s, R_c as in Lemma 4▷9▷ So setting E cs = V_s E^u = V_c λ^{cs} = − ∞∈α0 λ^u = 0, D = D̂ ℓ^{cs}(2ρ) = ℓ^u(2ρ) ≤ K5(ρ + c0/c), and β = − ∞△α0 we can apply Theorem A▷1 to both systems ↼4▷8↽ ↼4▷10↽ the condition ↼A▷3↽ being fulαlled if ρ is sufαciently small and if c0/c ≤ ρ▷ Thus there exist C1^{,1}maps h^c, h . B_ρ ⊂ V_s → V_c whose graphs V^c, V are (except for a translation) the local stable manifolds of^^A^c,^^A for the semiβows Φ^c_η, Φ_η respectively▷ In particular using the phase covariance of the system we easily obtain the analogue of Lemma 3▷8. Lemma 4.10. There exists a ρ2 > 0 such that for all sufαciently large c ↼including c = ∞⇒⇔ ⊔⟨⌉ ⊣\\⊓↕⊓∫ A^c of radius ρ 2 around the circle F^c_2 is attracted to F^c_2 by the semiβow Φ^c_η ▷ Moreover in the same way as Lemma 4▷7 and Lemma 4▷8 one can prove the following continuity result for M c s , M^c_c and R^c_s, R^c . Lemma 4.11. As c → ∞⇔ ⟩) sup_{t≥c} �1/4 ( e 1 2^{α0t} ‖e^{M c}s^t − e^{Ms t}‖ ) = O^(_{c1/4}^) , ii) sup_{t≥c} �1/2^{sup}X2B2_{ρX} 6=0 ( e 1 2^{α0t} ‖e^{Mst}(R^{cs}(X) − R^s(X))‖ ‖X‖ ) = O^(_{c1/2}^) , iii) Lip(R^c − R_c) = O(1/c) . So setting A^{cs}_1 = M^c_s A^{cs}_2 = M_s A^u_1 = M^c_c = 0, A^u_2 = M_c = 0, f^{cs}_1 = R^c_s f^{cs}_2 = R_s f^u_1 = R^c f^u_2 = R_c and using Lemma 4▷11 we see that the assumption ↼A▷5↽ of Theorem A▷2 is fulαlled with δ = c −∞/4 and ϵ = Cc^{−∞/4}for some C > 0▷ Thus it follows from Eq▷↼A▷6↽ that the unstable manifold V^c is continuous in c at c = ∞ ⟩\ ⊔⟨⌉ ∫⌉\∫⌉ ⊔⟨⊣⊔ ‖h^c − h‖_∞ = O(c^{−∞/4}) in B_{ρ2} ⊂ V_s ▷ These considerations about the behavior of Φ c η near F c 2 can be repeated in an analogous way for F c 3 , for brevity we only point out the main differences and leave the details to the reader▷ For example we have instead of Eq▷↼4▷9↽ X^′_n = (α_n − ∈α1)X_n − α1X^∗_{∈−n}+ S_n(X) , (4.11) where S . H → H has the same properties as R^c in Lemma 4▷9▷ The spectrum of the linear operator in Eq▷↼4▷11↽ is contained in the halfplane Re (z) ≤ ′⇔ ⌉§⌋⌉√⊔ {≀∇ ⊣ ∫⟩\}↕⌉ √≀∫⟩⊔⟩⊑⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉ μ̂ ≥ α0− ∈ϵ2 whose eigenvectorX̂ is Ψnearly tangent to the 0directionν

↼cf▷ Sect▷ 4▷2↽ in the sense that̂X0 = 1, X̂1 = O(ϵ2) and X̂_n = 0 for all n ≠ 0, 2▷ So deαning the subspaces W_u = CX̂ W_{cs} = W^⊥_u we can apply Theorem A▷1 and obtain the existence of a local onedimensional unstable manifold W ⊣∫ ⊔⟨⌉ }∇⊣√⟨ ≀{ ⊣ C 1 ,1 map g . B_{ρ3} ⊂ W_u → W_{cs} for some ↼sufαciently small↽ ρ 3 ≥ ′↙ T⟨⌉ ∫⊣⇕⌉ ⟩∫ ⊔∇⊓⌉ {≀∇ ⊔⟨⌉ {⊓↕↕ ∫†∫⊔⌉⇕ ⇐c < ∞⇒⇔ ⊣\⌈ ⊔⟨⌉ ⇕⊣\⟩{≀↕⌈ W^c depends continuously on c in the sense that dist(W^c, W) = O(c^{−∞/4}) as c → ∞↙ N≀⊒⇔ ↕⌉⊔ ⊓∫ ∫⊓⇕⇕⊣∇⟩‡⌉ ≀⊓∇ ∇⌉∫⊓↕⊔∫↙ T⟨⌉ ∫⌉⇕⟩⊙≀⊒ Φ^c_η corresponding to ↼4▷5φ↽ is continuous in c at c = ∞ ⇐⟩\ ⊔⟨⌉ ∫⌉\∫⌉ ≀{ P∇≀√≀∫⟩⊔⟩≀\ △↙⇏⇔ ⊣\⌈ ∫≀ ⊣∇⌉ ⊔⟨⌉ ⊘§⌉⌈ √≀⟩\⊔∫ F^c_2 F^c_3 ▷ Moreover the circle F c 2 has an attractive annular neighborhood A c of radius ρ 2 independent of c ↼Lemma 4▷10↽ and at each point of F^c_3 one can attach a local onedimensional unstable manifold W^c which depends continuously on c at c = ∞↙ C≀⇕⌊⟩\⟩\} ⊔⟨⌉∫⌉ {⊣⌋⊔∫ ⊒⟩⊔⟨ P∇≀√≀∫⟩⊔⟩≀\ △↙▽ ⟩\ ⊔⟨⌉ ∫⊣⇕⌉ ⊒⊣† ⊣∫ ⟩\ S⌉⌋⊔↙ ∋↙△⇔ ⊒⌉ ∫⌉⌉ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ c1 ≥ c0 such that for all c ≥ c1 and all ϵ ≤ ϵ1 the continuation of the local unstable manifold W^c intersects the attractive neighborhood A c of F c 2 ▷ This concludes the proof of Theorem 1▷2▷

Appendix A. The Center-Stable Manifold Theorem In this appendix, we recall (for easy reference) some results of center manifold theory in inőnitedimensional Banach spaces. Proofs of these statements can be found in the companion paper by one of us [G]. They are an extension of results of [EW], Appendix A. Let (E^{cs}, ‖ · ‖_{cs} ↽ ↼ E^u, ‖ · ‖_u ↽ be two Banach spaces and denote by E the direct sum E^{cs} ⊕ E^u equipped with the norm ‖z‖ = max(‖z^{cs}‖_{cs}, ‖z^u‖_u), for z = (z^{cs}, z^u) ∈ E. We consider the differential equation in E, dz^{cs} dt = A^{cs}z^{cs} + f^{cs}(z^{cs}, z^u) , dz^u dt = A^uz^u + f^u(z^{cs}, z^u) , (A.1)

and make the following hypotheses: H1) The linear operators A^{cs} . E^{cs} → E^{cs} and −A^u . E^u → E^u deαne strongly continuous semigroups e A^{cs} t e^{−Au t} for t ≥ ′↙ M≀∇⌉≀⊑⌉∇⇔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔ ∇⌉⊣↕ ⌋≀\∫⊔⊣\⊔∫ λ^{cs}, λ^u, D such that λ^u ≥ ′⇔ λ^u > max(λ^s, 2λ^s), and ‖e^{Acs t}‖_{cs} ≤ De^{λcs t} , ‖e^{−Au t}‖_u ≤ De^{−λu t} , for all t ≥ ′↙ H∈⇒ f^{cs} . E → E^{cs} and f^u . E → E^u are C 1^{,1}functions vanishing at the origin together with their αrst derivatives▷ H3↽ The norm ‖ · ‖ cs is a C1 ,1 function on E cs ▷

Under these hypotheses the centerstable manifold theorem asserts the existence in a small neighborhood of the αxed point 0 of a C 1 ,1 manifold Γ which is tangent to the subspace E^{cs} at the origin is left invariant by Eq▷↼A▷1↽ and contains all the trajectories which stay near 0 for all t ∈ R + . We shall give here an explicit formulation of this theorem, because in our applications to the system (2.3), we need to know exactly how the manifold depends on the parameters ϵ and c▷ In order to do that we introduce some more notations▷ For all r > 0 we denote by B^{cs}_r B^u_r B_r the balls of radius r around the origin in E^{cs} E^u E respectively, and we set ℓ^{cs}(r) = sup_{z∈} B_r^{‖Df} cs(z)‖ , ℓ^u(r) = sup_{z∈} B_r^{‖Df} u(z)‖ ,

where Df^{cs}, Df^u are the derivatives of f^{cs}, f^u ▷ In view of H2 ℓ^{cs}(r), ℓ^u(r) → ′ ⊣∫ r → ′↙ N⌉§⊔⇔ {≀∇ ⊣↕↕ σ ∈ ∪′, 1♯ β ∈ (λ^{cs}, λ^u), we deffne the function spaces H_σ = {h . E^{cs} → E^u | h(0) = 0 ; ‖h(ξ) − h(ξ̃)‖_u ≤ σ‖ξ − ξ̃‖_{cs} ∀ξ, ξ̃ ∈ E^{cs}} , K_β = { Φ : R_+ × E^{cs} → E^{cs} | Φ0(ξ) = ξ ∀ξ ∈ E^{cs} , Φ_t(0) = 0 ∀t ∈ R_+ ; Φ is continuous in t , ‖Φ_t(ξ) − Φ_t(ξ̃)‖_{cs} ≤ De^{βt}‖ξ − ξ̃‖_{cs} ∀t ∈ R_+, ∀ξ, ξ̃ ∈ E^{cs} } . Finally deαningβ̂ = max(β, 2β), we know from H1 that there exists a β ∈ (λ^{cs}, λ^u) such that β̂ ∈ (λ^{cs}, λ^u). For such a β we set σ = σ(r, β) = D2max ( ℓ^{cs}(2r) β − λ^{cs} , 5ℓ^u(2r) λ^u − β̂ ) . (A.2) With these notations, we have the following result:

Theorem A.1. [G]. Assume that the hypotheses H1, H2, H3, are fulfflled, and choose r so small that in Eq▷↼A▷2↽ σ < 1 2D . (A.3) Then there exists a map h ∈ H_σ and a semiβow Φ ∈ K_β with the following properties. i↽ h is of class C1^{,1} Dh(0) = 0, and h maps D(A^{cs}) (the domain of A^{cs} ↽ into D(A^u) (the domain of A^u ↽▷ ii↽ For all ξ ∈ B cs r ∩ D(A^{cs}), the curve z(t) = (Φ_t(ξ), h(Φ_t(ξ))), t ∈ R_+ , is a solution of

Eq.(A.1) as long as it remains in B r ▷ iii↽ If z(t) is any solution of Eq.(A.1) such that z(t) ∈ B r for all t ∈ R + , then z(t) =

(Φ_t(ξ), h(Φ_t(ξ))) for some ξ ∈ B^{cs}_r ▷

Thus denoting by Γ r the restriction of the graph of h to B r we see that Eq▷↼A▷1↽ deαnes a local semiβow on Γ r ↼in the sense of ii↽▷ We shall always refer to Γ r as the ↼local↽ centerstable manifold although in the case λ cs < 0 one rather speaks of a stable manifold▷ Remarks.

1) In the proof of Theorem A.1, one has to Ψcut off˚ the non-linear terms f^{cs} f^u outside the ball B cs r ▷ Since ↼by H3↽ the norm ‖ · ‖ cs is C1 ,1 on E^{cs} this is simply done by writing f (z^{cs}, z^u)χ(‖z^{cs}‖_{cs}/r), where χ . R_+ → ∪′, 1♯ is some C1^{,1}function equal to 1 on ♭0, 1♯ vanishing on ♭2, ∞), and satisfying |χ^′(x)| ≤ ∈ {≀∇ ⊣↕↕ x ∈ R_+ . This is how the expressions 5ℓ

cs(2r), 5ℓ^u(2r) arise in Eq.(A.2). For more details, see [G], Sect. 3.2.

2) Except for the assertion Dh(0) = 0, Theorem A.1 remains true if Df^{cs}, Df^u are not assumed to vanish at the origin provided that Eq▷↼A▷3↽ can be satisαed for r sufαciently small▷ 3↽ As a consequence of iii↽ all αxed points of the system ↼A▷1↽ in B_r must lie on the centerstable manifold Γ r ▷ 4↽ If the nonlinear term f = (f cs, f^u) commutes with a linear isometry of E, then h can be chosen to commute with the same isometry▷ 5↽ Theorem A▷1 also makes sense if E^{cs} = E and E^u = {′}↙ I\ ⊔⟨⟩∫ ⌋⊣∫⌉⇔ ⟩⊔ ≀\↕† ⊣∫∫⌉∇⊔∫ ⊔⟨⊣⊔ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\∫ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ dz^{cs} dt = A^{cs}z^{cs} + f^{cs}(z^{cs}) , deαne a local semiβow Φ ∈ K_β in the ball B_r around the origin▷ Setting λ^u = +∞⇔ ℓ^u(2r) = 0, the condition (A.2), (A.3) reduces to

σ = D2 5ℓ^{cs}(2r) β − λ^{cs} < 1 2D , (A.4)

which is always satisffed if β > λ^{cs} is sufαciently large▷ It is wellknown that the centerstable manifold although generally not unique can be chosen to depend continuously ↼for suitable topologies↽ on the operators A cs, A^u and the functions f cs, f^u in Eq▷↼A▷1↽▷ We shall give here a formulation of this result which is sufαcient for our applications in Section 3 and Section 4▷ Suppose that we are given two pairs of linear operators A cs 1 , A^u_1 and A^{cs}_2 , A^u_2 satisfying H1 with the same constants λ^{cs}, λ^u, D ▷ Assume also that we have two couples of functions f^{cs}_1 , f^u_1 and f^{cs}_2 , f^u_2 verifying H2 and that the condition ↼A▷3↽ is fulαlled for both systems 1 and 2▷ Denoting thus by h 1, h2 and Φ1, Φ2 the maps and semifiows whose existence is asserted by Theorem A.1, we have the following result:

- 27 -

Theorem A.2. Assume that there exist an ϵ > 0 and a δ ≥ ′ ∫⊓⌋⟨ ⊔⟨⊣⊔ ∫⊓√_{t≥δ} ( e^{−λcs t}‖e^{Acs1 t} − e^{Acs2 t}‖_{cs} ) ≤ Dϵ , sup_{t≥δ} ( e^{λu t}‖e^{−Au1 t} − e^{−Au2 t}‖_u ) ≤ Dϵ ,

sup_{t≥δ} sup_z 2B2_{rz}6=0 ( e^{−λcs t} ‖e^{Acs2 t}(f^{cs}_1 (z) − f^{cs}_2 (z))‖_{cs} ‖z‖ ) ≤ Dℓ^{cs}(2r)ϵ ,

sup_{t≥δ} sup_z 2B2_{rz}6=0 ( e^{λu t} ‖e^{−Au2 t}(f^u_1 (z) − f^u_2 (z))‖_u ‖z‖ ) ≤ Dℓ^u(2r)ϵ . (A.5)

Then h 1, h2 and Φ1, Φ2 can be chosen so that

sup_{ξ≠0} ‖h1(ξ) − h2(ξ)‖_u ‖ξ‖_{cs} ≤ ∞ ∞ − ∈σ (Dϵ + 3δ(λ^u − λ^{cs})) , sup_{t≥δ} sup_{ξ≠0} ( e^{−βt} ‖Φ1_{,t}(ξ) − Φ2_{,t}(ξ)‖_{cs} ‖ξ‖_{cs} ) ≤ ∞ ∞ − ∈σ (Dϵ + 3δ(λ^u − λ^{cs})) . (A.6)

For a proof in the case δ = 0, see [G], Sect. 2.3. The general case is easily proved along the same lines.

Appendix B. Some Proofs (Unstable-Unstable case)

Proof of Lemma 3.7. We ffrst write the vector ffeld Δχ(x) in the form Δχ0(x) = ( − λ0_+ ϵ − ∈ c − ∈i ) X0− Δ0(x) c − ∈i + ( −∞ λ0_+ − λ0_− + 1 c − ∈i ) F0(x + l(x)) , Δχ1(x) = ( − λ1_+ ϵ − ∈α c + 2i ) X1− Δ1(x) c + 2i + ( −∞ λ1_+ − λ1_− + 1 c + 2i ) F1(x + l(x)) , where Δ : B2_R⊂ H0→ H is de�ned by Δ(x) = F (x + l(x)) − F (x). Next, we use the identity F (A + B) = F (A) + G(A, B) + G(B, A) + F (B) , A, B ∈ H , (B.1) where G . H × H → H is the Fr�echet derivative of F . G_n(A, B) = ∑ p+s+r=n ( A_pA_sB^∗_{−r} + 2A_pB_sA^∗_{−r} ) . (B.2)

- 28 -

As is easily seen, ‖G(A, B) − G(Ã, B̃)‖ ≤ ∋K2 ( ‖A − Ã‖ (‖A‖ + ‖Ã‖) ‖B‖ + ‖Ã‖∈‖B − B̃‖ ) , (B.3) with K as in ↼2▷5↽▷ Now using ↼B▷1↽ with A = x and B = l(x), we can write Δ(x) = G(x, l(x)) + G(l(x), x) + F (l(x)). Using (B.3) and recalling that Lip(l) ≤ ℓϵ/ϵ_c we thus obtain Lip(Δ) ≤ L⟩√(G(·, l(·))) + Lip(G(l(·), ·)) + Lip(F (l(·))) ≤ Cϵ/ϵ_c + C(ϵ/ϵ_c)2 + C(ϵ/ϵ_c)3 ≤ ∋Cϵ/ϵ_c , in B2_R for some C > 0▷ In the same way it follows from ↼2▷5↽ that Lip(F (· + l(·))) ≤ ∋K(2R)2(1 + ℓ)2 in B2_R▷ Finally in view of ↼3▷1↽ ↼3▷4↽ we have | | |− λ0_+ ϵ − ∈ c − ∈i | | | = O^{( ϵ}_{c + 2}^) ,^|^{−∞}_{λ0+ − λ0−} +^1_{c − ∈i}^| = O^{( ϵ}_{(c + 2)2}^) , and similarly for λ1_+, λ1_−↙ C≀⇕⌊⟩\⟩\} ⊔⟨⌉∫⌉ ⌉∫⊔⟩⇕⊣⊔⌉∫⇔ ⊒⌉ ⌉⊣∫⟩↕† ⊘\⌈ L⟩√(Δχ) ≤ K4(ϵ/ϵ_c)/(c + 2) in B2_R for some K_4 > 0▷ Proof of Lemma 3.9. Using the deffnitions of δχ and Δχ we easily obtain the identity δχ(z) − δχ(z̃) = Δχ(x^ϵ + z) − Δχ(x^ϵ + z̃) + Δ_ϵ(z, z̃) , where Δ_ϵ(z, z̃) = ( χ0(x^ϵ+z)−χ0(x0+z) ) − ( χ0(x^ϵ+z̃)−χ0(x0+z̃) ) / ⋃]{^~ x^ϵ ∈ B_R ⊂ H0, it follows from Lemma 3.7 that ‖Δχ(x^ϵ + z) − Δχ(x^ϵ + z̃)‖ ≤ K4 c + 2 ϵ ϵ_c ‖z − z̃‖ , for all z, z̃ ∈ B_R , so it remains to bound the function Δ_ϵ(z, z̃). First, if Dχ 0 denotes the derivative of χ0 it is easy to see that Lip(Dχ0) ≤ C1/(c + 2) in B2_R ⊂ H0, for some C1 > 0▷ Next since λ0_± ⊣\⌈ √ ∈ − ϵ are smooth functions of ϵ the curve ϵ → x^ϵ is C1and ‖(dx^ϵ/dϵ)‖ ≤ C2 for some C2 > 0▷ So Δ_ϵ(z, z̃) is differentiable in ϵ and ‖ ‖ ‖ ∂Δ^ϵ(z, z̃) ∂ϵ ‖ ‖ ‖ = ‖ ‖ ‖(Dχ0(x^ϵ + z) − Dχ0(x^ϵ + z̃)) · dx^ϵ dϵ ‖ ‖ ‖ ≤ C1 c + 2 ‖z − z̃‖ · C2 . Since Δ0(z, z̃) = 0, we thus ffnd ‖Δ_ϵ(z, z̃)‖ ≤ ϵ sup_ϵ ‖ ‖ ‖ ∂Δ^ϵ(z, z̃) ∂ϵ ‖ ‖ ‖ ≤ C1C2ϵ c + 2 ‖z − z̃‖ ≤ K0C1C2 c + 2 ϵ ϵ_c ‖z − z̃‖ . This concludes the proof of Lemma 3▷9 with K6 = K4+ K0C1C2▷

Appendix C. Some Proofs (Stable-Unstable Case)

Proof of Lemma 4.2. To simplify the notation, we set A_‖ = a and A_⊥ = X ▷ Inserting A = a + X in ↼4▷6↽ we obtain for |n| ≥ ∈¬ X^′_n = −F_n(a) + α_nX_n − G_n(a, X) − G_n(X, a) − F_n(X) , (C.1) where G is the derivative of F ↼cf▷ ↼B▷1↽ ↼B▷2↽↽▷ We want to obtain an upper bound on the quantity 12^d_{dη} ‖X‖∈ = Re (X, X^′). First of all, using the deffnition (1.7), we ffnd F 2(a) = a21a^∗_′ + 2a1a0a^∗_{−∞}⇔ F3(a) = a21a^∗_{−∞}⇔ F_n(a) = 0 for all n > 3 and symmetric expressions hold for n < 0▷ If a ∈ D_ϵ we thus have |R⌉ (X, F (a))| ≤ ‖X‖C1ϵ2 , (C.2) for some C 1 > 0▷ Let us now consider the linear terms in ↼C▷1↽▷ Since α_n ≤ α2 ≤ −∋ + 4ϵ2 < 0 for all |n| ≥ ∈⇔ ⊒⌉ ⟨⊣⊑⌉ R⌉ (X, αX) ≤ ‖X‖∈(−∋ + O(ϵ2)). On the other hand, a direct calculation yields G_n(a, X) = 2X_n|a0|∈+ Ĝ_n(a, X), where Ĝ_n(a, X) is some complicated expression satisfying ‖ Ĝ(a, X)‖ ≤ ‖X‖(|a0|∈+ O(ϵ)) if a ∈ D_ϵ ▷ As a

consequence Re (X, −G(a, X)) ≤ ‖X‖ ∈O(ϵ). Combining these estimates, we obtain for the

linear terms Re (X, αX − G(a, X)) ≤ ‖X‖∈(−∋ + O(ϵ)) . (C.3) Finally, we just bound the two remaining terms in (C.1) by using (2.5), (B.3); we ffnd |R⌉ (X, G(X, a))| ≤ ‖X‖∋C2 , |R⌉ (X, F (X))| ≤ ‖X‖△K2, (C.4) for some C 2 > 0▷ Now we summarize ↼C▷2↽δ↼C▷4↽ 1 2 d dη ‖X‖∈ ≤ ‖X‖C1ϵ2 + ‖X‖∈(−∋ + O(ϵ)) + ‖X‖∋C2+ ‖X‖△K2 , (C.5) and choose a K 2 > 0 such that 3K2 > C1▷ Then assuming that ϵ is sufαciently small it is easy to verify that the righthand side of ↼C▷5↽ is negative if ‖X‖ = K2ϵ2▷ Proof of Lemma 4.3. Let A = a + X with ‖X‖ ≤ K2ϵ2 a ∈ D_ϵ |a1| = 2ϵ▷ Inserting in ↼4▷6↽ we obtain for n = 1: a^′_∞= α1a1− F1(a) − G1(a, X) − G1(X, a) − F1(X) . (C.6) Again, we want an upper bound on 12^d_{dη} |a1|∈ = Re (a^∗_∞a^′_∞). First of all, F 1(a) = a1(|a1|∈+ 2|a0|∈+ 2|a_{−∞}|∈) + a20a^∗_{−∞}⇔ ⊣\⌈ ∫⟩\⌋⌉ R⌉ (−|a 1|∈|a0|∈+ a^∗_∞a20a^∗_{−∞}) ≤ ′⇔ ⊒⌉ ⟨⊣⊑⌉ R⌉ (α1|a1|∈− a^∗_∞F1(a)) ≤ |a1|∈(α1− |a1|∈− |a0|∈) . (C.7)

- 30 -

On the other hand, a direct calculation yields G 1(a, X) = a2_{−∞}X^∗_{−∋} + 2a0a_{−∞}X^∗_{−∈}+ 2a0a^∗_∞X2+ 2a^∗_′ a_{−∞}X2+ 2a^∗_∞a_{−∞}X3 so that |R⌉ (a^∗_∞G1(a, X))| ≤ |a1|‖X‖ ( C3|a0|ϵ + O(ϵ2) ) , (C.8) for some C 3 > 0▷ Finally the two remaining terms in ↼C▷6↽ are simply bounded by |R⌉ (a^∗_∞G1(X, a))| ≤ |a1|‖X‖∈C2 , |R⌉ (a^∗_∞F1(X))| ≤ |a1|‖X‖∋K2 . (C.9) Now, recalling that α 1 = ϵ2 |a1| = 2ϵ ‖X‖ ≤ K2ϵ2 we can summarize ↼C▷7↽δ↼C▷9↽ as follows. 1 2 d dη |a1|∈ ≤ △ϵ2(−∋ϵ2− |a0|∈) + 2C3K2|a0|ϵ4+ O(ϵ5) . (C.10) The maximum over |a 0| ≀{ ⊔⟨⌉ ∇⟩}⟨⊔↖⟨⊣\⌈ ∫⟩⌈⌉ ⇐∇⌉⊣⌋⟨⌉⌈ {≀∇ |a0| = 14C3K2ϵ2↽ is of the form −∞∈ϵ4 + O(ϵ5), and thus is negative if ϵ is sufαciently small▷ Proof of Lemma 4.4. As before, let A = a + X with a ∈ D_ϵ and ‖X‖ ≤ K 2ϵ2▷ Inserting in ↼4▷6↽ we obtain for n = 0: a^′ = α0a0− F0(a) − G0(a, X) − G0(X, a) − F0(X) . (C.11) We now want to ffnd a lower bound on the quantity 12^d_{dη} |a0|∈= Re (a^∗_′ a0). First of all, we have F0(a) = a0(|a0|∈+ 2|a1|∈+ 2|a_{−∞}|∈) + 2a^∗_′ a1a_{−∞}⇔ ⊣\⌈ ∫⟩\⌋⌉ |a 1| ≤ ∈ϵ |a_{−∞}| ≤ ∈ϵ we can write Re (α0|a0|∈− a^∗_′ F0(a)) ≥ |a0|∈(α0− |a0|∈− ∈△ϵ2) . (C.12) On the other hand, we have G 0(a, X) = a21X^∗_∈ + a2_{−∞}X^∗_{−∈} + 2a1a^∗_{−∞}X_{−∈} + 2a^∗_∞a_{−∞}X2 and thus −R⌉ (a^∗_′ G0(a, X)) ≥ −|a0|‖X‖C4ϵ2 , (C.13) for some C 4 > 0▷ Finally we αnd as above −R⌉ (a^∗_′ G0(X, a)) ≥ −|a0|‖X‖∈C2 , −R⌉ (a^∗_′ , F0(X)) ≥ −|a0|‖X‖∋K2 . (C.14) Recalling that ‖X‖ ≤ K 2ϵ2 we thus obtain 1 2 d dη |a0|∈ ≥ |a0|∈ ( α0− |a0|∈− ∈△ϵ2 ) − |a0|(K2C4ϵ4+ O(ϵ5)) . (C.15) Assuming that ϵ is sufαciently small it is easy to verify that the righthand side is positive and bounded away from zero if ϵ3 ≤ |a0| ≤ √α0(1 − ϵ).

- 31 -

Proof of Lemma 4.7. We have to bound the difference e^{αn(c)t} − e^{αnt} for sufαciently large c ≥ c0▷ In view of ↼4▷1↽ α_n(c) = −cλ_{n+} is in fact a function of c and q_n and we shall deal with the cases |q n| ≤ c1 /4 |q_n| > c1^{/4} separately▷ First if |q_n| ≤ c1^{/4} we always have c ≥ ∀(1 + |q_n|) if c is sufαciently large so that |α_n(c) − α_n| ≤ (5/c)(1 + |q_n|)3 ≤ △′/c1^{/4} by ↼4▷1↽▷ Since α n ≤ ∞ ⊣\⌈ R⌉ αn(c) ≤ cλ̂ = 1 + O(1/c2) for all n it follows that |e^{αn(c)t} − e^{αnt}| ≤ te^{cλ̂t}|α_n(c) − α_n| ≤ e^{λt} sup_{t≥′} ( te^{(cλ̂−λ)t} ) c1^{/4} = e^{λt}O ( c1^{/4} ) ,

for all t ≥ ′↙ C≀\⊑⌉∇∫⌉↕†⇔ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ |q_n| > c1^{/4}, then since Re α_n(c) is a decreasing function of |q_n| ⇐⊣∫ ⌋⊣\ ⌊⌉ ∫⌉⌉\ {∇≀⇕ F⟩}↙ △⇔ ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⌉ ⌊≀⊓\⌈ R⌉ (α_n(c)) = c2 2 Re ( − √ − △ c2 + 4iq_n c ) ≤ c2 2 Re ( − √ − △ c2 + 4i c3^{/4} )

≤ c2 2 ( − (1 + 2 c3^{/2} + O(1/c^2))^) = −^√c + O(1) . As a consequence Re α_n(c) ≤ − √ c/2 if c is sufαciently large and since α_n ≤ ∞ − √ c the same is true for Re α_n ▷ Thus for all t ≥ c^{−∞/4} we have |e^{αn(c)t} − e^{αnt}| ≤ ∈e^{−√ct/2} ≤ ∈e^{− ∞∈c1/4} ≤ △/c1^{/4}▷ Combining the two cases |q_n| ≤ c1^{/4} |q_n| > c1^{/4} the assertion follows▷

Proof of Lemma 4.8. Using the deffnitions of Λ, F^c, F we easily obtain for all t ∈ R_+ ‖e^{Λt}(F^c(A) − F (A))‖ ≤ ‖e^{Λt}(F (A + h(A)) − F (A))‖ + + sup_{n∈} Z ( e^{αnt}|ν_n(c) − ∞| ) ‖F (A + h(A))‖ . (C.16) In view of Proposition 4.1, we have ‖F (A + h(A)) − F (A)‖ ≤ K 412(c0/c)2‖A‖ ⊣\⌈ ‖F (A + h(A))‖ ≤ K4(1 + 12(c0/c)2)‖A‖ {≀∇ ⊣↕↕ A ∈ B2_R ⊂ H. So, it remains to bound the

difference e^{αnt}(ν_n(c) −∞), and this can be done as above, by dealing with the cases |q_n| ≤^√c |q_n| > √ c separately▷ First if |q_n| ≤ √ c we always have c ≥ ∀(1 + |q_n|) if c is sufαciently large and thus |ν_n(c) − ∞| ≤ (4/c)(1 + |q_n|) ≤ (8/c)(1 + √ c) ≤ (8/ √ c), by (4.4). So, e^{αn t}|ν_n(c) − ∞| ≤ (8/ √ c)e^{λt} in this case▷ Conversely if |q_n| > √ c then α_n = 1 − q2_n ≤ ∞ − c so that e^{αnt} ≤ e^{λt}e^{−ct} ≤ e^{λt}e^{−√c} ≤ e^{λt}/ √ c for all t ≥ ∞/ √ c, on the other hand |ν_n(c) − ∞| ≤ ∞ + O(1) by (4.3). So, combining the results for |q_n| ≤ √ c and |q_n| > √ c we obtain sup t≥c�1/2^{sup}n∈Z ( e^{αn t}|ν_n(c) − ∞|e^{−λt} ) ≤ C √ c , for some C > 0▷ Combining this with ↼C▷16↽ the assertion follows▷

Proof of Lemma 4.9. By deffnition of̂A^c and by construction of the centerunstable manifold we have Â c + h(Â^c) = C ∈ H, where C_n = √α0δ_{n,0} ▷ Thus if A = Â^c + X then A + h(A) = C + X + Δh(X), where Δh(X) = h( Â^c + X) − h(Â^c). As a consequence, it follows from (B.1) that F (A + h(A)) = F (C) + G(C, X) + R̂^c(X), where R̂^c(X) = F (X +Δh(X))+G(X +Δh(X), C)+G(C, Δh(X)). On the other hand, using the deffnitions of F and G we αnd F_n(C) = α3^{/2}_0 δ_{n,0} G_n(C, X) = 2α0X_n + α0X^∗_{−n} ▷ So inserting A = Â^c + X in ↼4▷5↽ and noting that α0(c)Â^c_0 ≡ α3^{/2}_0 we obtain the following equation for X . X^′_n = α_n(c)X_n − ν_n(c) ( α0X_n + α0X^∗_{−n} + R̂^c_n(X) ) , n ∈ Z . (C.17) Obviously, the linear operator in (C.17) is block diagonal. Choosing X_n, X^∗_{−n} as ↼com plex↽ variables the n thblock ↼n ≠ 0) is given by the 2 × ∈ ⇕⊣⊔∇⟩§¬ M^c_n = ( α_n(c) − ∈ν_n(c)α0 −ν_n(c)α0 −ν^∗_{−n}(c)α0 α^∗_{−n}(c) − ∈ν^∗_{−n}(c)α0 ) . If n = 0, we use the identity α0(c)X0− ν0(c)(2α0X0+ α0X^∗_′ ) = −α0(X0+ X^∗_′ ) + (1 − ν0(c))α0(X0+ X^∗_′ ) − ν0(c)λ20_+X0 = −α0(X0+ X^∗_′ ) + R̃^c(X) , and include the quantitỹR^c(X) in the non-linear term. Thus, choosing Re X 0, Im X0 as ↼real↽ variables the 0thblock is given by M^c_0 = ( −∈α0 0 0 0 ) . So deαning R^c_n(X) = −ν_n(c)R̂^c_n(X) + δ_{n,0}R̃^c(X), we can rewrite (C.17) in the form ( X^′_n X^∗_{−n}^′ ) = M^c_n ( X_n X^∗_{−n} ) + ( R^c_n(X) R^c_{−n}^∗(X) ) , ( ∫~ X^′_′ I⇕ X^′_′ ) = M^c_0 ( ∫~ X0 Im X0 ) + ( ∫~ R^c_0(X) Im R^c_0(X) ) , (C.18)

which is nothing but (4.8).

Now, we bound the Lipschitz constant of the non-linear term R^c(X) in the ball B 2_ρ⊂ H.

Since Lip(Δh) ≤^∞_∈(c_0/c)^2 by Proposition 4.1, we see from (2.5), (4.3) that

Lip(R̂^c) ≤ L⟩√(F (· + Δh(·))) + Lip(G(· + Δh(·), C)) + Lip(G(C, Δh(·))) ≤ Cρ2+ Cρ + C(c0/c)2 ≤ C(2ρ + (c0/c)2) , for some C > 0 if ρ ≤ ∞↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⟩⊔ {≀↕↕≀⊒∫ {∇≀⇕ ⇐△↙∞⇒⇔ ⇐△↙∋⇒⇔ ⇐△↙△⇒ ⊔⟨⊣⊔ |ν_n(c)| = O(1) and Lip( R̃^c) = O(1/c) as c → ∞↙ T⟨⊓∫⇔ ⌋≀⇕⌊⟩\⟩\} ⊔⟨⌉∫⌉ ∇⌉∫⊓↕⊔∫⇔ ⊒⌉ ⌋≀\⌋↕⊓⌈⌉ ⊔⟨⊣⊔ L⟩√(R^c) ≤ K5(ρ + (c0/c)) in B2_ρ⊂ H, for some K5 > 0▷ To complete the proof of Lemma 4▷9 it remains to show that ‖e^{M cnt}‖ ≤ D̂e^{− ∞∈α0t} for all t ∈ R_+ and all n ∈ Z^∗ ⇔ ⟩{ c is sufαciently large▷ Let μ^c_{n±} ⌊⌉ ⊔⟨⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉∫ ≀{ ⊔⟨⌉ ⇕⊣⊔∇⟩§ M^c_n , we claim that Re μ^c_{n±} ≤ − ∞∈α0 for all n if c is sufαciently large▷ To see this we αrst study the limiting matrix M_n = lim_{c→∞} M^c_n = ( α_n − ∈α0 −α0 −α0 α_{−n} − ∈α0 ) , whose eigenvalues are μ_{n±} = 1 2 ( α_n + α_{−n} − △α0± √ α20+ (α_n − α_{−n})2 ) . Obviously Re μ_{n±} ≤ ⇕⊣§(α_n, α_{−n}) − α0 ≤ α1 − α0 = ϵ2 − α0 for all |n| > 1▷ On the other hand using ↼4▷1↽ ↼4▷4↽ and setting q̂_n = max(|q_n|, |q_{−n}|), it is not difffcult to show that ‖M^c_n − M_n‖ = O(1/c)(1 + |q̂_n|)3 if c ≥ ∀(1 + |q̂_n|). It then follows from perturbation theory [K], that |μ^c_{n±} − μ_{n±}| ≤ ‖M^c_n − M_n‖⇔ ⟩{ ‖M^c_n − M_n‖ ≤ α0/2▷ Now assume that |q̂_n| ≤ c1^{/4}▷ Then ‖M^c_n − M_n‖ = O(c^{−∞/4}) ≤ α0/4 if c is sufαciently large and thus Re (μ^c_{n±}) ≤ R⌉ (μ_{n±}) + |μ^c_{n±} − μ_{n±}| ≤ ϵ2− α0+ α0/4 ≤ −α0/2▷ Conversely if |q̂_n| > c1^{/4} we know from the proof of Lemma 4▷7 that Re α_{±n}(c) ≤ − √ c/2▷ Since the other matrix elements of M^c_n are O(1) as c → ∞⇔ ⊔⟨⌉ ∫⊣⇕⌉ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊣∇}⊓⇕⌉\⊔ ∫⟨≀⊒∫ ⊔⟨⊣⊔ μ^c_{n+} = α_n(c) + O(1) and μ^c_{n−} = α^∗_{−n}(c) + O(1). In particular, Re μ_{n±}(c) ≤ −α0/2 if c is sufαciently large▷ To bound the exponential of M^c_n we let S^c_n be an invertible 2 × ∈ ⇕⊣⊔∇⟩§ ∫⊓⌋⟨ ⊔⟨⊣⊔ (S^c_n)(M^c_n)(S^c_n)^{−∞}⟩∫ ⌈⟩⊣}≀\⊣↕↙ T⟨⌉\ ‖e^{M cnt}‖ ≤ D^c_ne^{−(α0/2)t} for all t ∈ R_+ , with D^c_n = ‖S^c_n‖‖(S^c_n)^{−∞}‖↙ I⊔ ⟩∫ \≀⊔ ⌈⟩{⊘⌋⊓↕⊔ ⊔≀ ∫⌉⌉ ⊔⟨⊣⊔ ∫⊓√_n D^c_n ≤ D̂ < ∞ {≀∇ ∫≀⇕⌉D̂ > 1 uniformly in c▷ The reason is that the quantities α_n(c), α^∗_{−n}(c) in M^c_n grow at least like √ n as n → ∞⇔ ⊒⟨⌉∇⌉⊣∫ ⊔⟨⌉ ≀⊔⟨⌉∇ ⇕⊣⊔∇⟩§ ⌉↕⌉⇕⌉\⊔∫ ∇⌉⇕⊣⟩\ ⌊≀⊓\⌈⌉⌈∅ ⊔⟨⊓∫⇔ M^c_n is nearly diagonal if n is large and then S^c_n → 1 as n → ∞↙ T⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ ⊔⟨⟩∫ ⊣∇}⊓⇕⌉\⊔ ⊣∇⌉ ⌋≀⇕√↕⌉⊔⌉⌈ ⌊† ∫⌉√⊣∇⊣⊔⟩\} ⊔⟨⌉ ⌋⊣∫⌉∫ |q̂_n| ≤ c1^{/4} |q̂_n| > c1^{/4}▷ Acknowledgements. We thank C.E. Wayne for a critical reading of the manuscript and for helpful discussions. This work has been supported by the Fonds National Suisse.

References.

[A] Angenent, S.: private communication.

- 34 -

[B] Ben-Jacob, E., H. Brand, G. Dee, L. Kramers, and J.S. Langer: Pattern propagation in non-linear dissipative systems. Physica 14D, 348ffi364 (1985).

[CE] Collet, P. and J.-P. Eckmann: Instabilities and Fronts in Extended Systems, Princeton University Press (1990).

[EW] Eckmann, J.-P. and C.E. Wayne: Propagating Fronts and the Center Manifold Theorem. Comm. Math. Phys. 136, 285ffi307 (1991).

[G] Gallay, Th.: A Center-Stable Manifold Theorem for Differential Equations in Banach Spaces. Preprint. (1992).

[K] Kato, T.: Perturbation Theory for Linear Operators, Springer-Verlag (1966).