Submitted for publication in Commun. Math. Phys.

Manuscript no. (will be inserted by hand later)

Non-Equilibrium Statistical Mechanics of Anharmonic

Chains Coupled to Two Heat Baths at Different

Temperatures

J.-P. Eckmann 1;2 , C.-A. Pillet 3;4 , L. Rey-Bellet 2

1 D �epartement de Physique Th �eorique, Universit �e de Gen �eve, CH-1211 Gen �eve 4, Switzerland 2 Section de Math �ematiques, Universit �e de Gen �eve, CH-1211 Gen �eve 4, Switzerland 3 PHYMAT, Universit �e de Toulon, F-83957 La Garde Cedex, France 4 CPT-CNRS Luminy, F-13288 Marseille Cedex 09, France

Received: XXX / Accepted: XXX

Abstract. We study the statistical mechanics of a �nite-dimensional non-linear Hamiltonian system (a chain of anharmonic oscillators) coupled to two heat baths (described by wave equations). Assuming that the initial conditions of the heat baths are distributed according to the Gibbs measures at two different temperatures we study the dynamics of the oscillators. Under suitable assumptions on the potential and on the coupling between the chain and the heat baths, we prove the existence of an invariant measure for any temperature difference, i.e., we prove the existence of steady states. Furthermore, if the temperature difference is suf�ciently small, we prove that the invariant measure is unique and mixing. In particular, we develop new techniques for proving the existence of invariant measures for random processes on a non-compact phase space. These techniques are based on an extension of the commutator method of H �ormander used in the study of hypoelliptic differential operators.

1. Introduction

In this paper, we consider the non-equilibrium statistical mechanics of a �nitedimensional non-linear Hamiltonian system coupled to two in�nite heat baths which are at different temperatures. We show that under certain conditions on the initial data the system goes to a unique non-equilibrium steady state. Several of the ideas of this paper have been developed in the Ph.D. thesis of one of us [R-B1].

To put this new result into perspective, we situate it among other results in equilibrium and non-equilibrium statistical mechanics. First of all, for the case of only one heat bath one expects of course �return to equilibrium.� This problem has a long history, and a proof of return to equilibrium under quite general conditions on the non-linear small system and its coupling to the heat bath has been recently obtained in [JP1-4], see also [GLR]. Viewed from context of our present problem, the main simplifying feature of the one-bath problem is that the �nal state can be guessed, a priori, to be the familiar Boltzmann distribution.

2 J.-P. Eckmann, C.-A. Pillet, L. Rey-Bellet

For the case of two heat baths, there are no results of such generality available,

among other things precisely because one cannot guess in general what the steady state

is going to be. Since we are dealing with systems on a non-compact phase space and

without energy conservation, there is nothing like an SRB Ansatz for our problem [GC].

Worse, even the existence of any stationary state is not obvious at all. The only notable

exceptions are problems where the small system and its coupling to the heat baths are

linear. Then the problem can be formulated in terms of Gaussian measures, and approach

to a steady state has been proved in this case in [RLL, CL, OL] for Markovian heat

baths and in [SL] for the general case. For other �boundary driven models� see [GLP,

GKI, FGS].

Our approach in the present paper will consist in using the spirit of [FKM] and [FK]

to give a microscopic derivation of the equations of motion: under suitable assumptions,

we will reduce the study of the dynamics of the coupled system (an in�nite dimensional

Hamiltonian system) to the study of a random �nite dimensional dynamical system.

However, we will not achieve the generality of [JP1-4]. Each heat bath is an in�nite

dimensional linear Hamiltonian system, in our case it will be chosen as the classical �eld

theory associated with the wave equation. The small system is a non-linear Hamiltonian

system with an arbitrary (but �nite) number of degrees of freedom, in our case it is chosen

as a chain of anharmonic oscillators with nearest neighbor couplings. The potential must

be of quadratic type near in�nite energies. The two heat baths are coupled respectively to

the �rst and the last particle of the chain. The initial conditions of the heat baths will be

distributed according to thermal equilibrium at inverse temperatures β L βR▷ Integrating the variables of the heat baths leads to a system of random integrodifferential equations. the generalized Langevin equations▷ They differ from the Newton equations of motion by the addition of two kinds of force on one hand there is a ↼random↽ force exerted by the heat baths on the chain of oscillators and on the other hand there is a dissipative force with memory which describe the genuine retroaction from the heat bath on the small system▷ We will choose the couplings between the baths and the chain such that the random forces exerted by the baths have an exponentially decaying covariance▷ With this assumption ↼see ♭Tr♯↽ the resulting equations are quasiMarkovian▷ By this we mean that one can introduce a αnite number of auxiliary variables in such a way that the evolution of the chain together with these variables is described by a system of Markovian stochastic differential equations▷ With this setup we are led to a classical problem in probability theory. the study of invariant measures for diffusion processes▷ In our problem the main difαculties stem from the facts that the phase space is not compact and that the resulting diffusion process is degenerate and not selfadjoint▷ The standard techniques used to prove the existence of invariant measures do not seem to work in our case and in this paper we develop new methods to solve this problem which rely on methods of spectral analysis▷ Our proof of existence is based on a compactness argument as often in the proof of existence of invariant measures▷ More precisely we will prove that the generator of the diffusion process a second order differential operator given in our problem has compact resolvent in a suitably chosen Hilbert space▷ This is done by generalizing the commutator method of H�ormander ♭H�o♯ used in the study of hypoelliptic operators▷ Similar methods have been used to study the spectrum of Schr�odinger operators with magnetic αelds see ♭HM He HN♯▷ The restriction to a chain is mostly for convenience▷ Other geometries can be ac commodated with our methods and the number of heat baths is not restricted to two▷ Furthermore the techniques developed in this paper can be applied to other interesting

Anharmonic Chains Coupled to Two Heat Baths 3 models of nonequilibrium statistical mechanics for example an electric αeld acting on a system of particles ♭RB2♯▷

2▷ Description of the Model and Derivation of the Effective Equations In this section we deαne a model of two heat baths coupled to a small system and derive the stochastic equations which describe the time evolution of the small system▷ The heat baths are classical αeld theories associated with the wave equation the small system is a chain of oscillators and the coupling between them is linear in the αeld▷ We begin the description of the model by deαning the Ψsmallν system▷ It is a chain of ddimensional anharmonic oscillators▷ The phase space of the chain is R2^{dn} with n and d arbitrary and its dynamics is described by a C^∞ H⊣⇕⟩↕⊔≀\⟩⊣\ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ {≀∇⇕ HS↼p, q↽ / n∑ j/1 p2_j 2 ⇁ n∑ j/1 U_j ↼q_j↽ ⇁ n−∞ ∑ i/1 U↼2↽_i ↼q_i, q_{i⇁1}↽ ≡ n∑ j/1 p2_j 2 ⇁ V ↼q↽ , ↼2.1↽

where q / ↼q1, . . . , q_n↽ p / ↼p 1, . . . , p_n↽ with p_i q_i ∈ R^d▷ The potential energy will be assumed Ψquadratic ⇁ boundedν in the following sense▷ Let F ⌊⌉ ⊔⟨⌉ ∫√⊣⌋⌉ ≀{ C^∞ {⊓\⌋⊔⟩≀\∫ F on R^{dn} for which ∂^αF ↼q↽ is bounded uniformly in q ∈ R^{dn} for all multiindices α▷ Then our hypotheses are H1↽ Behavior at inαnity. We assume that V is of the form V ↼q↽ / 12 ( q − a, Q↼q − a↽ ) ⟩ F ↼q↽ , where Q is a positive deαnite ↼dn × dn↽ matrix a is a vector and ∂_q↼ν↽_i F ∈ F {≀∇ i / 1, . . . , n and ν / 1, . . . , d▷ H2↽ Coupling. Each of the ↼d × d↽ matrices M_{i,i⇁1}↼q↽ ≡ ∇_{qi} ∇_{qi⇁1}U↼2↽_i ↼q_i, q_{i⇁1}↽ , i / 1, . . . , n − ∞ , is either uniformly positive or negative deαnite▷ Remark▷ The αrst hypothesis makes sure the particles do not Ψβy away▷ν The second hypothesis makes sure that the nearest neighbor interaction can transmit energy▷ As such this condition is of the hypoelliptic type▷ Example▷ A typical case ↼in dimension d↽ covered by these hypotheses is given by U_j↼q↽ / q 2⇁ 5 sin (√ ⟩ q2 ) , U↼2↽_i ↼q, q^′⇒ ℑ ⇐q − q^′⇒^∈⇓ ∫⟩\ (√ ⟩ {q − q^′⇒^∈ ) /↼2d↽ . As a model of a heat bath we consider the classical αeld theory associated with the ddimensional wave equation▷ The αeld φ and its conjugate momentum αeld π are elements of the real Hilbert space H ℑ H∞R⇐R^d↽ ⊕ L∈R⇐R^d↽ which is the completion of C^∞_′ ⇐R^d↽ ⊕ C^∞_′ ⇐R^d↽ with respect to the norm deαned by the scalar product. (( φ π ) , ( φ π )) H ℑ ∫ ^ ( |∇φ↼x↽|∈⇓ |π↼x↽|∈ ) . ↼2.2↽ The Hamilton function of the free heat bath is

4 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet HB↼φ, π↽ / 1 2 ∫ ^ ( |∇φ↼x↽|∈⇓ |π↼x↽|∈ ) , and the corresponding equation of motion is the ordinary wave equation which we write in the form (_˙ φ↼t↽ π̇↼t↽ ) L ( φ π ) , where L ≡ ( Δ 0 ) . Let us turn to the coupling between the chain and the heat baths▷ The baths will be called ΨLν and ΨRν the left bath couples to the coordinate q1 and the right bath couples to the other end of the chain ↼q_n↽▷ Since we consider two heat baths the phase space of the coupled system for αnite energy conαgurations is R 2dn × H × H ⊣\⌈ ⟩⊔∫ H⊣⇕⟩↕⊔≀\⟩⊣\ ⊒⟩↕↕ ⌊⌉ ⌋⟨≀∫⌉\ ⊣∫ H↼p, q, φL, πL, φR, πR↽ / HS↼p, q↽ ⇁ HB↼φL, πL↽ ⇁ HB↼φR, πR↽ ⇁ q1· ∫ ^ ρL↼x↽∇φL↼x↽ ⇁ q_n · ∫ ^ ρR↼x↽∇φR↼x↽ . ↼2.3↽

Here the ρ_j↼x↽ ∈ L∞⇐R^d↽ are charge densities which we assume for simplicity to be spherically symmetric functions▷ The choice of the Hamiltonian Eq▷↼2▷3↽ is motivated by the dipole approximation of classical electrodynamics▷ For notational purposes we use in the sequel the shorthand ϕ_i ≡ ( φ_i π_i ) . We set α_i / ( α↼1↽_i , . . . , α↼^{d↽}_i ) / i ∈ {L, R}⇔ ⊒⟩⊔⟨ ^α↼^{ν↽}_i ↼k↽ ≡ ( −ik↼_{ν↽}^ρ_{i↼}k↽/k2 0 ) . Here and in the sequel the Ψhatν means the Fourier transform ^f↼k↽ ≡ ∞ ⇐∈π↽^{d/2} ∫ ^ f↼x↽e^{−ik·x} . With this notation the Hamiltonian becomes H↼p, q, ϕL, ϕR↽ / HS↼p, q↽ ⇁ HB↼ϕL↽ ⇁ HB↼ϕR↽ ⇁ q1· ⇐ϕL, αL↽_H ⇓ q_n · ⇐ϕR, αR↽_H , where HB↼ϕ↽ / 12‖ϕ‖∈_H↙ W⌉ \⌉§⊔ ∫⊔⊓⌈† ⊔⟨⌉ ⌉∐⊓⊣⊔⟩≀\∫ ≀{ ⇕≀⊔⟩≀\∫↙ T⟨⌉† ⊔⊣‖⌉ ⊔⟨⌉ {≀∇⇕ q̇_j ↼t↽ / p_j ↼t↽ , j / 1, . . . , n , ṗ1↼t↽ / −∇_{q1}V ↼q↼t↽↽ − ⇐ϕL↼t↽, αL↽_H , ṗ_j ↼t↽ / −∇_{qj} V ↼q↼t↽↽ , j / 2, . . . , n − ∞ , ṗ_n↼t↽ / −∇_{qn} V ↼q↼t↽↽ − ⇐ϕR↼t↽, αR↽_H , ϕ̇L↼t↽ / L ⇐ϕL↼t↽ ⇁ αL· q1↼t↽↽ , ϕ̇R↼t↽ / L ⇐ϕR↼t↽ ⇁ αR· q_n↼t↽↽ .

↼2.4↽

The last two equations of ↼2▷4↽ are easily integrated and lead to

Anharmonic Chains Coupled to Two Heat Baths 5 ϕL↼t↽ / e^{Lt}ϕL↼0↽ ⇁ ∫_t 0 ds Le^{L⇐t−s↽}αL· q1↼s↽ , ϕR↼t↽ / e^{Lt}ϕR↼0↽ ⇁ ∫_t 0 ds Le^{L⇐t−s↽}αR· q_n↼s↽ , where the ϕ_i↼0↽ i ∈ {L, R}⇔ ⊣∇⌉ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌋≀\⌈⟩⊔⟩≀\∫ ≀{ ⊔⟨⌉ ⟨⌉⊣⊔ ⌊⊣⊔⟨∫↙ I\∫⌉∇⊔⟩\} ⟩\⊔≀ ⊔⟨⌉ ⊘∇∫⊔ ∈n equations of ↼2▷4↽ gives the following system of integrodifferential equations q̇_j ↼t↽ / p_j↼t↽ , j / 1, . . . , n , ṗ1↼t↽ / −∇_{q1}V ↼q↼t↽↽ − ( ϕL↼0↽, e^{−Lt}αL ) H − ∫_t 0 ds DL↼t − s↽q1↼s↽ , ṗ_j ↼t↽ / −∇_{qj} V ↼q↼t↽↽ , j / 2, . . . , n − ∞ , ṗ_n↼t↽ / −∇_{qn} V ↼q↼t↽↽ − ( ϕR↼0↽, e^{−Lt}αR ) H − ∫_t 0 ds DR↼t − s↽q_n↼s↽ , ↼2.5↽

where the d × d dissipation matrices D↼^{μ,ν↽}_i ↼t − s↽ i ∈ {L, R}⇔ ⊣∇⌉ }⟩⊑⌉\ ⌊† D↼^{μ,ν↽}_i ↼t − s↽ / ( α↼^{μ↽}_i , Le^{L⇐t−s↽}α↼^{ν↽}_i ) H ℑ − ∞ d δ_{μ,ν} ∫ ^⌋ |^ρ_i↼k↽|∈|k| ∫⟩\⇐|k|⇐t − s↽↽ . The last expression is obtained by observing that e^{Lt} / ( ^}√{|k|t↽ |k|_{−∞∫⟩\⇐}|k|t↽ −|k| ∫⟩\⇐|k|t↽ cos↼|k|t↽ ) , written in Fourier space▷ So far we only discussed the αnite energy conαgurations of the heat baths▷ From now on we will assume that the two reservoirs are in thermal equilibrium at inverse temperatures βLand βR▷ This means that the initial conditions Φ↼0↽ ≡ {ϕL↼0↽, ϕR↼0↽} ⊣∇⌉ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ G⊣⊓∫∫⟩⊣\ ⇕⌉⊣∫⊓∇⌉ ⊒⟩⊔⟨ ⇕⌉⊣\ ‡⌉∇≀ ⊣\⌈ ⌋≀⊑⊣∇⟩⊣\⌋⌉ ⟨ϕ_i↼f↽ϕ_j↼g↽⟩ ℑ δ_{ij}↼1/β_i↽↼f, g↽_H↙ ⇐R⌉⌋⊣↕↕ ⊔⟨⊣⊔ ⊔⟨⌉ H⊣⇕⟩↕⊔≀\⟩⊣\ ≀{ ⊔⟨⌉ ⟨⌉⊣⊔ ⌊⊣⊔⟨∫ ⟩∫ }⟩⊑⌉\ ⌊† ∑ i∈{L,R}⇐ϕ i, ϕi↽ H↙⇒ I{ ⊒⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀⊓√↕⟩\} {⊓\⌋⊔⟩≀\∫ α ↼ν↽_{i are in} H⇔ i ∈ {L, R}⇔ ⊣\⌈ ν ∈ {∞, · · · , d} ⊔⟨⌉\ ⊔⟨⌉ ξ_i↼t↽ ≡ ϕ_i↼0↽↼e^{−Lt}α_i↽ become ddimensional Gaussian random processes with mean zero and covariance ⟨ξ_i↼t↽ξ_j↼s↽⟩ ℑ δ_{i,j}^1 β_i C_i↼t − s↽ , i, j ∈ {L, R} , ↼2.6↽ and the d × d covariance matrices C_i↼t − s↽ are given by C↼^{μ,ν↽}_i ↼t − s↽ / ( α↼^{μ↽}_i , e^{L⇐t−s↽}α↼^{ν↽}_i ) H ℑ ∞ d δ_{μ,ν} ∫ ^⌋ |^ρ_i↼k↽|∈⌋≀∫ ( |k|⇐t − s↽ ) . The relation_˙ C_i↼t↽ / D_i↼t↽ , ↼2.7↽

6 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet which is checked easily by inspection is known as the βuctuation dissipation theorem▷ It is characteristic of the Hamiltonian nature of the system▷ After these assumptions and transformations the equations of motion ↼2▷5↽ become a system of random integro differential equations on R2^{dn} which we will analyze in the sequel▷ Finally we impose a condition on the random force exerted by the heat baths on the chain▷ We assume that H3↽ The covariances of the random processes ξ i↼t↽ with i ∈ {L, R} ∫⊣⊔⟩∫{† C↼ μ,ν↽ i ↼t − s↽ / δ_{μ,ν} ∑_M m/1 λ2_{i,m}e^{−γi,m|t−s|}⇔ ⊒⟩⊔⟨ γ_{i,m} > 0 and λ_{i,m} > 0▷ This can be achieved by a suitable choice of the coupling functions ρ_i↼x↽ for example ^ρ_i↼k↽ / const. M∏ m/1 1 ↼k2⇁ γ2_{i,m}↽^{1/2} , where all the γ_{i,m} are distinct▷ To keep the notation from still further accumulating we choose M the same on the left and the right▷ We will call the random process given by Eq▷↼2▷5↽ quasiMarkovian if Condition H3 is satisαed▷ Indeed using Condition H3 together with the βuctuationdissipation relation ↼2▷7↽ and enlarging the phase space one may eliminate the memory terms ↼both deterministic and random↽ of the equations of motion ↼2▷5↽ and rewrite them as a system of Markovian stochastic differential equations▷ By Condition H3 we can rewrite the stochastic processes ξ_i↼t↽ as Itψo stochastic integrals ξ_i↼t↽ / M∑ m/1 λ_{i,m} √ γ_{i,m} β_i ∫_t −∞ e^{−γi,m↼t−s↽}dw_{i,m}↼s↽ , where the w_{i,m}↼s↽ are ddimensional Wiener processes with covariance E [( w↼^{μ↽}_{i,m}↼t↽ − w↼^{μ↽}_{i,m}↼s↽ ) ( w↼^{ν↽}_{j,m′} ⇐t^′⇒ − w↼^{ν↽}_{j,m′} ⇐s^′⇒ )] δ_{i,j}δ_{μ,ν} δ_{m,m}′ |∪s, t♯ ∩ ∪s^′, t^′⊎| , ↼2.8↽ where s < t and s^′ < t^′⇔ E ⟩∫ ⊔⟨⌉ ⌉§√⌉⌋⊔⊣⊔⟩≀\ ≀\ ⊔⟨⌉ √∇≀⌊⊣⌊⟩↕⟩⊔† ∫√⊣⌋⌉ ≀{ ⊔⟨⌉ W⟩⌉\⌉∇ √∇≀⌋⌉∫∫ ⊣\⌈ | · | ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ L⌉⌊⌉∫}⊓⌉ ⇕⌉⊣∫⊓∇⌉↙ W⌉ ⟩\⊔∇≀⌈⊓⌋⌉ \⌉⊒ ⊖⌉{{⌉⌋⊔⟩⊑⌉⪰ ⊑⊣∇⟩⊣⌊↕⌉∫ rL_{,m} rR_{,m}∈ R^d with m / 1, . . . , M which describe both the retroaction of the heat bath onto the system and the random force exerted by the heat baths. rL_{,m}↼t↽ / λ 2L_{,m}γL_{,m} ∫_t 0 ds e^{−γL,m↼t−s↽}q1↼s↽ − λL_{,m} √ γL_{,m} βL ∫_t −∞ e^{−γL,m↼t−s↽}dwL_{,m}↼s↽ , rR_{,m}↼t↽ / λ 2R_{,m}γR_{,m} ∫_t 0 ds e^{−γR,m↼t−s↽}q_n↼s↽ − λR_{,m} √ γR_{,m} βR ∫_t −∞ e^{−γR,m↼t−s↽}dwR_{,m}↼s↽ . We get the following system of Markovian stochastic differential equations

Anharmonic Chains Coupled to Two Heat Baths 7 dq_j↼t↽ / p_j ↼t↽dt , j / 1, . . . , n , dp1↼t↽ / −∇_{q1}V ↼q↼t↽↽dt ⇁ M∑ m/1 rL_{,m}↼t↽dt , dp_j↼t↽ / −∇_{qj} V ↼q↼t↽↽dt , j / 2, . . . , n − ∞ , dp_n↼t↽ / −∇_{qn} V ↼q↼t↽↽dt ⇁ M∑ m/1 rR_{,m}↼t↽dt ,

drL_{,m}↼t↽ / −γ L_{,m}rL_{,m}↼t↽dt ⇁ λ2L_{,m}γL_{,m}q1↼t↽dt − λL_{,m} √ γL_{,m} βL dwL_{,m}↼t↽ ,

drR_{,m}↼t↽ / −γ R_{,m}rR_{,m}↼t↽dt ⇁ λ2R_{,m}γR_{,m}q_n↼t↽dt − λR_{,m} √ γR_{,m} βR dwR_{,m}↼t↽ ,

↼2.9↽

which deαnes a Markov diffusion process on R2^{d↼n⇁M↽}▷ This system of equations is our main object of study▷ Our main results are the following. Theorem 2▷1▷ If Conditions H1H2 hold there is a constant λ ∗ > 0 such that for |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒ ⊒⟩⊔⟨ m / 1, . . . , M the solution of Eq▷↼2▷9↽ is a Markov process which has an absolutely continuous invariant measure μ with a C^∞ ⌈⌉\∫⟩⊔†↙ R⌉⇕⊣∇‖↙ I\ P∇≀√≀∫⟩⊔⟩≀\ ∋↙ ̸⊒⌉ ⊒⟩↕↕ ∫⟨≀⊒ ⌉⊑⌉\ ⇕≀∇⌉↙ L⌉⊔ h 0↼β↽ be the Gibbs distribution for our system when the heat baths are both at temperature 1/β▷ If h denotes the density of the invariant measure found in Theorem 2▷1 we αnd that h/h0↼β↽ is in the Schwartz space S {≀∇ ⊣↕↕ β < min↼βL, βR↽▷ This mathematical statement reβects the intuitively obvious fact that the chain can not get hotter than either of the baths▷ Concerning the uniqueness and the ergodic properties of the invariant measure our results are restricted to small temperature differences▷ We have the following result▷ Theorem 2▷2▷ If Conditions H1H2 hold there are constants λ^∗ > 0 and ε > 0 such that for |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒ ⊒⟩⊔⟨ m / 1, . . . , M and |β L− βR|/↼βL⇁ βR↽ < ε the Markov process ↼2▷9↽ has a unique invariant measure and this measure is mixing▷ Remark▷ The restriction on the couplings between the small system and the baths λL_{,m} λR_{,m} is nonperturbative. it is a condition of stability of the coupled system small system plus heat baths▷ Indeed the baths have the effect of renormalizing the deterministic potential seen by the small system▷ The constant λ ∗ ⌈⌉√⌉\⌈∫ ≀\↕† ≀\ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ V ↼q↽. if the coupling constants λL,m λR,mare too large the effective potential ceases to be stable and at least at equilibrium ↼i▷e▷ for β L / βR↽ there is no invariant probability measure for the Markov process ↼2▷9↽ but only a σαnite invariant measure ↼see Eq▷↼3▷7↽ and Eq▷↼3▷9↽↽▷ This restriction is related to Condition H1 on the potential. for potentials which grow at inαnity faster than quadratically this restriction would not be present ↼see ♭JP1♯↽▷ On the other hand the restriction on the temperature difference is of perturbative origin▷ Remark▷ Another more physical interpretation of the problem addressed above has been made by a referee▷ One starts from a translation invariant coupling between the chain and either of the baths which is of the form ∫ ^ φ↼x↽ρ↼x − q1↽ .

8 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet The dipole expansion for this coupling leads to the terms of the form q1· ∫ ^ φ↼x↽∇ρ↼x↽ ⇁ q21 2 1 d ∫ ^|ρ↼x↽|∈. We have only taken the αrst term in ↼2▷3↽▷ If one takes both terms one can take λL_{,m} and λ R_{,m}arbitrarily large▷ A more physical formulation of the results of Theorem 2▷2 is obtained by going back to Eq▷↼2▷5↽ which expresses all the quantities in terms of the phase space of the small system and the initial conditions Φ↼0↽ of the heat baths▷ Let us introduce some notation. For given initial conditions Φ↼0↽ we let Θ_{t,Φ↼0↽}↼p, q↽ denote the solution of Eq▷↼2▷5↽▷ Finally deαne ν↼dp, dq↽ / ∫ r∈R∈dM μ↼dp, dq, dr↽ , where μ is the invariant measure of Theorem 2▷1▷ Corollary 2▷3▷ Under the hypotheses of Theorem 2▷2 the system Eq▷↼2▷5↽ reaches a stationary state and is mixing in the following sense. For any observables F G ∈ L∈⇐R∈^{dn}, ν↼dp, dq↽↽ and for any probability measure ν0↼dp, dq↽ which is absolutely continuous with respect to ν↼dp, dq↽ we have lim_{t→∞} ∫ ν0↼dp, dq↽ ⟨( F ∘ Θ_{t,Φ0} ) {p, q↽ ⟩ ∫ ν↼dp, dq↽F ↼p, q↽ , lim_{t→∞} ∫ ν↼dp, dq↽ ⟨( F ∘ Θ_{t,Φ0} ) {p, q↽G↼p, q↽ ⟩ ∫ ν↼dp, dq↽F ↼p, q↽ ∫ ν↼dp, dq↽G↼p, q↽ . ↼2.10↽

Here ⟨·⟩ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ ⟩\⊔⌉}∇⊣⊔⟩≀\ ≀⊑⌉∇ ⊔⟨⌉ G⊣⊓∫∫⟩⊣\ ⇕⌉⊣∫⊓∇⌉∫ ≀{ ⊔⟨⌉ ⊔⊒≀ ⟨⌉⊣⊔ ⌊⊣⊔⟨∫⇔ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⌉⊣∇↕⟩⌉∇↙ W⌉ ⌉§√↕⊣⟩\ \⌉§⊔ ⊔⟨⌉ ∫⊔∇⊣⊔⌉}† ≀{ ≀⊓∇ ⊣∇}⊓⇕⌉\⊔↙ O⊓∇ √∇≀≀{ ⟩∫ ⌊⊣∫⌉⌈ ≀\ ⊣ ⌈⌉⊔⊣⟩↕⌉⌈ ∫⊔⊓⌈† ≀{ E∐↙⇐∈↙∃⇒↙ L⌉⊔ x / ↼p, q, r↽▷ For a Markov process x↼t↽ with phase space X and an invariant measure μ↼dx↽ its ergodic properties may be deduced from the study of the associated semigroup T^t on the Hilbert space L^2↼X, μ↼dx↽↽▷ To prove the existence of the invariant measure in Theorem 2▷1 we proceed as follows. We consider αrst the semigroup T^t on the auxiliary Hilbert space H ′ ≡ L∈⇐X, μ0↼dx↽↽ where the reference measure μ0↼dx↽ is a generalized Gibbs state for a suitably chosen reference temperature▷ Our main technical result consists in proving that the generator L of the semigroup T^t on H ′ ⊣\⌈ ⟩⊔∫ ⊣⌈|≀⟩\⊔ L^∗ ⟨⊣⊑⌉ ⌋≀⇕√⊣⌋⊔ ∇⌉∫≀↕⊑⌉\⊔↙ T⟨⟩∫ ⟩∫ √∇≀⊑⌉⌈ ⌊† }⌉\⌉∇⊣↕⟩‡⟩\} ⊔⟨⌉ ⌋≀⇕⇕⊓⊔⊣⊔≀∇ ⇕⌉⊔⟨≀⌈ ⌈⌉⊑⌉↕≀√⌉⌈ ⌊† H �≀∇⇕⊣\⌈⌉∇ ⊔≀ ∫⊔⊓⌈† ⟨†√≀⌉↕↕⟩√⊔⟩⌋ ≀√⌉∇⊣⊔≀∇∫↙ F∇≀⇕ ⊔⟨⟩∫ {≀↕↕≀⊒∫ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊔⟨⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉ ⌉∐⊓⊣⊔⟩≀\ ⇐T t↽ ∗g / g in H′⊣\⌈ ⊔⟨⟩∫ ⟩⇕√↕⟩⌉∫ ⟩⇕⇕⌉⌈⟩⊣⊔⌉↕† ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ ⊣\ ⟩\⊑⊣∇⟩⊣\⊔ ⇕⌉⊣∫⊓∇⌉↙ T≀ √∇≀⊑⌉ T⟨⌉≀∇⌉⇕ ∈↙∈ ⊒⌉ ⊓∫⌉ ⊣ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊣∇}⊓⇕⌉\⊔⇔ ⟩\⌈⌉⌉⌈ ⊣⊔ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⇐⟩↙⌉↙⇔ {≀∇ βL / βR↽ the invariant measure is unique and 0 is a simple eigenvalue of the generator L in H′↙ U∫⟩\} ⊔⟨⌉ ⌋≀⇕√⊣⌋⊔\⌉∫∫ √∇≀√⌉∇⊔⟩⌉∫ ≀{ L we show that 0 is a simple eigenvalue of the generator L in H′{≀∇ |βL− βR|/↼βL⇁ βR↽ small enough▷ And this can be used to prove the uniqueness claim of Theorem 2▷2 while the mixing properties will be shown by extending the method of ♭Tr♯▷

Anharmonic Chains Coupled to Two Heat Baths 9 This paper is organized as follows. In Sect▷ 3 we prove Theorem 2▷1 and Theorem 2▷2 except for our main estimates Proposition 3▷4 and Proposition 3▷5 which are proven in Sect▷ 4▷ In Appendices A B and C we prove some auxiliary results▷

3▷ Invariant Measure. Existence and Ergodic Properties In this section our main aim is to prove Theorem 2▷1 and Theorem 2▷2▷ We αrst prove some basic consequences of our Assumptions H1 and H2▷ In particular we deαne the semigroup T^t describing the solutions of Eq▷↼2▷9↽ on the auxiliary Hilbert space H ′ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⌉ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉ ⊒⌉ ∇⌉⌋⊣↕↕ ∫≀⇕⌉ ⌊⊣∫⟩⌋ {⊣⌋⊔∫ ≀\ ⟨†√≀⌉↕↕⟩√⊔⟩⌋ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇∫↙ O\⌋⌉ ⊔⟨⌉∫⌉ √∇⌉↕⟩⇕⟩\⊣∇⟩⌉∫ ⊣∇⌉ ⟩\ √↕⊣⌋⌉⇔ ⊒⌉ ⌋⊣\ ⊣⊔⊔⊣⌋‖ ⊔⟨⌉ √∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ ∈↙∞ ⊣\⌈ T⟨⌉≀∇⌉⇕ ∈↙∈ √∇≀√⌉∇↙ ∋↙∞↙ E§⟩∫⊔⌉\⌋⌉ ⊣\⌈ {⊓\⌈⊣⇕⌉\⊔⊣↕ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫↙ L⌉⊔ X / R2^{d↼n⇁M↽}and write the stochastic differential equation ↼2▷9↽ in the abbreviated form dx↼t↽ / b↼x↼t↽↽dt ⇁ σdw↼t↽ , ↼3.1↽ where ↼i↽ b is a C^∞ ⊑⌉⌋⊔≀∇ ⊘⌉↕⌈ ⊒⟨⟩⌋⟨ ∫⊣⊔⟩∫⊘⌉∫⇔ ⌊† C≀\⌈⟩⊔⟩≀\ H∞⇔ ∫⊓√ x∈X |∂^αb↼x↽| < ∞ , for any multiindex α such that |α| ≥ ∞↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇ B ≡ ‖⌈⟩⊑ b‖_∞ < ∞ . ↼3.2↽ ↼ii↽ σ . R2^{dM} → X is a linear map▷ We also deαne D ≡ ∞ ∈ σσ^T ≥ ′ . ↼3.3↽ ↼iii↽ w ∈ W ≡ C⇐R∅ R∈^{dM}↽ is a standard 2dMdimensional Wiener process▷ The Equation ↼3▷1↽ is a customary abbreviated form of the integral equation ξ↼t, w, x↽ / x ⇁ ∫_t 0 ds b↼ξ↼s, w, x↽↽ ⇁ σ↼w↼t↽ − w↼0↽↽ . ↼3.4↽ It follows from an elementary contraction argument ↼see e▷g▷ ♭Ne♯ Thm 8▷1↽ that ↼3▷4↽ has a unique solution R ∋ t → x↼t↽ / ξ↼t, w, x↽ ∈ C⇐R∅ X↽ , for arbitrary initial condition x ∈ X and w ∈ W↙ T⟨⌉ ⌈⟩{{⌉∇⌉\⌋⌉ w↼t↽ − w↼0↽ has the statistics of a standard Brownian motion and we denote by E♭·⊎ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⌉§√⌉⌋⊔⊣⊔⟩≀\↙ B† ⊒⌉↕↕↖‖\≀⊒\ ∇⌉∫⊓↕⊔∫ ≀\ ∫⊔≀⌋⟨⊣∫⊔⟩⌋ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ⌉∐⊓⊣⊔⟩≀\∫⇔ ⊔⟨⟩∫ ⟩\⌈⊓⌋⌉∫ ≀\ ξ↼t, w, x↽ the statistics of a Markovian diffusion process with generator ∇ · D∇ ⇓ b↼x↽ · ∇ . ↼3.5↽

10 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet More precisely ↼see ♭Ne♯ Theorem 8▷1↽. Let C_∞⇐X↽ denote the continuous functions which vanish at inαnity with the supnorm and let F^t be the σαeld generated by x and {w↼s↽ − w↼0↽ , 0 < s ≤ t}⇔ ⊔⟨⌉\ {≀∇ ′ ≤ s ≤ t and f ∈ C_∞⇐X↽ we have E [ f↼x↼t↽↽|F^s ] T^{t−s}f↼x↼s↽↽ a.s. , ↼3.6↽ where T^t is a strongly continuous contraction semigroup of positivity preserving op erators on C ∞⇐X↽ whose generator reduces to ↼3▷5↽ on C∞′ ⇐X↽▷ In the sequel we denote by L the differential operator ↼3▷5↽ with domain D↼L↽ / C^∞_′ ⇐X↽▷ To prove the existence of an invariant measure we will study the semigroup T^t or rather an extension of it on the auxiliary weighted Hilbert space H ′ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⌉ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\↙ T≀ ⌈⌉⊘\⌉ H′ √∇⌉⌋⟩∫⌉↕†⇔ ⊒⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⊖⌉{{⌉⌋⊔⟩⊑⌉ H⊣⇕⟩↕⊔≀\⟩⊣\⪰ G↼p, q, r↽ / HS↼p, q↽ ⇁ M∑ m/1 ( λ2L_{,m} r2L_{,m} 2 ⇁ 1 λ2R_{,m} r2R_{,m} 2 − q1· rL_{,m}− q_n · rR_{,m} ) . ↼3.7↽ We note that due to Condition H1 G↼x↽ → ⇓∞ ⊣∫ |x| → ∞ ⊣∫ ↕≀\} ⊣∫ |λL_{,m}|⇔ |λR_{,m}| < λ^∗ {≀∇ ∫≀⇕⌉ λ^∗ ⌈⌉√⌉\⌈⟩\} ≀\↕† ≀\ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ V ↼q↽▷ We choose further a Ψreference temperatureν β0 which is arbitrary subject to the condition β0 < 2 min↼βL, βR↽ . ↼3.8↽ For example we could take β0as the inverse of the mean temperature of the heat baths. β^{−∞}_′ ℑ ⇐β^{−∞}_L ⇓ β^{−∞}_R ⇒/2▷ For the time being it will be convenient not to αx β0▷ Then we let H′ ℑ L∈⇐X, Z^{−∞}_′ e^{−β0G} dx↽ , ↼3.9↽ and we denote ↼·, ·⇒_{H′} ⊣\⌈ ‖ · ‖_{H′} ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ∫⌋⊣↕⊣∇ √∇≀⌈⊓⌋⊔ ⊣\⌈ \≀∇⇕↙ R⌉⇕⊣∇‖↙ W⟩⊔⟨ ⊣ √∇≀√⌉∇ ⌋⟨≀⟩⌋⌉ ≀{ Z 0 it is easy to check that the quantity Z^{−∞}_′ e^{−β0G↼q,p,r↽} dx is the invariant measure for the Markov process Eq▷↼2▷9↽ when β L / βR / β0 and |λL_{,m}|, |λR_{,m}| < λ^∗↙ L⌉⇕⇕⊣ ∋↙∞↙ I{ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ V satisαes Condition H1 and if β 0 < 2 min↼βL, βR↽ there is a λ^∗ > 0 such that if the couplings satisfy |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒⇔ ⊔⟨⌉\ ⊔⟨⌉ ∫⌉⇕⟩↖}∇≀⊓√ T^t given by Eq▷↼3▷6↽ extends to a strongly continuous quasi bounded semigroup T^t_{H′} ≀\ H ′¬ ‖T^t_{H′} ‖_{H′} ≤ e^{αt} , where α is given by α / d M∑ m/1 ( γL_{,m} ( − √ {βL− β0/2↽β0/2 βL ) ⟩ γR_{,m} ( − √ {βR− β0/2↽β0/2 βR ))

≥ ′ . ↼3.10↽ The generator L_{H′} ≀{ T^t_{H′} ⟩∫ ⊔⟨⌉ ⌋↕≀∫⊓∇⌉ ≀{ ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇ L with domain C^∞_′ }⟩⊑⌉\ ⌊†

A\⟨⊣∇⇕≀\⟩⌋ C⟨⊣⟩\∫ C≀⊓√↕⌉⌈ ⊔≀ T⊒≀ H⌉⊣⊔ B⊣⊔⟨∫ ∞∞

L / M∑ m/1 λ2L_{,m}γL_{,m} βL ( ∇_{rL,m} − βLWL_{,m} ) · ∇_{rL,m}

⇁ M∑ m/1 λ2R_{,m}γR_{,m} βR ( ∇_{rR,m} − βRWR_{,m} ) · ∇_{rR,m}

⇁ M∑ m/1 rL_{,m}· ∇_{p1} ⇁ L S⇁ M∑ m/1 rR_{,m}· ∇_{pn} ,

↼3.11↽

with the abbreviations WL_{,m} / λ^{−∈}_{L,m}rL_{,m}− q1 , WR_{,m} / λ^{−∈}_{R,m}rR_{,m}− q_n , ↼3.12↽ and where LSis the Liouville operator associated with the Hamiltonian HS↼q, p↽. LS / n∑ j/1 p_j · ∇_{qj} − ⇐∇_{qj} V ↽ · ∇_{pj} . ↼3.13↽

Moreover T^t_{H′} ⟩∫ √≀∫⟩⊔⟩⊑⟩⊔† √∇⌉∫⌉∇⊑⟩\}¬ T^t_{H′} f ≥ ′ ⟩{ f ≥ ′ , ↼3.14↽ and T^t_{H′} ∞ ℑ ∞ . ↼3.15↽

Remark▷ We have α / 0 if only if βL/ βR/ β0▷ Proof▷ The proof uses standard tools of stochastic analysis and is given in Appendix A▷ Having shown a priori bounds using Condition H1 we will state one basic conse quence of Condition H2▷ We recall that a differential operator P is called hypoelliptic if sing supp u / sing supp P u for all u ∈ D^′⇐X↽ . Here D^′⇐X↽ is the usual space of distributions on the inαnitely differentiable functions with compact support and for u ∈ D^′⇐X↽ sing supp u is the set of points x ∈ X such that there is no open neighborhood of x to which the restriction of u is a C^∞ {⊓\⌋⊔⟩≀\↙ L⌉⊔ P be of the form P / J∑ j/1 Y 2_j ⇁ Y 0 , ↼3.16↽ where Y_j j ∈ {′, . . . , J} ⊣∇⌉ ∇⌉⊣↕ C^∞ ⊑⌉⌋⊔≀∇ ⊘⌉↕⌈∫↙ T⟨⌉\ ⌊† H �≀∇⇕⊣\⌈⌉∇≃∫ T⟨⌉≀∇⌉⇕⇔ ∪H �≀⊎⇔ T⟨⇕ ∈∈↙∈↙∞⇔ ⟩{ ⊔⟨⌉ L⟩⌉ ⊣↕}⌉⌊∇⊣ }⌉\⌉∇⊣⊔⌉⌈ ⌊† Y j j ∈ {′, . . . , J} ⟨⊣∫ ∇⊣\‖ ⌈⟩⇕ X at every point then P is hypoelliptic▷ Differential operators arising from diffusion problems are of the form ↼3▷16↽▷ Let L be the differential operators given in Eq▷↼3▷11↽ let LT denote its formal adjoint then one may easily check that Condition H2 implies that any of the following operators L, LT, ∂_t ⇁ L, ∂_t ⇁ L T ,

12 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet satisαes the condition of H�ormanderφs Theorem and thus is hypoelliptic▷ As an imme diate consequence we have. Corollary 3▷2▷ If Condition H2 is satisαed then the eigenvectors of L and LT are C^∞ {⊓\⌋⊔⟩≀\∫↙ N⌉§⊔⇔ ↕⌉⊔ P ↼t, x, E↽ t ≥ ′⇔ x ∈ X E ∈ B ⌈⌉\≀⊔⌉ ⊔⟨⌉ ⊔∇⊣\∫⟩⊔⟩≀\ √∇≀⌊⊣⌊⟩↕⟩⊔⟩⌉∫ ≀{ ⊔⟨⌉ M⊣∇‖≀⊑ √∇≀⌋⌉∫∫ ξ↼t, w, x↽ solving the stochastic differential equation ↼2▷9↽ with initial condition x i▷e▷ P ↼t, x, E↽ / P ↼ξ↼t, w . x↽ ∈ E↽ , where P denotes the probability associated with the Wiener process▷ Then by the forward and backward Kolmogorov equations we obtain Corollary 3▷3▷ If Conditions H1 and H2 are satisαed then the transition probabilities of the Markov Process ξ↼t, w, x↽ have a smooth density P ↼t, x, y↽ ∈ C^∞⇐⇐′, ∞⇒ × X × X↽ .

3▷2▷ Proof of Theorem 2▷1 and Theorem 2▷2▷ After these preliminaries we now turn to the study of spectral properties of the generator L_{H′} ≀{ ⊔⟨⌉ ∫⌉⇕⟩↖}∇≀⊓√ T^t_{H′} ↙ T⟨⌉ √∇≀≀{ ≀{ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ ⊔⟨⌉ ⟩\⊑⊣∇⟩⊣\⊔ ⇕⌉⊣∫⊓∇⌉ ⊒⟩↕↕ ⌊⌉ ⊣ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ≀{ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ‖⌉† √∇≀√⌉∇⊔† ⊒⟨⟩⌋⟨ ⊒⌉ √∇≀⊑⌉ ⟩\ S⌉⌋⊔↙ △↙ P∇≀√≀∫⟩⊔⟩≀\ ∋↙△↙ I{ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ V satisαes Conditions H1 H2 and if β 0 < 2 min↼βL, βR↽ there is a λ^∗ > 0 such that if the couplings satisfy |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒ ⊔⟨⌉\ ⌊≀⊔⟨ L_{H′} ⊣\⌈ L^∗_{H′} ⟨⊣⊑⌉ ⌋≀⇕√⊣⌋⊔ ∇⌉∫≀↕⊑⌉\⊔↙ A ⊓∫⌉{⊓↕ ⌊†↖√∇≀⌈⊓⌋⊔ ≀{ ⊔⟨⌉ √∇≀≀{ P∇≀√≀∫⟩⊔⟩≀\ ∋↙△ ⊣∇⌉ ∫≀⇕⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ∫⇕≀≀⊔⟨\⌉∫∫ ⊣\⌈ ⌈⌉⌋⊣† √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉∫ ≀{ L H′ ⊣\⌈ L ∗H ′ ≀\ H ′↙ P∇≀√≀∫⟩⊔⟩≀\ ∋↙▽↙ L⌉⊔ g denote an eigenvector of L_{H′} ≀∇ L^∗_{H′} ↙ I{ ⊔⟨⌉ ⊣∫∫⊓⇕√⊔⟩≀\∫ ≀{ P∇≀√≀∫⟩⊔⟩≀\ ∋↙△ ⊣∇⌉ ∫⊣⊔⟩∫⊘⌉⌈ ⊔⟨⌉\ ⊒⌉ ⟨⊣⊑⌉ ge^{−β0G/2} ∈ S⇐X↽ , where S⇐X↽ denotes the Schwartz space▷ Using these results we come back to the Markov process deαned by Eqs▷↼2▷9↽ and whose semigroup T^t was deαned in Eq▷↼3▷6↽▷ We prove the existence of an invariant measure with a smooth density and give a bound which shows that in some sense the chain does not get hotter than the hottest heat bath▷ Proposition 3▷6▷ Under the assumptions H1δH2 there is a λ ∗ > 0 such that if the couplings satisfy |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒ ⊔⟨⌉ M⊣∇‖≀⊑ √∇≀⌋⌉∫∫ T^t has an invariant measure μ which is absolutely continuous with respect to the Lebesgue measure▷ Its density h satisαes the following. h exp↼βG↽ ∈ S⇐X↽ for all β < min↼βL, βR↽▷ Proof▷ The function 1 is obviously a solution of Lf / 0 with L deαned in Eq▷↼3▷11↽▷ Note next that the function 1 is in H′⇔ ⊣∫ ⟩∫ ∫⌉⌉\ {∇≀⇕ E∐↙⇐∋↙∃⇒ ⇐⟩{ |λL_{,m}| ⊣\⌈ |λR_{,m}| ⊣∇⌉ ∫⊓{⊘⌋⟩⌉\⊔↕† ∫⇕⊣↕↕⇒↙ S⟩\⌋⌉⇔ ⌊† P∇≀√≀∫⟩⊔⟩≀\ ∋↙△⇔ ⊔⟨⌉ ≀√⌉∇⊣⊔≀∇ L_{H′} ⟨⊣∫ ⌋≀⇕√⊣⌋⊔ ∇⌉∫≀↕⊑⌉\⊔ ≀\ H ′⇔ ⟩⊔ {≀↕↕≀⊒∫ ⊔⟨⊣⊔ ′ ⟩∫ ⊣↕∫≀ ⊣\ ⌉⟩}⌉\⊑⊣↕⊓⌉ ≀{ L^∗_{H′} ↙ L⌉⊔ ⊓∫ ⌈⌉\≀⊔⌉ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\}

A\⟨⊣∇⇕≀\⟩⌋ C⟨⊣⟩\∫ C≀⊓√↕⌉⌈ ⊔≀ T⊒≀ H⌉⊣⊔ B⊣⊔⟨∫ ∞∋

⌉⟩}⌉\⊑⌉⌋⊔≀∇ ⌊† g▷ We will choose the normalization ↼g, 1↽H′ ℑ ∞↙ W⌉ ⊣∫∫⊓⇕⌉ ⊘∇∫⊔ ⊔⟨⊣⊔ g ≥ ′↙ T⟨⌉\ ⊔⟨⌉ {⊓\⌋⊔⟩≀\ h↼x↽ / Z^{−∞}_′ g↼x↽e^{−β0G↼x↽} , ↼3.17↽ with β0 and G deαned in Eqs▷↼3▷8↽ and ↼3▷7↽ is the density of an invariant measure for the process T^t. Indeed we note αrst that ‖h‖ L∞⇐_{X,dx↽}/ ↼1, g↽_{H′} ⟩∫ ⊘\⟩⊔⌉ ⊣\⌈ ⊔⟨⊓∫ μ↼dx↽ is a probability measure▷ Let E be some Borel set▷ Then the characteristic function χ_E of E belongs to H′↙ W⌉ ⟨⊣⊑⌉ ∫ μ↼dx↽ T^tχ_E / Z^{−∞}_′ ∫ ^ e^{−β0G↼x↽}g↼x↽T^tχ_E / Z^{−∞}_′ ∫ ^ e^{−β0G↼x↽}↼T^t_{H′} ⇒^∗g↼x↽χ_E / μ↼E↽ , and therefore μ↼dx↽ is an invariant measure for the Markov process ↼2▷9↽▷ To complete the αrst part of the proof of Proposition 3▷6 it remains to show that g ≥ ′↙ W⌉ ⊒⟩↕↕ ⌈≀ ⊔⟨⟩∫ ⌊† ⌋⟨⌉⌋‖⟩\} ⊔⟨⊣⊔ h ≥ ′↙ W⌉ \⌉⌉⌈ ∫≀⇕⌉ \≀⊔⊣⊔⟩≀\↙ L⌉⊔ LT denote the formal adjoint of L▷ Then one has LTh / 0▷ This follows from the identities ∫ ^ fLTh / Z^{−∞}_′ ∫ ^ fLT ( ge^{−β0G} )

Z^{−∞}_′ ∫ ^ ( Lf↽ge^{−β0G} / ( Lf, g↽_{H′} ℑ ⇐f, L^∗_{H′} g↽_{H′} ℑ ⇐f, 0↽_{H′} ℑ ′ , which hold for all f ∈ C^∞_′ ⇐X↽▷ Consider now the semigroup T^t acting on the space C_∞⇐X↽ deαned at the beginning of Sect▷ 3▷ The operator T^t induces an action ↼T^t↽^∗ ⌈⌉↖ ⊘\⌉⌈ ≀\ ⊔⟨⌉ ⌈⊓⊣↕ ∫√⊣⌋⌉ C ∗∞⇐X↽ which consists of αnite measures▷ Since Tt is Markovian ↼T^t↽^∗ ⇕⊣√∫ √∇≀⌊⊣⌊⟩↕⟩⊔† ⇕⌉⊣∫⊓∇⌉∫ ⊔≀ √∇≀⌊⊣⌊⟩↕⟩⊔† ⇕⌉⊣∫⊓∇⌉∫↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⟩{ ⊣ ⇕⌉⊣∫⊓∇⌉ ν has a density f in L1↼X, dx↽ then ↼T^t↽^∗ν is a measure which has again a density in L1↼X, dx↽. Indeed by Corollary 3▷3 the transition probabilities of the Markov process P ↼t, x, y↽ are in C^∞ ⇐⇐′, ∞⇒ × X × X↽▷ If we denote by ↼T^t↽^T the induced action of ↼T^t↽^∗ ≀\ ⊔⟨⌉ ⌈⌉\∫⟩⊔⟩⌉∫⇔ ⊒⌉ ⟨⊣⊑⌉ {≀∇ g ≥ ′⇔ ⇐T^t↽^∗ ( g↼x↽dx ) ∫ ^ g↼y↽P ↼t, y, dx↽ / dx ∫ ^ g↼y↽P ↼t, y, x↽ / ( {T^t↽^Tg ) {x↽dx , and ‖⇐T^t↽^Tg‖L∞ℑ ‖g‖L∞↙ C≀⇕⟩\} ⌊⊣⌋‖ ⊔≀ ⊔⟨⌉ ⟩\⊑⊣∇⟩⊣\⊔ ⌈⌉\∫⟩⊔† h we know that ↼T^t↽^Th / h . We next show ↼T^t↽^T|h| ℑ |h|↙ S⟩\⌋⌉ |h| ± h ≥ ′⇔ ⊒⌉ ⟨⊣⊑⌉ ⇐T^t↽^T↼|h| ± h↽ ≥ ′↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ∇⌉⊒∇⟩⊔⊔⌉\ ⊣∫ | |{T^t_↽^Th | | ≤ ⇐T^t_↽^T|h| . Therefore |h| ℑ | |{T^t_↽^Th | | ≤ ⇐T^t_↽^T|h| . Since ↼T^t↽^T preserves the L^1norm we conclude that

14 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet |h| ℑ ⇐T^t↽^T|h| . ↼3.18↽ This shows the existence of an invariant measure▷ Now by Proposition 3▷5 we have h exp↼βG/2↽ ∈ S⇐X↽ for all β < 2 min↼βL, βR↽ and so for β < min↼βL, βR↽ it follows that h exp↼βG↽ ∈ S⇐X↽▷ This concludes the proof of Proposition 3▷6▷ We next prove the uniqueness of the invariant measure and the ergodic properties of the Markov process▷ We start by αxing an inverse temperature β0▷ If βL / βR/ β0 the two heat baths are at the same temperature and the equilibrium state of the system is known since it is given by the generalized Gibbs distribution Z^{−∞}_′ e^{−β0G}▷ For the equilibrium case this distribution is the unique invariant measure▷ The existence is ob vious from what we showed for the case of arbitrary temperatures▷ To show uniqueness assume that there is a second invariant measure▷ Since L Tis hypoelliptic then by Corol lary 3▷2 this measure has a smooth density▷ Since different smooth invariant measures have mutually disjoint supports and e^{−β0G} has support everywhere uniqueness follows▷ If the invariant measure is unique it is ergodic and hence ↼see ♭Yo♯ and ♭Ho♯↽ 0 is a simple eigenvalue of L H′ ↙ T⟨⌉ ⌋⊣∫⌉ ≀{ ⌈⟩{{⌉∇⌉\⊔ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉∫ ⊒⟩↕↕ ⌊⌉ ⟨⊣\⌈↕⌉⌈ ⌊† ⊣ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊣∇}⊓⇕⌉\⊔ ⊣∇≀⊓\⌈ ⊔⟨⌉ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ∫⟩⊔⊓⊣⊔⟩≀\ ⊒⌉ |⊓∫⊔ ⌈⌉∫⌋∇⟩⌊⌉⌈↙ T⟨⟩∫ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊣∇}⊓⇕⌉\⊔ ⊒⟩↕↕ ⊔⊣‖⌉ √↕⊣⌋⌉ ⟩\ ⊔⟨⌉ ⊘§⌉⌈ H⟩↕⌊⌉∇⊔ ∫√⊣⌋⌉ H ′ ⌈⌉⊘\⌉⌈ ⟩\ E∐↙⇐∋↙∃⇒↙ T⟨⊓∫⇔ ⊒⌉ ⊒⟩↕↕ ⌋≀\∫⟩⌈⌉∇ ⊑⊣↕⊓⌉∫ ≀{ βL and βRsuch that 1 β0 / 1 2 ( βL ⇁ 1 βR ) , |βL− βR| βL⇁ βR < ε , ↼3.19↽ for some small ε > 0 ↼which does not depend on β0↽▷ We αrst show that 0 remains a simple eigenvalue of the generator L_{H′} ⊒⟨⌉\ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⌈⟩{{⌉∇⌉\⌋⌉ ∫⊣⊔⟩∫⊘⌉∫ ⇐∋↙∞∃⇒ {≀∇ ⊣ ∫⊓{⊘⌋⟩⌉\⊔↕† ∫⇕⊣↕↕ ε▷ Lemma 3▷7▷ Under the assumptions H1δH2 there are constants λ^∗ > 0 and ε > 0 such that if the couplings satisfy |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒ ⊣\⌈ ⇕≀∇⌉≀⊑⌉∇ β L βRsatisfy ↼3▷19↽ then 0 is a simple eigenvalue of the generator L_{H′} ↙ P∇≀≀{↙ I⊔ ⊒⟩↕↕ ⌊⌉ ⌋≀\⊑⌉\⟩⌉\⊔ ⊔≀ ⊒≀∇‖ ⟩\ ⊔⟨⌉ ⊙⊣⊔ H⟩↕⌊⌉∇⊔ ∫√⊣⌋⌉ L ∈⇐X, dx↽▷ Note that K ℑ ⌉§√ ⇐−β0G/2↽L exp ↼⇁β0G/2↽ is a function K ≡ K⇐βL, βR, β0↽▷ We write this as K⇐βL, βR, β0↽ / K⇐β0, β0, β0↽ ⇁ δZ , where δ / βR− βL βR⇁ βL . One αnds K⇐β0, β0, β0↽ / M∑ m/1 λ2L_{,m}γL_{,m} 2 ( β0 ∇∈_{rL,m} − β0 2 W 2L_{,m}⇁ d λ2L_{,m} )

⟩ M∑ m/1 λ2R_{,m}γR_{,m} 2 ( β0 ∇∈_{rR,m} − β0 2 W 2R_{,m}⇁ d λ2R_{,m} )

⟩ M∑ m/1 rL_{,m}· ∇_{p1} ⇁ L S⇁ M∑ m/1 rR_{,m}· ∇_{pn} ,

Anharmonic Chains Coupled to Two Heat Baths 15 and Z / M∑ m/1 λ2L_{,m}γL_{,m} 2 ( β0 ∇∈_{rL,m} ⇁ W L_{,m}· ∇_{rL,m} ⇁ ∇_{rL,m} · WL_{,m}⇁ β0 2 W 2L_{,m} )

− M∑ m/1 λ2R_{,m}γR_{,m} 2 ( β0 ∇∈_{rR,m} ⇁ W R_{,m}· ∇_{rR,m} ⇁ ∇_{rR,m} · WR_{,m}⇁ β0 2 W 2R_{,m} ) . Furthermore by Proposition 3▷4 R0 ≡ ⇐∞ − K⇐β0, β0, β0↽↽^{−∞}⟩∫ ⊣ ⌋≀⇕√⊣⌋⊔ ≀√⌉∇⊣⊔≀∇⇔ ⊣\⌈ ⊔⟨⌉∇⌉{≀∇⌉ ⊔⟨⌉ ∫⟩⇕√↕⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉ ∞ ≀{ R 0 is isolated▷ From now on we assume for convenience that α ≡ α↼βL, βR↽ is strictly smaller than one▷ Note that this is no restriction of generality. if α ∈ ∪n − ∞, n↽ with n > 1 we replace ↼1 − K⇒^{−∞}⌊† ⇐∞ − ∞_n K⇒^{−∞}⟩\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⌈⟩∫⌋⊓∫∫⟩≀\↙ W⌉ ∫⟨≀⊒ \⌉§⊔ ⊔⟨⊣⊔ ⊔⟨⌉ ∇⌉∫≀↕⊑⌉\⊔ R↼β L, βR, β0↽ ≡ ⇐∞ − K⇐βL, βR, β0↽↽−∞⌈⌉√⌉\⌈∫ ⊣\⊣↕†⊔⟩⌋⊣↕↕† ≀\ ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇ δ▷ It is convenient to write the perturbation Z as Z / N∑ j/1 E_j F_j ,

where the E_j and F_j are of the form const.∂_r↼ν↽_{i,m} or const.W ↼^{ν↽}_{i,m} i ∈ {L, R}⇔ m / 1, . . . , M and N / 8dM▷ With the matrix notation

F / F1 ▷ ▷ F_N , E^T_{/ ↼}E 1, . . . , E_{N ↽} ,

we can write Z as Z / E^T F ▷ We will use the following resolvent formula R↼βL, βR, β0↽ / R0 ( ⟩ δR0E^T ( − δF R0E^T )_{−∞} F R0 ) . ↼3.20↽ To justify Eq▷↼3▷20↽ we have to show that for δ small enough the operatorvalued matrix ( − δF R0E^T ) ]√ ]{~√]^⌈~/ ∮ ]√ ~{}~[ } √[} [∐ F_j R0E_k is a bounded operator for all j, k▷ For this we decompose 1−K⇐β0, β0, β0↽ into its symmetric and antisymmetric parts. 1 − K⇐β0, β0, β0↽ / X ⇁ iY , where X / 1 ⇁ M∑ m/1 λ2L_{,m}γL_{,m} 2 ( − ∈ β0 ∇∈_{rL,m} ⇁ β0 2 W 2L_{,m}− d 1 λ2L_{,m} )

⟩ M∑ m/1 λ2R_{,m}γR_{,m} 2 ( − ∈ β0 ∇∈_{rR,m} ⇁ β0 2 W 2R_{,m}− d 1 λ2R_{,m} ) . From the simple estimates ‖E_jf‖∈ ≤ ⇐f, Xf↽ , ‖F_j f‖∈ ≤ ⇐f, Xf↽ ,

16 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet which hold for f ∈ C^∞_′ ⇐X↽ and since X is a strictly positive operator we see that E_jX^{−∞/2}and F_j X^{−∞/2}are bounded operators▷ From the identity E_jR0F_k / E_j↼X ⇁ iY ↽^{−∞}F_k / E_jX^{−∞/2}↼1 ⇁ iX^{−∞/2}Y X^{−∞/2}↽^{−∞}X^{−∞/2}F_k , we see that E_jR0F_k are bounded operators for all j, k▷ Therefore the r▷h▷s▷ of Eq▷↼3▷20↽ is well deαned for sufαciently small δ▷ An immediate consequence of the resolvent formula ↼3▷20↽ is that for sufαciently small δ the spectrum of R↼βL, βR, β0↽ has the same form as the spectrum R0. 1 is an eigenvalue and there is a spectral gap and in particular 1 is a simple eigenvalue▷ This concludes the proof of Lemma 3▷7▷ Next we use this lemma to prove uniqueness of the invariant measure▷ We have the following Theorem 3▷8▷ Under the assumptions H1δH2 there are constants λ^∗ > 0 and ε > 0 such that if the couplings satisfy |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒ ⊣\⌈ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉∫ ∫⊣⊔⟩∫{† |βR− βL|/↼βL⇁ βR↽ < ε the Markov process T^t has a unique ↼and hence ergodic↽ invariant measure▷

Proof▷ The proof uses a dynamical argument▷ By Proposition 3▷4 we have in the Hilbert space H ′⇐⊒⟩⊔⟨ β0given as in ↼3▷19↽↽ the eigenvalue equation TtH ′ ∞ ℑ ∞ ⊣\⌈ ⇐T tH ′ ⇒ ∗g / g▷ Let the eigenvectors be normalized such that ↼g, 1↽_{H′} ℑ ∞↙ B† L⌉⇕⇕⊣ ∋↙⇔ ′ ⟩∫ ⊣ ∫⟩⇕√↕⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ }⌉\⌉∇⊣⊔≀∇ L H′ ⟩{ ⇐βR− βL↽/↼βL⇁ βR↽ is small enough and by Proposition 3▷6 the measure μ↼dx↽ / Z^{−∞}_′ g exp ↼−β0G↽ is an invariant measure for the Markov process▷ It is absolutely continuous with respect to the Lebesgue measure which we denote by λ▷ Assume now that ν is another invariant probability measure▷ By the hypoellipticity of L it must have a smooth density▷ Therefore there is a Borel set A ⊂ X which we may assume bounded with the following properties. we have ν↼A↽ > 0 and λ↼A↽ > 0 but μ↼A↽ / 0 because the measures have disjoint supports▷ Let χ_A denote the characteristic function of the set A▷ By the pointwise ergodic theorem see ♭Yo♯ and ♭Ho♯ we have denoting σ_s↼x↽ the ergodic average σ_s↼x↽ / ↼1/s↽ ∫_s 0 dt T^tχ_A↼x↽ lim s→∞ σ_s↼x↽ / ν↼A↽ , νδa▷e▷ . ↼3.21↽ Since T^t is a contraction semigroup on B↼X, B⇒⇔ ⊣\⌈ χ_A ≤ ∞ ⊒⌉ ⊘\⌈ ‖σ_s‖_∞ ≤ ∞⇔ {≀∇ ⊣↕↕ s > 0▷ From the easy bound ‖σ_s‖_{H′} ≤ ‖σ_s‖_∞ , we see that the set {σ_s , s > 0} ⟩∫ ⊣ ⌊≀⊓\⌈⌉⌈ ∫⊓⌊∫⌉⊔ ≀{ H′⊣\⌈ ⟨⌉\⌋⌉ ⊒⌉⊣‖↕† ∫⌉∐⊓⌉\⊔⟩⊣↕↕† √∇⌉⌋≀⇕√⊣⌋⊔↙ T⟨⌉∇⌉{≀∇⌉⇔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ∫⌉∐⊓⌉\⌋⌉ s_n ↑ ∞ ∫⊓⌋⟨ ⊔⟨⊣⊔ ⊒∘↕⟩⇕ n→∞ σ_{sn} / σ^∗ ⊒⟨⌉∇⌉ ⊒∘↕⟩⇕ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ ⊒⌉⊣‖ ↕⟩⇕⟩⊔ ⟩\ H ′↙ S⟩\⌋⌉ Tu is a bounded operator for all u > 0 we have wδlim n→∞ T^uσ_{sn} / T^uσ^∗ . We next show T^uσ^∗ ℑ σ^∗ . ↼3.22↽

Anharmonic Chains Coupled to Two Heat Baths 17 Indeed T^uσ_{sn} ↼x↽ / 1 s_n ∫_{sn⇁u} u dt T^tχ_A↼x↽ / σ_{sn} − ∞ s_n ∫_u 0 dt T^tχ_A↼x↽ ⇁ 1 s_n ∫_{sn⇁u} sn dt T^tχ_A↼x↽ . ↼3.23↽

The last two terms in ↼3▷23↽ are bounded by u/s_n and we obtain T^uσ^∗ ℑ σ^∗ {≀∇ ⊣↕↕ u > 0 by taking the limit n → ∞ ⟩\ ⇐∋↙∈∋⇒↙ T⟨⌉∇⌉{≀∇⌉⇔ σ^∗ ⟩∫ ⟩\ ⊔⟨⌉ ⌉⟩}⌉\∫√⊣⌋⌉ ≀{ ⊔⟨⌉ ⌉⟩}⌉\⊑⊣↕⊓⌉ ∞ ≀{ T^t_{H′} ⇔ t > 0 and so by Lemma 3▷7 σ^∗ ℑ c1▷ To compute c we note that c / ↼g, σ^∗⇒_{H′} ⊣\⌈⇔ ⊓∫⟩\} ⊔⟨⌉ ⟩\⊑⊣∇⟩⊣\⌋⌉ ≀{ ⊔⟨⌉ ⇕⌉⊣∫⊓∇⌉⇔ ⊒⌉ }⌉⊔ c / lim_{n→∞} ( g, 1 s_n ∫_{sn} 0 dt T^t_{H′} χ_A ) H′ ℑ ↕⟩⇕ n→∞ ∞ s_n ∫_{sn} 0 dt ∫ μ↼dx↽ T^tχ_A / μ↼A↽ . So we have c / μ↼A↽ and μ↼A↽ / 0 by hypothesis▷ Using this information we consider ↼χ_A, σ_{sn} ↽_{H′} ↙ W⌉ ⟨⊣⊑⌉⇔ ≀\ ≀\⌉ ⟨⊣\⌈⇔ ↕⟩⇕ n→∞ ⇐χ_A, σ_{sn} ↽_{H′} ℑ ⇐χ_A, σ^∗⇒_{H′} ℑ ′ , and on the other hand we have by Eq▷↼3▷21↽ and by the dominated convergence theorem lim n→∞ ⇐χ_A, σ_{sn} ↽_{H′} ℑ ∫ ^ ν↼A↽χ_AZ^{−∞}_′ e^{−β0G} > 0 , and this is a contradiction▷ This shows that there is a unique invariant measure for the Markov process T^t and as a consequence the measure is ergodic▷ We will now strengthen the last statement by showing that the invariant measure is in fact mixing▷ This will be done by extending the proof of return to equilibrium given in ♭Tr♯▷ Proposition 3▷9▷ Assume that the conditions of Theorem 3▷8 are satisαed▷ Then the invariant measure μ↼dx↽ for the Markov process Tt is mixing i▷e▷

lim t→∞ ∫ μ↼dx↽f↼x↽T^tg↼x↽ / ∫ μ↼dx↽f↼x↽ ∫ μ↼dx↽g↼x↽ , for all f, g ∈ L∈⇐X, μ↼dx↽↽▷ Proof▷ We denote H ℑ L∈⇐X, μ↼dx↽↽ and its scalar product by ↼·, ·⇒_H ⊣\⌈ ⌊† ‖ · ‖_H ⟩⊔∫ \≀∇⇕↙ B† ∪Y≀⊎⇔ C⟨⊣√ XIII↙∞⇔ T⟨⇕ ∞⇔ T t deαnes a contraction semigroup on H↙ S⟩\⌋⌉ T^t is a strongly continuous semigroup on C_∞⇐X↽ ↼see ♭Ne♯↽ and since C_∞⇐X↽ is dense in H⇔ ⊒⌉ ⌋⊣\ ⌉§⊔⌉\⌈ T^t to a strongly continuous semigroup T^t_H ≀\ H↙ T⟨⌉ √∇≀√⌉∇⊔† ≀{ ⇕⟩§⟩\} ⟩∫ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊒∘↕⟩⇕ t→∞ T^t_Hf / ↼1, f↽_H {≀∇ ⊣↕↕ f ∈ H . ↼3.24↽ By a simple density argument it is enough to show ↼3▷24↽ for a dense subset of H↙ L⌉⊔ C∈⇐X↽ denote the bounded continuous functions whose αrst and second partial

18 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet derivatives are bounded and continuous▷ Then� ♭GS♯ Part II §∃�⟩{ f ∈ C∈⇐X↽ then T^t_Hf ∈ C∈⇐X↽ and for any τ < ∞⇔ T^t_Hf is uniformly differentiable w▷r▷t▷ t ∈ ∪′, τ♯ and ∂ ∂t T^t_Hf / Lf , where L is the differential operator given in ↼3▷11↽▷ Let f ∈ C∈⇐X↽▷ Using the fact see Proposition 3▷5 and Proposition 3▷6 that the density of the invariant measure is of the form h↼x↽ / ~ge^{−β0G/2} with g ∈ S⇐X↽ we may differentiate under the integral and integrate by parts and using the invariance of the measure we obtain d dt ‖T^t_Hf‖∈_H ℑ ⇐LT^t_Hf, T^t_Hf↽_H ⇓ ⇐T^t_Hf, LT^t_Hf↽_H ℑ − ∑ i∈{L,R} m∈{∞,...,M} ν∈{∞,...,d}

∈λ2_{i,m}γ_{i,m} β_i ‖∂_r↼ν↽_{i,m} T^t_Hf‖∈_H ,

↼3.25↽ where ∂_r↼ν↽_{i,m} is the differential operator with domain C ∈⇐X↽▷ Thus ‖T^t_Hf‖∈_H ⟩∫ ⌈⌉⌋∇⌉⊣∫⟩\}⇔ ⌊≀⊓\⌈⌉⌈ ⌊⌉↕≀⊒ ⊣\⌈ ⌋≀\⊔⟩\⊓≀⊓∫ ⊣\⌈ ∫≀ ↕⟩⇕ t→∞ ‖T tHf‖∈H ⌉§⟩∫⊔∫↙ A∫ ⊣ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ⊒⌉ ⊘\⌈ ‖∂_r↼ν↽_{i,m} T^t_Hf‖∈_H ∈ L∞⇐∪′, ∞⇒, dt↽ . ↼3.26↽ Following ♭Tr♯ and ♭Br♯ we call a sequence {t_n} ⊣ ⇐∗⇒↖∫⌉∐⊓⌉\⌋⌉ ⟩{ t_n ↑ ∞ ⊣\⌈ ↕⟩⇕ n→∞ ‖∂_r↼ν↽_{i,m} T^{tn}_H f‖∈_H ℑ ′ . ↼3.27↽ The existence of ↼∗⇒↖∫⌉∐⊓⌉\⌋⌉∫ {≀∇ ≀⊓∇ √∇≀⌊↕⌉⇕ {≀↕↕≀⊒∫ ⌉⊣∫⟩↕† {∇≀⇕ ⇐∋↙∈⇏↙ F⊓∇⊔⟨⌉∇ ⊒⌉ ⌈⌉⊘\⌉ ⊣\ ⊣↕⇕≀∫⊔ ⇐∗⇒↖∫⌉∐⊓⌉\⌋⌉ ⊣∫ ⊣ ∫⌉∐⊓⌉\⌋⌉ s_n ↑ ∞ {≀∇ ⊒⟨⟩⌋⟨ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⇐∗⇒↖∫⌉∐⊓⌉\⌋⌉ {t_n} ⊒⟩⊔⟨ |s_n − t_n| → ′ ⊣∫ n → ∞↙ A∫ ⟩\ ∪T∇⊎ ⊒⌉ \⌉§⊔ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊒∘↕⟩⇕_{n→∞} T^{tn}_H f / wδlim_{n→∞} T^{sn}_H f▷ Indeed let us choose τ < min↼t1, s1↽▷ From the inequality ‖ ⌈ ⌈t T^t_Hf‖_H ℑ ‖T^{t−τ}_H LT^τ_Hf‖_H ≤ ‖LT^τ_Hf‖_H , which holds for t > τ we have ‖⇐T^{sn}_H − T^{tn}_H ⇒f‖_H ≤ |s_n − t_n| ‖LT^τ_Hf‖_H → ′, n → ∞ , which shows that T^{tn}_H f and T^{sn}_H f have the same weak limit▷ The set {T^t_Hf, t ≥ ′} ⟩∫ ⌊≀⊓\⌈⌉⌈ ⊣\⌈ ⟨⌉\⌋⌉ ∫⌉∐⊓⌉\⊔⟩⊣↕↕† ⊒⌉⊣‖↕† √∇⌉⌋≀⇕√⊣⌋⊔⇔ ∫≀ ⊔⟨⊣⊔ ⌊† √⊣∫∫⟩\} ⊔≀ ⊣ ∫⊓⌊∫⌉∐⊓⌉\⌋⌉⇔ ⊒⌉ ⇕⊣† ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊒∘↕⟩⇕ n→∞ T^{tn}_H f / γ , γ ∈ H . Next we show that for all ↼∗⇒↖∫⌉∐⊓⌉\⌋⌉∫ ⊒∘↕⟩⇕_{n→∞} T^{tn}_H ⟩∫ ⊣ ↕≀⌋⊣↕↕† ⌋≀\∫⊔⊣\⊔ {⊓\⌋⊔⟩≀\ μ − a.e. We begin by showing that γ does not depend on the variables r▷ Let ∂^∗_{r↼ν↽i,m} denote the adjoint of ∂_r↼ν↽_{i,m} in H ⊣\⌈ ↕⌉⊔ ψ ∈ C^∞_′ ⇐X↽▷ By the smoothness properties of the density of the invariant measure we see that the function ψ is in the domain of ∂^∗_{r↼ν↽i,m} and we have using ↼3▷27↽

Anharmonic Chains Coupled to Two Heat Baths 19 ↼γ, ∂^∗_{r↼ν↽i,m} ψ↽_H ℑ ↕⟩⇕_{n→∞}⇐T^{tn}_H f, ∂^∗_{r↼ν↽i,m} ψ↽_H ℑ ↕⟩⇕_{n→∞}⇐∂_r↼ν↽_{i,m} T^{tn}_H f, ψ↽_H ℑ ′ . Written explicitly ∫ ^√ ^√ ^√ γ↼p, q, r↽∂_r↼ν↽_{i,m} ( ψ↼p, q, r↽h↼p, q, r↽ ) , ↼3.28↽ for any ψ ∈ C^∞_′ ⇐X↽▷ Since γ ∈ H⇔ ⊒⌉ ⇕⊣† ∫⌉⊔ γ / 0 on the set A ≡ {x ∈ X , h↼x↽ / 0} ⊣\⌈ γ is locally integrable and thus deαnes a distribution in D^′⇐X↽▷ By Eq▷↼3▷28↽ the support of the distribution ∂_r↼ν↽_{i,m} γ↼p, q, r↽ does not intersect the set A and thus γ↼p, q, r↽ is μa▷e▷ independent of r▷ Let t > 0▷ Then wδlim_{n→∞} T^{tn⇁t}_H f / T^t_Hγ▷ Since t ⇁ t_n ↑ ∞⇔ ⟩⊔ ⟩∫ ⌉⊣∫† ⊔≀ ∫⟨≀⊒⇔ ∫⌉⌉ ∪B∇⊎⇔ ⊔⟨⊣⊔ t_n ⇁ t has an almost ↼∗⇒↖∫⊓⌊∫⌉∐⊓⌉\⌋⌉ s_n and from the above arguments we conclude that T tHγ is independent of r▷ Next we show inductively using Condition H2 that γ does not depend on the variables p q▷ Let ↼T^t_H⇒^∗ ⌈⌉\≀⊔⌉ ⊔⟨⌉ ∫⌉⇕⟩↖}∇≀⊓√ ⌈⊓⊣↕ ⊔≀ T^t_H ≀\ H ⊣\⌈ ⌈⌉\≀⊔⌉ Z its generator▷ Note that for ψ ∈ C^∞_′ ⇐X↽ we have upon integrating by parts d dt ↼ψ, T^t_Hf↽_H ℑ ⇐ψ, LT^t_Hf↽_H ℑ ∫ ^√ ^√ ^√ ∑ i∈{L,R} m∈{∞,...,M} λ2_{i,m}γ_{i,m} β_i [ ∇_{ri,m} · ( ∇_{ri,m} ⇁ β_iW_{i,m} ) ψh ] T^t_Hf

− ∫ ^√ ^√ ^√ ( L0↼ψh↽ ) T^t_Hf , ↼3.29↽ where L0 is given by

L0 / M∑ m/1 rL_{,m}· ∇_{p1} ⇁ M∑ m/1 rR_{,m}· ∇_{pn} ⇁ n∑ j/1 p_j · ∇_{qj} − ⇐∇_{qj} V ↽ · ∇_{pj} .

Since C^∞_′ ⇐X↽ is in the domain of Z we get d dt ↼ψ, T^t_Hγ↽_H ℑ ⇐Zψ, T^t_Hγ↽_H ℑ ↕⟩⇕_{n→∞}⇐Zψ, LT^{tn⇁t}_H f↽_H ℑ ⇐Zψ, T^t_Hγ↽_H ℑ − ∫ ^√ ^√ ^√ ( L0↼ψh↽ ) T^t_Hγ . The last equality follows from ↼3▷29↽ since T^t_Hγ is independent of r▷ We next choose ψ↼p, q, r↽ ∈ C^∞_′ ⇐X↽ of the form ψ↼r, p, q↽ / φ1↼r↽φ2↼p, q↽h^{−∞}⇐p, q, r↽ with supp↼φ1↼r↽φ2↼p, q↽↽ ∩ A / ∅ ⊣\⌈ ∫ ^√ φ1↼r↽ / 0▷ For this choice of ψ we have ↼ψ, T^t_Hγ↽_H ℑ ∫ ^√ ^√ ( T^t_Hγ ) {p, q↽ φ2↼p, q↽ · ∫ ^√ φ1↼r↽ / 0 , and therefore

20 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet 0 / ∫ ^√ ^√ ^√ γ↼p, q↽L0↼φ1↼r↽φ2↼p, q↽↽ / ∫ ^√ ^√ γ↼p, q↽∇_{p1}φ2↼p, q↽ · ∫ ^√ M∑ m/1 rL_{,m}φ1↼r↽

⇁ ∫ ^√ ^√ γ↼p, q↽∇_{pn} φ2↼p, q↽ · ∫ ^√ M∑ m/1 rR_{,m}φ1↼r↽ . Since φ1↼r↽ is arbitrary it follows that ∫ ^√ ^√ γ↼p, q↽∇_{p1}φ2↼p, q↽ / ∫ ^√ ^√ γ↼p, q↽∇_{pn} φ2↼p, q↽ / 0 , and thus by a similar argument as above γ↼p, q↽ must be μa▷e▷ independent of p1 and p_n. Thus γ is a function γ↼p2, . . . , p_{n−∞}⇒↙ U∫⟩\} ⊔⟨⟩∫ ⟩\{≀∇⇕⊣⊔⟩≀\⇔ ⊒⌉ ⌋⟨≀≀∫⌉ \≀⊒ ψ↼p, q, r↽ / φ1↼p1, p_n↽φ2↼p2, . . . , p_{n−∞}, q↽φ3↼r↽h^{−∞}⇐p, q, r↽ , with supp↼φ1φ2φ3↽ ∩ A / ∅ ⊣\⌈ ∫ ^√^√_n φ1↼p1, p_n↽ / 0▷ For such a choice of ψ we obtain 0 / ∫ ^√ ^√ ^√ L0↼φ1φ2φ3↽γ / ∫ ^√· · · ⌈√_{n−∞}⌈∐ γ↼∇_{q1}φ2↽ · ∫ ^√^√_n p1φ1 ∫ ^√ φ3 ⇁ ∫ ^√· · · ⌈√_{n−∞}⌈∐ γ↼∇_{qn} φ2↽ · ∫ ^√^√_n p_nφ1 ∫ ^√ φ3 , and from the arbitrariness of φ1, φ2, φ3we conclude that γ is independent of q1, q_n ↼all our statements hold μa▷e▷↽▷ Finally choose ψ↼p, q, r↽ / φ1↼q1, q_n↽φ2↼p2, . . . , p_{n−∞}, q2, . . . , q_{n−∞}⇒φ3↼p1, p_n, r↽h^{−∞}⇐p, q, r↽ , with supp↼φ1φ2φ3↽ ∩ A / ∅ ⊣\⌈ ∫ ^√^√_n φ1↼q1, q_n↽ / 0▷ Then we obtain 0 / ∫ ^√. . . dp_{n−∞}⌈∐_∈. . . dq_{n−∞}γ↼∇_{p2}φ2↽ · ∫ ^√^√_n ↼∇_{q2}V ↽φ1 ∫ ^√^√_ndr φ3 ⇁ ∫ ^√. . . dp_{n−∞}⌈∐_∈. . . dq_{n−∞}γ↼∇_{pn−∞}φ2↽ · ∫ ^√^√_n ↼∇_{qn−∞}V ↽φ1 ∫ ^√^√_ndr φ3 . From the arbitrariness of the φ_i we conclude in particular that 0 / ∫ ^√. . . dp_{n−∞}⌈∐_∈. . . dq_{n−∞}γ↼∇_{p2}φ2↽ · ∫ ^√^√_n ↼∇_{q2}V ↽φ1 . ↼3.30↽ We may choose φ1↼q1, q_n↽ / ∂_{q↼ν}′_{⇒∞} ~φ↼q1, q_n↽ for some ν^′ ∈ {∞, . . . , d} ⊣\⌈ ⊣ √≀∫⟩⊔⟩⊑⌉ ~φ↼q1, q_n↽▷ By Condition H2 we see that X^{ν,ν′} ⇐q2↽ ≡ ∫ ^√^√_n ↼∂_q↼ν↽_2 V ↽φ1↼q1, q_n↽ / − ∫ ^√^√_n ↼∂_{q↼ν}′_{⇒∞} ∂_q↼ν↽_2 V ↽~φ1↼q1, q_n↽

Anharmonic Chains Coupled to Two Heat Baths 21

is uniformly positive or negative▷ We can rewrite ↼3▷30↽ as

0 / ∑ ν∈{∞,...,d} ∫ ^√. . . dp_{n−∞}⌈∐_∈. . . dq_{n−∞}γ∂_p↼ν↽_2 X^{ν,ν′} ⇐q2↽φ2 , and we conclude that γ is independent of p2▷ A similar argument shows that γ is independent of q_{n−∞}⊣\⌈ ⟩⊔⌉∇⊣⊔⟩\} ⊔⟨⌉ ⊣⌊≀⊑⌉ √∇≀⌋⌉⌈⊓∇⌉ ⊒⌉ ⌋≀\⌋↕⊓⌈⌉ ⊔⟨⊣⊔ γ is locally constant μa▷e▷ So far we have shown that for all ↼∗⇒↖∫⌉∐⊓⌉\⌋⌉∫ {t_n} ≀\⌉ ⟨⊣∫ ⊒∘↕⟩⇕_{n→∞} T^{tn}_H f / γ / const. From the invariance of the measure μ and its ergodicity we conclude that γ / ↼1, f↽_H ℑ ∫ μ↼dx↽f↼x↽ . We conclude as in ♭Tr♯. suppose that wδlim_{t→∞} T^t_Hf ℑ̸ ⇐∞, f↽_H↙ T⟨⌉\ ⌊† ⊔⟨⌉ ⊒⌉⊣‖ ∫⌉∐⊓⌉\⊔⟩⊣↕ √∇⌉⌋≀⇕√⊣⌋⊔\⌉∫∫ ≀{ {T tHf , t ≥ ′}⇔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ∫⌉∐⊓⌉\⌋⌉ un ↑ ∞ {≀∇ ⊒⟨⟩⌋⟨ ⊒∘↕⟩⇕_{t→∞} T^t_Hf / η ℑ̸ ⇐∞, f↽_H↙ B⊓⊔⇔ ∇⌉{⌉∇∇⟩\} ⊣}⊣⟩\ ⊔≀ ∪B∇⊎⇔ ⊔⟨⌉ ∫⌉∐⊓⌉\⌋⌉ {u_n} ⟨⊣∫ ⊣\ ⊣↕⇕≀∫⊔ ⇐∗⇒↖∫⊓⌊∫⌉∐⊓⌉\⌋⌉ {s_n}↙ T⟨⟩∫ ⟩⇕√↕⟩⌉∫ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ⇐∗⇒↖∫⌉∐⊓⌉\⌋⌉ {t_n} ∫⊓⌋⟨ ⊔⟨⊣⊔ ⊒∘↕⟩⇕_{n→∞} T^{tn}_H f / η▷ This is a contradiction since we have seen that wδlim_{n→∞} T^{tn}_H f / ↼1, f↽_H {≀∇ ⊣↕↕ ⇐∗⇒↖∫⌉∐⊓⌉\⌋⌉∫↙ B† ⊣ ∫⟩⇕√↕⌉ ⌈⌉\∫⟩⊔† ⊣∇}⊓⇕⌉\⊔ ⊔⟨⟩∫ ⟩⇕√↕⟩⌉∫ ⊔⟨⊣⊔ ↕⟩⇕_{t→∞} ∫ μ↼dx↽f↼x↽T^t_Hg↼x↽ / ∫ μ↼dx↽f↼x↽ ∫ μ↼dx↽g↼x↽ , for all f, g ∈ H ⊣\⌈ ⊔⟨⌉ √∇≀≀{ ≀{ P∇≀√≀∫⟩⊔⟩≀\ ∋↙∃ ⟩∫ ⌋≀⇕√↕⌉⊔⌉↙ W⟩⊔⟨ P∇≀√≀∫⟩⊔⟩≀\ ∋↙∃ ⊔⟨⌉ √∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ ∈↙∈ ⟩∫ \≀⊒ ⌋≀⇕√↕⌉⊔⌉↙

△↙ C≀⇕⇕⊓⊔⊣⊔≀∇ E∫⊔⟩⇕⊣⊔⌉∫ ⊣\⌈ S√⌉⌋⊔∇⊣↕ P∇≀√⌉∇⊔⟩⌉∫ ≀{ L_{H′} I\ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\⇔ ⊒⌉ √∇≀⊑⌉ P∇≀√≀∫⟩⊔⟩≀\ ∋↙△ ⊣\⌈ P∇≀√≀∫⟩⊔⟩≀\ ∋↙▽↙ W⌉ }⌉\⌉∇⊣↕⟩‡⌉ ⊔⟨⌉ ⌋≀⇕⇕⊓↖ ⊔⊣⊔≀∇ ⇕⌉⊔⟨≀⌈ ≀{ H �≀∇⇕⊣\⌈⌉∇ ⊔≀ ∫⊔⊓⌈† ⊔⟨⌉ ∫√⌉⌋⊔∇⊣↕ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ≀√⌉∇⊣⊔≀∇ L H′ ⊒⟨⟩⌋⟨ ⟩∫⇔ ⌊† L⌉⇕⇕⊣ ∋↙∞⇔ ⊔⟨⌉ ⌋↕≀∫⊓∇⌉ ≀{ ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇ L with domain C ∞′ ⇐X↽ which we deαned in Eq▷↼3▷11↽▷ We recall the deαnition. L / M∑ m/1 λ2L_{,m}γL_{,m} βL ( ∇_{rL,m} − βLWL_{,m} ) · ∇_{rL,m}

⇁ M∑ m/1 λ2R_{,m}γR_{,m} βR ( ∇_{rR,m} − βRWR_{,m} ) · ∇_{rR,m}

⇁ M∑ m/1 rL_{,m}· ∇_{p1} ⇁ L S⇁ M∑ m/1 rR_{,m}· ∇_{pn} ,

↼4.1↽

with the abbreviations WL_{,m} / λ^{−∈}_{L,m}rL_{,m}− q1 , WR_{,m} / λ^{−∈}_{R,m}rR_{,m}− q_n , ↼4.2↽ and where LSis the Liouville operator associated with the Hamiltonian HS↼q, p↽.

22 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet LS / n∑ j/1 p_j · ∇_{qj} − ⇐∇_{qj} V ↽ · ∇_{pj} . ↼4.3↽

For the following estimates it will be convenient to work in the βat Hilbert space L2↼X, dx↽▷ The differential operator L is unitarily equivalent to the operator K ≀\ L∈⇐X, dx↽ with domain C^∞_′ ⇐X↽ given by

K ℑ e^{−β0G/2} L e^{β0G/2} / α − M∑ m/1 λ2L_{,m}γL_{,m} βL R^∗_{L,m}RL_{,m}− M∑ m/1 λ2R_{,m}γR_{,m} βR R^∗_{R,m}RR_{,m}⇁ K ⊣∫, ↼4.4↽

where α is given by ↼3▷10↽ and

RL_{,m} / ∇_{rL,m} ⇁ √ {βL− β0/2↽β0/2 WL_{,m}, RR_{,m} / ∇_{rR,m} ⇁ √ {βR− β0/2↽β0/2 WR_{,m}, K⊣∫ ℑ M∑ m/1 rL_{,m}· ∇_{p1} ⇁ L S⇁ M∑ m/1 rR_{,m}· ∇_{pn}

− β_L − βR βL⇁ βR M∑ m/1 λ2L_{,m}γL_{,m} 2 ( ∇_{rL,m} · WL_{,m}⇁ W L_{,m}· ∇_{rL,m} )

⟩ βL− βR βL⇁ βR M∑ m/1 λ2R_{,m}γR_{,m} 2 ( ∇_{rR,m} · WR_{,m}⇁ W R_{,m}· ∇_{rR,m} ) .

All subsequent estimates will be valid for any f ∈ S⇐X↽ and thus for all functions in the domain of K↙ I⊔ ⟩∫ ⌋≀\⊑⌉\⟩⌉\⊔ ⊔≀ ⟩\⊔∇≀⌈⊓⌋⌉ ⊔⟨⌉ {≀↕↕≀⊒⟩\} \≀⊔⊣⊔⟩≀\∫¬ W⌉ ⟩\⊔∇≀⌈⊓⌋⌉ \⌉⊒ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ ⊣\⌈ ∇⌉⌋⊣↕↕ ∫≀⇕⌉ ⌉⊣∇↕⟩⌉∇ ⌈⌉⊘\⟩⊔⟩≀\∫¬ L⌉⊔ n^′ ℑ ∪n/2♯ denote the integer part of n/2▷ We deαne P_j / ∇_{pj} ⇁ a Lp_j , j / 1, . . . , n^′ , P_j / ∇_{pj} ⇁ a Rp_j , j / n^′ ⇓ ∞, . . . , n , Q_j / ∇_{qj} ⇁ a LW_j↼q, r↽ , j / 1, . . . , n^′ , Q_j / ∇_{qj} ⇁ a RW_j↼q, r↽ , j / n^′ ⇓ ∞, . . . , n , RL_{,m} / ∇_{rL,m} ⇁ a LWL_{,m}↼q, r↽ , m / 1, . . . , M , RR_{,m} / ∇_{rR,m} ⇁ a RWR_{,m}↼q, r↽ , m / 1, . . . , M , where

Anharmonic Chains Coupled to Two Heat Baths 23 aL / ( {βL− β0/2↽β0/2 )_{/2} , aR / ( {βR− β0/2↽β0/2 )_{/2} , W1↼q, r↽ / ∇_{q1}V ↼q↽ − M∑ m/1 rL_{,m}, W_j ↼q, r↽ / ∇_{qj} V ↼q↽ , j / 2, . . . , n − ∞ , W_n↼q, r↽ / ∇_{qn} V ↼q↽ − M∑ m/1 rR_{,m}, WL_{,m}↼q, r↽ / λ^{−∈}_{L,m}rL_{,m}− q1 , m / 1, . . . , M , WR_{,m}↼q, r↽ / λ^{−∈}_{R,m}rR_{,m}− q_n , m / 1, . . . , M . We next deαne the operators K0 K and Λ which will be used in the statement of our main bound. Λ / ( ⟩ n∑ j/1 P^∗_j P_j ⇁ n∑ j/1 Q^∗_j Q_j ⇁ M∑ m/1 ( R^∗_{L,m}RL_{,m}⇁ R^∗_{R,m}RR_{,m} ) )_{/2} , K0 / K⊣∫, K / α − K ℑ −K0⇁ M∑ m/1 ↼bL_{,m}R^∗_{L,m}RL_{,m}⇁ b R_{,m}R^∗_{R,m}RR_{,m}↽ . ↼4.5↽

Here we use bL_{,m} / λ 2L_{,m}γL_{,m}/βL, bR_{,m} / λ 2R_{,m}γR_{,m}/βR. Our main estimate is Theorem 4▷1▷ Under the Assumptions H1 H2 on V there are an ε > 0 and a C < ∞ ∫⊓⌋⟨ ⊔⟨⊣⊔ {≀∇ ⊣↕↕ f ∈ S⇐X↽ one has ‖Λ^εf‖ ≤ C ( ‖Kf‖ ⇓ ‖f‖ ) . ↼4.6↽

Proof▷ The proof will be an easy consequence of the following Proposition 4▷2▷ There are αnite constants C_j C^′_j and C such that for all f ∈ S⇐X↽ one has with n^′ ℑ ∪n/2♯ ‖Λ^{εj −∞}P_jf‖ ≤ C_j ( ‖Kf‖ ⇓ ‖f‖ ) , j / 1, . . . , n^′ , ↼4.7↽ ‖Λ^{εj −∞}P_{n⇁1−j}f‖ ≤ C_j ( ‖Kf‖ ⇓ ‖f‖ ) , j / 1, . . . , n − n^′ , ↼4.8↽ ‖Λ^{ε′j −∞}Q_jf‖ ≤ C^′_j ( ‖Kf‖ ⇓ ‖f‖ ) , j / 1, . . . , n^′ , ↼4.9↽ ‖Λ^{ε′j −∞}Q_{n⇁j−∞}f‖ ≤ C^′_j ( ‖Kf‖ ⇓ ‖f‖ ) , j / 1, . . . , n − n^′ , ↼4.10↽ ‖RL_{,m}f‖ ⇓ ‖RR_{,m}f‖ ≤ C ( ‖Kf‖ ⇓ ‖f‖ ) , m / 1, . . . , M , ↼4.11↽ where ε_j / 4^{1−∈j} and ε^′_j / 4^{−∈j}▷

24 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet

Proof of Proposition 4▷2▷ For the R i,m we have the easy estimate ‖R_{i,m}f‖∈ ℑ ⇐f, R^∗_{i,m}R_{i,m}f↽ ≤ b^{−∞}_{i,m}Re ↼f, Kf↽ ≤ b^{−∞}_{i,m}‖Kf‖ ‖f‖ ≤ b^{−∞}_{i,m} ( ‖Kf‖ ⇓ ‖f‖ ) . ↼4.12↽ This proves Eq▷↼4▷11↽ for these cases▷ For the other cases the proof will proceed by induction. It will proceed by bounds on P1 Q1 P2, . . . , Q_n′ ⇔ ⊣\⌈ ⊣ ⊔≀⊔⊣↕↕† ∫†⇕⇕⌉⊔∇⟩⌋ ⊣∇}⊓⇕⌉\⊔⇔ ⊒⟨⟩⌋⟨ ⟩∫ ↕⌉{⊔ ⊔≀ ⊔⟨⌉ ∇⌉⊣⌈⌉∇⇔ ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ {∇≀⇕ ⊔⟨⌉ ≀⊔⟨⌉∇ ⌉\⌈ ≀{ ⊔⟨⌉ ⌋⟨⊣⟩\⇔ √∇≀⌋⌉⌉⌈⟩\} ≀⊑⌉∇ P n Qn Pn−∞⇔ ⊓\⊔⟩↕ ⊔⟨⌉ ⌊≀⊓\⌈∫ ∇⌉⊣⌋⟨ ⊔⟨⌉ ⊖⌋⌉\⊔⌉∇⪰ ≀{ ⊔⟨⌉ ⌋⟨⊣⟩\↙ W⌉ \⌉§⊔ √∇⌉√⊣∇⌉ ⊔⟨⌉ ⟩\⌈⊓⌋⊔⟩⊑⌉ √∇≀≀{↙ T≀ ⇕⊣‖⌉ ⊔⟨⌉ ∇⌉∫⊓↕⊔ ≀{ ⊔⟨⟩∫ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ⌋↕⌉⊣∇⌉∇⇔ ⊒⌉ ⌈⌉⊘\⌉ ⊔⟨⌉ ⇕⊣⊔∇⟩⌋⌉∫ M_{j,k} / ∇_{qj} ∇_{qk} V , j, k / 1, . . . , n . In components this means for μ, ν ∈ {∞, . . . , d}⇔ M⇐^{μ,ν↽}_{j,k} / ∇_q↼μ↽_j ∇_q↼ν↽_k V , j, k / 1, . . . , n . By our choice of potential V all the M_{j,k} vanish except M_{j,j} with j / 1, . . . , n and M_{j⇁1,j} / M_{j,j⇁1} with j / 1, . . . , n − ∞↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⌊† C≀\⌈⟩⊔⟩≀\ H∞⇔ ⊣↕↕ ⊔⟨⌉ M⇐^{μ,ν↽}_{j,k} are uniformly bounded functions of q▷ Finally by Assumption H2 the matrices M j,j⇁1 are deαnite with uniformly bounded inverse▷ One veriαes easily the relations. ♭RL_{,m}, K0♯ / P1⇁ c_mRL_{,m}, ♭P1, K0♯ / Q1 , ♭Q1, K0♯ / −M∞_{,1}P1− M∈_{,1}P2⇁ M∑ m/1 c^′_m↼RL_{,m}⇁ R^∗_{L,m}↽ , ♭P_j , K0♯ / Q_j , j / 2, . . . , n − ∞ , ♭Q_j , K0♯ / −M_{j−∞,j}P_{j−∞}− M_{j,j}P_j − M_{j⇁1,j}P_{j⇁1} , j / 2, . . . , n − ∞ , ↼4.13↽ where c_m / γ L_{,m}↼βL− β0↽/βL, c^′_m / b L_{,m}aL↼βL− β0↽ . Symmetrical relations hold at the other end of the chain▷ With these notations we can rewrite ↼among several possibilities↽. P1 / ♭RL_{,1}, K0♯ − c1RL_{,1}, Q1 / ♭P1, K0♯ , P2 / −M^{−∞}_{∈,1} ( ⋃Q1, K0♯ ⇁ M∞_{,1}P1− M∑ m/1 c^′_m↼RL_{,m}⇁ R^∗_{L,m}↽ ) , Q_j / ♭P_j , K0♯ , j / 2, . . . , n , P_{j⇁1} / −M^{−∞}_{j⇁1,j} ( ⋃Q_j , K0♯ ⇁ M_{j−∞,j}P_{j−∞}⇓ M_{j,j}P_j ) , j / 2, . . . , n^′ ,

↼4.14↽

with symmetrical relations at the other end of the chain▷ We can streamline this repre sentation by deαning Q0 / RL_{,1} and M ∞_{,0}/ −∞↙ T⟨⌉\ ⊒⌉ ⌋⊣\ ⊒∇⟩⊔⌉⇔ {≀∇ j / 1, . . . , n^′¬

A\⟨⊣∇⇕≀\⟩⌋ C⟨⊣⟩\∫ C≀⊓√↕⌉⌈ ⊔≀ T⊒≀ H⌉⊣⊔ B⊣⊔⟨∫ ∈▽ P_j / −M^{−∞}_{j,j−∞} ( ⋃Q_{j−∞}, K0♯ ⇁ S_j ) , ↼4.15↽ Q_j / ♭P_j , K0♯ , ↼4.16↽ where the operators S_j depend linearly on {P 1, . . . , P_{j−∞}}⇔ {Q1, . . . , Q_{j−∞}}⇔ ⊣\⌈ ⊔⟨⌉ RL_{,m}▷ The relations Eqs▷↼4▷15↽ and ↼4▷16↽ will be used in the inductive proof▷ Such relations are of course reminiscent of those appearing in the study of hypoel liptic operators▷ The novelty here will be that we obtain bounds which are valid not only in a compact domain but in the unbounded domain of the pφs and qφs▷ The following bounds will be used repeatedly. Proposition 4▷3▷ Let Z denote one of the operators Q_j Q^∗_j P_j or P^∗_j ▷ Let M ⌈⌉\≀⊔⌉ ≀\⌉ ≀{ ⊔⟨⌉ M_{j,k}▷ Assume that α ∈ ⇐′, 2↽▷ Then the following operators are bounded in L2↼X, dx↽. 1↽ Λ^β♭M, Λ^{−α}♯Λ^γ if β ⇁ γ ≤ α ⇁ 1 2↽ Λ^βZΛ^γ if β ⇁ γ ≤ −∞ ⇔ ∋⇒ Λ^β♭K0, Z♯Λ^γ if β ⇁ γ ≤ −∞ ⇔ △⇒ Λ^β♭Z, Λ^{−α}♯Λ^γ if β ⇁ γ ≤ α ⇁ 1 5↽ Λ^β♭Λ^{−α}, K0♯Λ^γ if β ⇁ γ ≤ α ▷ Proof▷ The proof will be given in Appendix B▷ Because we are working in an inαnite domain and work with nonlinear couplings we will not bound the l▷h▷s▷ of Eq▷↼4▷7↽ directly but instead the more convenient quan tity2. R_j↼f↽ / ↼Λ^{εj −∞}M_{j,j−∞}P_j f , Λ^{εj −∞}P_j f↽ . We have the Lemma 4▷4▷ There is a constant C such that for all j ∈ {∞, . . . , n} ⊣\⌈ ⊣↕↕ f ∈ S⇐X↽ one has the inequality ‖Λ^{εj −∞}P_jf‖∈ ≤ C ( |R_j ↼f↽| ⇓ ‖f‖∈ ) .

Therefore to prove Eq▷↼4▷7↽ it sufαces to prove the corresponding inequality for the R_j▷ Proof of Lemma 4▷4▷ Let M ℑ M j,j−∞⇔ ε / ε j and P / P j ▷ Then by our Assumption H2 there is a constant m > 0 for which M > m▷ Therefore ‖Λ^{ε−∞}P f‖∈ ℑ ⇐Λ^{ε−∞}P f , Λ^{ε−∞}P f↽ ≤ m^{−∞}|⇐MΛ^{ε−∞}P f , Λ^{ε−∞}P f↽| ≤ m^{−∞}|⇐Λ^{ε−∞}MP f , Λ^{ε−∞}P f↽| ⇓ m^{−∞}|⇐∪Λ^{ε−∞}, M⊎P f , Λ^{ε−∞}P f↽| ≤ m^{−∞}|R_j↼f↽| ⇓ m^{−∞} |( {Λ^ε♭Λ^{ε−∞}, M⊎Λ↽↼Λ^{−∞}P ↽f , ↼Λ^{−∞}P ↽f )| . The proof of Lemma 4▷4 is completed by using the bounds 1↽ and 2↽ of Proposition 4▷3▷ The inductive step▷ We begin by the induction step for the P_j ▷ We assume now that the bounds ↼4▷7↽ and ↼4▷9↽ have been shown for all j ≤ k▷ We want to show ↼4▷7↽ for j / k ⇁ 1▷ Using Eq▷↼4▷15↽ and Lemma 4▷4 we start by writing 2 For readers familiar with the method of H �ormander we wish to point out that this device seemed necessary because we do not have good bounds on ♭K0, ♭Q1, K0♯♯▷

26 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet R_{k⇁1}↼f↽ ≡ ( Λ^{εk⇁1−∞}M_{k⇁1,k}P_{k⇁1}f , Λ^{εk⇁1−∞}P_{k⇁1}f ) ( Λ2^{εk⇁1−∞}∪K0, Q_k♯f , Λ^{−∞}P_{k⇁1}f )

− ( Λ2^{εk⇁1−∞}S_{k⇁1}f , Λ^{−∞}P_{k⇁1}f )

≡ X1− X2 . We αrst bound X2▷ Note that S_{k⇁1} is a sum of terms of the form MT where T is equal to P_j or Q_j with j ≤ k and M ⟩∫ ⌉⟩⊔⟨⌉∇ ⊣ ⌋≀\∫⊔⊣\⊔ ≀∇ ⌉∐⊓⊣↕ ⊔≀ ≀\⌉ ≀{ ⊔⟨⌉ M_{k,ℓ}▷ Therefore we obtain using Proposition 4▷3 the inductive hypothesis and the choice 2ε_{k⇁1} ≤ ⇕⟩\_{j≤k}↼ε_j , ε^′_j ↽ / ε^′_k. |⇐Λ2^{εk⇁1−∞}MT f , Λ^{−∞}P_{k⇁1}f↽| ≤ |( MΛ2^{εk⇁1−∞}T f , Λ^{−∞}P_{k⇁1}f )| ⟩ |( {⋃Λ2^{εk⇁1−∞}, M⊎Λ↽ ↼Λ^{−∞}T ↽f , Λ^{−∞}P_{k⇁1}f )| ≤ O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) ‖f‖ ⇓ O⇐∞⇒‖f‖∈ ≤ O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) . This proves the desired bound▷ We now come to the Ψinterestingν term X1▷ The commutator is rewritten as ♭K0, Q_k♯ / −Q_kK − K^∗Q_k ⇁^1_2 ( Q_k↼K ⇁ K^∗⇒ ⇓ ⇐K ⇁ K^∗⇒Q_k ) ≡ X3⇁ X4⇁ X5 . We discuss the 3 corresponding bounds. Term X3▷ In this case we are led to bound with ε / ε_{k⇁1} T3 ≡ |⇐Q_kKf , Λ2^{ε−∈}P_{k⇁1}f↽| ℑ |⇐Kf , Q^∗_kΛ2^{ε−∈}P_{k⇁1}f↽| ℑ |⇐Kf , ↼Q^∗_kΛ2^{ε−∞}⇒⇐Λ^{−∞}P_{k⇁1}↽f↽| ≤ |⇐Kf , ↼Λ^{−∞}P_{k⇁1}↽↼Q^∗_kΛ2^{ε−∞}⇒f↽| ⇓ |⇐Kf , ♭Q^∗_kΛ2^{ε−∞}, Λ^{−∞}P_{k⇁1}♯f↽| ≡ X3_{,1}⇁ X 3_{,2} . ↼4.17↽

We start by bounding X3_{,1}▷ Since Λ^{−∞}P_{k⇁1} is bounded by Proposition 4▷3 it sufαces to show that ‖Q^∗_kΛ2^{ε−∞}f‖ ≤ C ( ‖Kf‖ ⇓ ‖f‖ ) . ↼4.18↽ To see this we αrst write using Q / Q_k ‖Q^∗Λ2^{ε−∞}f‖∈ ℑ ⇐f , Λ2^{ε−∞}QQ^∗Λ2^{ε−∞}f↽ / ‖Λ2^{ε−∞}Qf‖∈⇓ ⇐f , ♭Λ2^{ε−∞}Q, Q^∗Λ2^{ε−∞}⊎f↽ . The αrst term is bounded by the inductive hypothesis by O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) ∐{^ [~ ^[}]^~ }~ ε_{k⇁1} while the second can be bounded by O⇐∞⇒‖f‖ ∈⌊† ⌉§√⊣\⌈⟩\} ⊔⟨⌉ ⌋≀⇕⇕⊓⊔⊣⊔≀∇ ⇐⊣\⌈ ⊓∫⟩\} P∇≀√≀∫⟩⊔⟩≀\ △↙∋⇒¬ ∪Λ2^{ε−∞}Q, Q^∗Λ2^{ε−∞}⊎ ℑ ⇐Λ 2^{ε−∞}Q^∗Λ^{−∈ε}↽Λ2^ε♭Q, Λ2^{ε−∞}⊎ ⇓Λ 2^{ε−∞}∪Q, Q^∗⊎Λ2^{ε−∞}⇓ ( ⋃Λ2^{ε−∞}, Q^∗⊎Λ2^ε ) Λ^{−∞}Q . This proves Eq▷↼4▷18↽▷

Anharmonic Chains Coupled to Two Heat Baths 27 To bound X3_{,2} we use ♭P^∗_{k⇁1}, Q_k♯ / 0 and we write ♭Q^∗_kΛ2^{ε−∞}, Λ^{−∞}P_{k⇁1}♯ / ( Q^∗_kΛ^{−∞} ) ⋃Λ2^{ε−∞}, P_{k⇁1}♯ ⇁ ( ⋃Q^∗_k, Λ^{−∞}⊎Λ2^ε )( Λ^{−∈ε}P_{k⇁1}Λ2^{ε−∞} ) . Since each factor above is bounded by Proposition 4▷3 the desired bound follows. T3 ≤ O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) . Term X4▷ Here we want to bound T4 ≡ |⇐K^∗Q_kf , Λ2^{ε−∈}P_{k⇁1}f↽|↙ W⌉ }⌉⊔ T4 / |⇐K^∗Q_kf , Λ2^{ε−∈}P_{k⇁1}f↽| ℑ |⇐Q_kf , KΛ2^{ε−∈}P_{k⇁1}f↽| ≤ |⇐Λ2^{ε−∞}Q_kf , Λ^{−∞}P_{k⇁1}Kf↽| ⇓ |⇐Q_kf , ♭K, Λ2^{ε−∈}P_{k⇁1}♯f↽| ≡ X4_{,1}⇁ X 4_{,2} . ↼4.19↽

Using the inductive hypothesis and the bound ‖Λ^{−∞}P_{k⇁1}‖ ≤ O⇐∞⇒⇔ ⊔⟨⌉ ⊔⌉∇⇕ X4_{,1} is bounded by ‖Λ2^{ε−∞}Q_kf‖ ‖Λ^{−∞}P_{k⇁1}Kf‖ ≤ O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) . We write the commutator of X4_{,2} as ♭K, Λ2^{ε−∈}P_{k⇁1}♯ / Λ 2^{ε−∞} ( Λ^{−∞}∪K, P_{k⇁1}♯ ⇁ Λ^{−∞}∪K0, Λ2^{−∈ε}♯Λ2^{ε−∞}⇐Λ^{−∞}P_{k⇁1}↽ ) , since K − K0 commutes with Λ▷ Using Proposition 4▷3 and the inductive hypothesis this leads to the following bound for X4_{,2}. X4_{,2} ≤ |⇐Λ2^{ε−∞}Q_kf , Λ^{−∞}∪K, P_{k⇁1}♯f↽| ⇓ | |(Λ2^{ε−∞}Q_kf , ↼Λ^{−∞}_∪K0, Λ2^{−∈ε}_♯Λ2^{ε−∞}_{⇒⇐}Λ^{−∞}P_{k⇁1↽}f ) | | ≤ O⇐∞⇒⇐‖Kf‖ ⇓ ‖f‖⇒⇐‖f‖⇒ . This completes the bounds involving X4▷ Term X5▷ Here we bound T5 ≡ ∞∈ ( ( Q_k↼K ⇁ K^∗⇒ ⇓ ⇐K ⇁ K^∗⇒Q_k ) f , Λ2^{ε−∈}P_{k⇁1}f ) . Assume αrst k > 1 ↼and in any case we have k < n↽▷ Looking at the deαnition of K we see that in this case Q_k commutes with^1_2 ↼K ⇁ K^∗⇒ ℑ R⌉ K and we can rewrite T5 as T^′_▽ ℑ ∈ ( {∫~ K↽f , Q^∗_kΛ2^{ε−∈}P_{k⇁1}f ) . Using the Schwarz inequality and the positivity of Re K we get a bound |T^′_▽| ≤ ( {∫~ K↽f , f )_{/2}( {∫~ K↽Q^∗_kΛ2^{ε−∈}P_{k⇁1}f , Q^∗_kΛ2^{ε−∈}P_{k⇁1}f )_{/2} / ( ∫~ {Kf , f↽ )_{/2}( ∫~ {KQ^∗_kΛ2^{ε−∈}P_{k⇁1}f , Q^∗_kΛ2^{ε−∈}P_{k⇁1}f↽ )_{/2} / ( ∫~ {Kf , f↽ )_{/2}( ∫~ {Λ^{−∈ε}KQ^∗_kΛ2^{ε−∈}P_{k⇁1}f , Λ2^εQ^∗_kΛ2^{ε−∈}P_{k⇁1}f↽ )_{/2} ≡ ( ∫~ {Kf , f↽ )_{/2↼Re ↼} f 1 , f2↽↽1^{/2} .

28 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet The αrst factor is clearly bounded by ( ‖Kf‖ ⇓ ‖f‖ )_{/2▷ To bound} f 1 we expand again. f1 / Λ^{−∈ε}KQ^∗Λ2^{ε−∈}P f / ↼Λ^{−∈ε}Q^∗Λ2^{ε−∞}⇒⇐Λ^{−∞}P ↽Kf ⇁ Λ^{−∈ε}♭K, Q^∗⊎Λ2^{ε−∈}P f ⇁ Λ^{−∈ε}Q^∗∪K, Λ2^{ε−∈}⊎P f ⇁ Λ^{−∈ε}Q^∗Λ2^{ε−∈}∪K, P ♯f . The norm of the αrst term is bounded by O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) / ⊎√]{~ ∑√}√}√]]}{ // [~ }[~√ ~√⌉√ ∐√~ ^}{^~^ ^ O⇐∞⇒‖f‖↙ T≀ ⌊≀⊓\⌈ f2 we write f2 / Λ2^εQ^∗Λ2^{ε−∈}P f / Λ^{−∞}P Q^∗Λ4^{ε−∞}f ⇁ Λ2^εQ^∗Λ^{−∈ε−∞}∪Λ4^{ε−∞}, P ♯f ⇁ Λ2^ε♭Q^∗, Λ^{−∈ε−∞}⊎P Λ4^{ε−∞}f . We control the αrst term using the inductive hypothesis ↼it is here that we use the factor 4ε_{k⇁1} ≤ ε^′_k↽ and the two others by Proposition 4▷3▷ Combining these bounds we αnally get the bound T 5 ≤ O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) / ∐{^ [~{^~ [~ ]{~√∐⌈] {/} ]√ √[}{ ~}√ ∐⌈⌈ j▷ It remains to discuss the cases k / 0, 1 for the term X5▷ The commutators of Re K with Q0 ≡ RL_{,1} or with Q 1 do not vanish and hence there are additional terms in T^′_▽↙ T⟨⌉† ⊣∇⌉ ≀{ ⊔⟨⌉ {≀∇⇕ M∑ m/1 bL_{,m}↼♭R^∗_{L,m}RL_{,m}, RL_{,1}♯f , Λ2^{ε−∈}P_{k⇁1}f↽ , M∑ m/1 bL_{,m}↼♭R^∗_{L,m}RL_{,m}, Q1♯f , Λ2^{ε−∈}P_{k⇁1}f↽ . Since ♭R^∗_{L,m}RL_{,m}, RL_{,1}♯ / const.R L_{,1}δ_{m,1} and ♭R^∗_{L,m}RL_{,m}, Q1♯ / const.RL_{,m} this is obviously bounded by O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) ‖f‖↙ W⌉ ⟨⊣⊑⌉ ⌈⟩∫⌋⊓∫∫⌉⌈ \≀⊒ ⊣↕↕ ⊔⟨⌉ ⌋⊣∫⌉∫ {≀∇ ⊔⟨⌉ ⟩\⌈⊓⌋⊔⟩⊑⌉ ⌊≀⊓\⌈ ≀\ ⊔⟨⌉ P_j▷ The discussion of this step for the Q j is the same except that some simpliαcations appear because of the simpler relations Q j / ♭P j , K0♯▷ The proof of Proposition 4▷2 is complete▷ Proof of Theorem 4▷1▷ Let ε ≤ ε^′_{n⇁1}▷ We rewrite Λ2^ε / Λ 2^{ε−∈} ( ⟩ n⇁1∑ j/0 Q^∗_j Q_j ⇁ n∑ j/1 P^∗_j P_j ) . ↼4.20↽ Note now that for Q / Q_j Λ2^{ε−∈}Q^∗Q / Q^∗Λ2^{ε−∈}Q ⇁ ♭Λ2^{ε−∞}, Q^∗⊎Q . Using Proposition 4▷2 and Proposition 4▷3 we get a bound ↼f , Λ2^{ε−∈}Q^∗Qf↽ ≤ O⇐∞⇒ ( ‖Kf‖ ⇓ ‖f‖ ) ⟩ O⇐∞⇒‖f‖∈. Of course the P satisfy analogous relations▷ Since ‖Λ2^{ε−∈}f‖ ≤ O⇐∞⇒‖f‖⇔ ⊔⟨⌉ ⊣∫∫⌉∇⊔⟩≀\ ⇐△↙⇏ {≀↕↕≀⊒∫ ⌊† ∫⊓⇕⇕⟩\} ⊔⟨⌉ ⊔⌉∇⇕∫ ⟩\ E∐↙⇐△↙∈′⇒↙ T⟨⌉ √∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ △↙∞ ⟩∫ ⌋≀⇕√↕⌉⊔⌉↙ U∫⟩\} T⟨⌉≀∇⌉⇕ △↙∞ ⊒⌉ ⌋⊣\ \≀⊒ √∇≀⊑⌉ P∇≀√≀∫⟩⊔⟩≀\ ∋↙△↙ W⌉ ⟨⊣⊑⌉

A\⟨⊣∇⇕≀\⟩⌋ C⟨⊣⟩\∫ C≀⊓√↕⌉⌈ ⊔≀ T⊒≀ H⌉⊣⊔ B⊣⊔⟨∫ ∈∃ P∇≀√≀∫⟩⊔⟩≀\ △↙▽↙ I{ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ V satisαes Conditions H1 H2 and if β0 < 2 min↼βL, βR↽ there is a λ^∗ > 0 such that if the couplings satisfy |λL_{,m}|⇔ |λR_{,m}| ∈ ⇐′, λ^∗⇒ ⊔⟨⌉\ ⌊≀⊔⟨ L_{H′} ⊣\⌈ L^∗_{H′} ⟨⊣⊑⌉ ⌋≀⇕√⊣⌋⊔ ∇⌉∫≀↕⊑⌉\⊔↙ P∇≀≀{↙ W⌉ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉ ≀√⌉∇⊣⊔≀∇ K ≀\ L ∈⇐X, dx↽ has compact resolvent▷ From Theorem 4▷1 we get the bound ‖Λ^εf‖ ≤ C ( ‖⇐K − α − ∞⇒f‖ ⇓ ‖f‖ ) , ↼4.21↽ for all f ∈ S⇐X↽▷ Since by Lemma 3▷1 C^∞_′ ⇐X↽ is a core of K⇔ ⊒⌉ ∫⌉⌉⇔ ⌊† ⊔⊣‖⟩\} ↕⟩⇕⟩⊔∫⇔ ⊔⟨⊣⊔ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉ ⇐△↙∈∞⇒ ⟨≀↕⌈∫ {≀∇ ⊣↕↕ f in D↼K⇒↙ W⌉ \≀⊔⌉ ⊔⟨⊣⊔ Λ2 has compact resolvent▷ Indeed recall the deαnition Eq▷↼3▷7↽ of the effective Hamiltonian G▷ It is easily checked that αrst of all G grows quadratically in every direction of R2^{d↼n⇁M↽} for sufαciently small |λ_{i,m}|↙ S⌉⌋≀\⌈⇔ ⟩⊔ ⟩∫ ⊣↕∫≀ ⌉⊣∫⟩↕† ⊑⌉∇⟩⊘⌉⌈ ⊔⟨⊣⊔ Λ2 / 1 − n∑ j/1 ↼Δ_{pj} ⇁ Δ_{qj} ↽ ⇁ M∑ m/1 ↼Δ_{rL,m} ⇁ Δ_{rR,m}↽ ⇁ W↼p, q, r↽ , and by construction W↼p, q, r↽ ≈ n′∑ j/1 a2L ( {∇_{pj} G↽2⇁ ↼∇_{qj} G↽2 ) ⟩ n∑ j/n′⇓∞ a2R ( {∇_{pj} G↽2⇁ ↼∇_{qj} G↽2 )

⟩ M∑ m/1 ( a2L↼∇_{rL,m}G↽2⇁ a2R↼∇_{rR,m}G↽2 ) , up to bounded terms▷ Thus W↼p, q, r↽ diverges in all directions of R2^{d↼n⇁M↽}▷ Using the Rellich criterion ↼see ♭RS♯ Thm XII▷67↽ we conclude that Λ ε has compact resolvent for every ε > 0▷ Therefore Eq▷↼4▷21↽ implies using again the Rellich criterion that ↼K−α−∞⇒^∗⇐K− α − ∞⇒ ⟨⊣∫ ⌋≀⇕√⊣⌋⊔ ∇⌉∫≀↕⊑⌉\⊔↙ W⌉ ⌋↕⊣⟩⇕ ⊔⟨⟩∫ ⟩⇕√↕⟩⌉∫ ⊔⟨⊣⊔ K ⟩⊔∫⌉↕{ ⟨⊣∫ ⌋≀⇕√⊣⌋⊔ ∇⌉∫≀↕⊑⌉\⊔↙ I\⌈⌉⌉⌈⇔ ∫⟩\⌋⌉ K − α − ∞ ⟩∫ ∫⊔∇⟩⌋⊔↕† maccretive its inverse exists and therefore the operator ( {K − α − ∞⇒^∗⇐K − α − ∞⇒ )_{−∞ℑ ⇐⇐} K − α − ∞⇒^∗⇒^{−∞}⇐K − α − ∞⇒^{−∞}⌉§⟩∫⊔∫ ⊣\⌈ ⟩∫ ⌋≀⇕√⊣⌋⊔↙ T⟨⟩∫ ⟩⇕√↕⟩⌉∫ ⊔⟨⊣⊔ ⇐K−α−∞⇒ −∞⟩∫ ⌋≀⇕√⊣⌋⊔ ⊣\⌈ ⟨⌉\⌋⌉ K ⟨⊣∫ ⌋≀⇕√⊣⌋⊔ ∇⌉∫≀↕⊑⌉\⊔ ⊣∫ ⊣∫∫⌉∇⊔⌉⌈↙ F⟩\⊣↕↕†⇔ ⊒⌉ √∇≀⊑⌉ P∇≀√≀∫⟩⊔⟩≀\ ∋↙▽↙ W⌉ ⟨⊣⊑⌉ ⊔⟨⌉ {≀↕↕≀⊒⟩\} P∇≀√≀∫⟩⊔⟩≀\ △↙↙̸ L⌉⊔ g denote an eigenvector of L_{H′} ≀∇ L^∗_{H′} ↙ I{ ⊔⟨⌉ ⊣∫∫⊓⇕√⊔⟩≀\∫ ≀{ P∇≀√≀∫⟩⊔⟩≀\ ∋↙△ ⊣∇⌉ ∫⊣⊔⟩∫⊘⌉⌈ ⊔⟨⌉\ g exp↼β 0G/2↽ is in the Schwartz space S⇐X↽▷ Proof▷ We prove the corresponding statement for the operator K ≀\ L∈⇐X, dx↽▷ We consider the set of C^∞ ⊑⌉⌋⊔≀∇∫ ≀{ e^{Kt} i▷e the set C^∞⇐K⇒ ≡ {f ∈ L∈⇐X, dx↽ , e^{Kt}f ∈ C^∞⇐R^⇓, L2↼X, dx↽↽} . The set C^∞⇐K⇒ ≀⌊⊑⟩≀⊓∫↕† ⌋≀\⊔⊣⟩\∫ ⊣↕↕ ⌉⟩}⌉\⊑⌉⌋⊔≀∇∫ ≀{ K↙ T⟨⌉∇⌉{≀∇⌉ P∇≀√≀∫⟩⊔⟩≀\ △↙ ̸⟩∫ ⊣ ⌈⟩∇⌉⌋⊔ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ≀{ ⊔⟨⌉ {≀↕↕≀⊒⟩\} √∇≀√≀∫⟩⊔⟩≀\↙ P∇≀√≀∫⟩⊔⟩≀\ △↙↙ C^∞⇐K⇒ ℑ S⇐X↽▷

30 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet Proof▷ By Theorem 1▷43 in ♭Da♯ we have the following characterization of C^∞⇐K⇒¬ C^∞⇐K⇒ ℑ ∩_{n≥′} D↼K^n↽ , where D↼K^n↽ / {f ∈ D↼K^{n−∞}⇒, K^{n−∞}f ∈ D↼K⇒}↙ S⟩\⌋⌉ S⇐X↽ ⊂ D↼K⇒ ⊣\⌈ KS⇐X↽ ⊂ S⇐X↽ we have the easy inclusion S⇐X↽ ⊂ ∩_nD↼K^n↽ / C^∞⇐K⇒ . To show the inclusion in the other direction we will need the following Theorem which we will prove in Appendix C▷ This is a ↼slight↽ generalization of the core Theorem ♭Da♯ Thm 1▷9▷ Theorem 4▷8▷ Let B ⌊⌉ ⊣ B⊣\⊣⌋⟨ ∫√⊣⌋⌉↙ L⌉⊔ A . D↼A↽ → B ⌊⌉ ⇕↖⊣⌋⌋∇⌉⊔⟩⊑⌉↙ F≀∇ ⊣↕↕ n / 1, 2, . . . if D ⟩∫ ⊣ ∫⊓⌊∫⌉⊔ ≀{ D↼A^n↽ and is dense in B ⊣\⌈ {⊓∇⊔⟨⌉∇⇕≀∇⌉ D ⟩∫ ⟩\⊑⊣∇⟩⊣\⊔ ⊓\⌈⌉∇ ⊔⟨⌉ ∫⌉⇕⟩↖}∇≀⊓√ e^{At} then D ⟩∫ ⊣ ⌋≀∇⌉ {≀∇ A^n▷ Given this result we αrst show that S⇐X↽ is invariant under e Kt▷ For s ≥ ′ ⊒⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ∫⌋⊣↕⌉ ≀{ ∫√⊣⌋⌉∫ N_s given by N_s / D↼Λ^s↽ with the norm ‖f‖ ⇐_{s↽} / ‖Λ^sf‖↙ F≀∇ s ≤ ′ ⊒⌉ ↕⌉⊔ N_s be the dual of N_{−s}▷ From the deαnition of Λ 2 it is easy to see that {‖ · ‖⇐_{s↽} , s / 0, 1, · · ·} ⟩∫ ⊣ ∫†∫⊔⌉⇕ ≀{ ∫⌉⇕⟩↖\≀∇⇕∫ {≀∇ ⊔⟨⌉ ⊔≀√≀↕≀}† ≀{ S⇐X↽ and hence S⇐X↽ / ∩_sN_s▷ To show that S⇐X↽ is left invariant by the semigroup eKt generated by K⇔ ⟩⊔ ⟩∫ ⌉\≀⊓}⟨ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ e^{Kt}N_s ⊂ N_s for all s ≥ ′ . For f g in S⇐X↽ we have the identity ( Λ^{−s}e^{K∗t}Λ^sf , g ) ( f , Λ^se^{Kt}Λ^{−s}g ) ( f , g ) ⟩ ∫_t 0 dτ ( f , Λ^sKe^{Kτ} Λ^{−s}g ) ( f , g ) ⟩ ∫_t 0 dτ ( f , ↼K ⇓ B↽Λ^se^{Kτ} Λ^{−s}g ) ( f , g ) ⟩ ∫_t 0 dτ ( Λ^{−s}e^{K∗τ} Λ^s↼K^∗ ⇓ B^∗⇒f , g ) ,

↼4.22↽

where B / ♭Λ^s , K⊎Λ^{−s} , is a bounded operator by Proposition 4▷3▷ From ↼4▷22↽ we see that d dt Λ^{−s}e^{K∗t}Λ^sf / Λ^{−s}e^{K∗t}Λ^s↼K^∗ ⇓ B^∗⇒f . ↼4.23↽ Now K^∗ ⟩∫ ⊔⟨⌉ }⌉\⌉∇⊣⊔≀∇ ≀{ ⊣ ∫⊔∇≀\}↕† ⌋≀\⊔⟩\⊓≀⊓∫ ∐⊓⊣∫⟩↖⌊≀⊓\⌈⌉⌈ ∫⌉⇕⟩↖}∇≀⊓√⇔ B^∗ ⟩∫ ⌊≀⊓\⌈⌉⌈ ⊣\⌈ ∫≀⇔ ∪K⊣⊎⇔ C⟨⊣√↙∃⇔ T⟨⇕ ∈↙⇔ K ∗ ⇓ B ∗ ⊒⟩⊔⟨ ⌈≀⇕⊣⟩\ D↼K ∗⇒ ⟩∫ ⊔⟨⌉ }⌉\↖ ⌉∇⊣⊔≀∇ ⊣ ∫⊔∇≀\}↕† ⌋≀\⊔⟩\⊓≀⊓∫ ∐⊓⊣∫⟩↖⌊≀⊓\⌈⌉⌈ ∫⌉⇕⟩↖}∇≀⊓√ e ↼K ∗⇓B∗⇒t with ‖e ↼K ∗⇓B∗⇒t ‖ ≤ e↼^{α⇁‖B∗‖⇒t}▷ From ↼4▷23↽ we see that e↼^{K∗⇓B∗⇒t} / Λ^{−s}e^{K∗t}Λ^s . Thus we obtain

Anharmonic Chains Coupled to Two Heat Baths 31 ‖Λ^{−s}e^{K∗t}Λ^s‖ ≤ e↼^{α⇁‖B∗‖⇒t} , and so e^{K∗t} . N_{−s} → N_{−s} s > 0 is bounded▷ By duality e^{Kt} . N_s → N_s s > 0 is also bounded▷ This implies that e^{Kt}N_s ⊂ N_s , s > 0 , and therefore S⇐X↽ is invariant under e^{Kt}▷ We now use Theorem 4▷1▷ Let f ∈ S⇐X↽ then replacing f by Λ mf in Eq▷↼4▷6↽ we obtain ‖f‖⇐_{m⇁ε↽} ≤ O⇐∞⇒ ( ‖KΛ^mf‖ ⇓ ‖f‖⇐_{m↽} ) ≤ O⇐∞⇒ ( ‖Kf‖⇐_{m↽} ⇁ ‖∪K, Λ^m♯f‖ ⇓ ‖f‖⇐_{m↽} ) . Since ‖∪K, Λ^m♯f‖ ℑ ‖Λ^m♭K, Λ^{−m}♯Λ^mf‖ , and since Λ^m♭K, Λ^{−m}♯ is bounded by Proposition 4▷3 we obtain the bound ‖f‖⇐_{m⇁ε↽} ≤ O⇐∞⇒ ( ‖Kf‖⇐_{m↽} ⇁ ‖f‖ ⇐_{m↽} ) . ↼4.24↽ Using ↼4▷24↽ it is easy to see by induction that for n / 1, 2, · · · ⊒⌉ ⟨⊣⊑⌉ ‖f‖⇐_{nε↽} ≤ O⇐∞⇒ n∑ j/0 ( n j ) ‖K^jf‖ . ↼4.25↽ Since S⇐X↽ is a core for K^n by Theorem 4▷8 we see by taking limits that D↼K^n↽ ⊂ N_{nε} . Therefore C^∞⇐K⇒ ℑ ∩_nD↼K^n↽ ⊂ ∩_nN_{nε} / S⇐X↽ . And this concludes the proof of Proposition 4▷7▷

Appendix A. Proof of Lemma 3▷1 If x↼t↽ / ξ↼t, w, x↽ denotes the solution of ↼3▷1↽ it has the cocycle property ξ↼t, τ^sw, ξ↼s, w, x↽↽ / ξ↼t ⇁ s, w, x↽ , which holds for all t, s ∈ R⇔ x ∈ X and w ∈ W↙ H⌉∇⌉ ⊒⌉ ⟨⊣⊑⌉ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⊔⟨⌉ ∫⟨⟩{⊔ ⇐τ^tw↽↼s↽ / w↼t ⇁ s↽ on W↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊔⟨⌉ ⇕⊣√ x → ξ↼t, w, x↽ is a bijection with inverse x → ξ↼−t, τ^tw, x↽▷ A standard argument shows that these maps are actually diffeomorphisms ↼see e▷g▷ ♭IW♯ Ch▷ V▷2↽▷ The Jacobian of ξ↼t, w, ·⇒ ⟩∫ }⟩⊑⌉\ ⌊† J↼t, w, ·⇒ ℑ |⌈⌉⊔D_xξ↼t, w, ·⇒| ℑ e ∫_t 0 ds div b∘ξ↼s,w,·⇒, and according to ↼3▷2↽ the Jacobian satisαes e^{−B|t|} ≤ J↼t, w, x↽ ≤ e^{B|t|} . Remark▷ In our case we have in fact

32 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet div b / −d ∑ i,m γ_{i,m} ≡ −Γ < 0 , so that J↼t, w, ·⇒ ℑ e^{−Γ t} . The Lemma 3▷1 is an immediate consequence of the following lemmata▷ Lemma A▷1▷ T^t extends to a strongly continuous quasibounded semigroup of posi tivity preserving operators on L 2↼X, dx↽▷ Its generator is the closure of L▷ Proof▷ Let f ∈ C^∞_′ ⇔ ⊔⟨⌉\ ⊒⌉ ⟨⊣⊑⌉ ‖T^tf‖∈ ℑ ↕⟩⇕_{R→∞} ∫ |x|<R dx |T^tf↼x↽|∈ ℑ ↕⟩⇕_{R→∞} ∫ ^ χ_{{|x|<R}} | ⟩ [ f ∘ ξ↼t, w, x↽ ]|

≤ ↕⟩⇕_{R→∞} ∫ ^ χ_{{|x|<R}}E [ |f|∈∘ ξ↼t, w, x↽ ]

≤ ↕⟩⇕_{R→∞} E [∫ ^ χ_{{|x|<R}}|f|∈∘ ξ↼t, w, x↽ ]

≤ ↕⟩⇕_{R→∞} E [∫ ^ χ_{{|x|<R}} ∘ ξ↼−t, τ^tw, y↽|f|∈⇐y↽J↼−t, τ^tw, y↽ ]

≤ ↕⟩⇕_{R→∞} E [∫ ^ |f|∈⇐y↽e^{Bt} ] e^{Bt}‖f‖∈. Thus T^t extends to a bounded operator on L^2↼X, dx↽ by continuity▷ A simple approx imation argument shows that T^t is weakly continuous at t / 0 and hence since it is obviously a semigroup strongly continuous▷ Positivity is evident▷ Now let f ∈ C^∞_′ ⇐X↽ then ♭↼1/t↽↼T^t − ∞⇒f − Lf♯↼x↽ / ∫_t 0 ds↼1/t↽↼T^s − ∞⇒Lf↼x↽ , from which we conclude that the generator~L of T^t on L^2↼X, dx↽ satisαes L ⊂~L▷ From the inequality Re ↼f, Lf↽ / −∞∈‖σ^T ∇f‖∈− ⇐f , div bf↽ ≤ B‖f‖∈, and the fact that C^∞_′ ⊂ D↼L^∗⇒ ⊣\⌈ R⌉ ⇐f, L^∗f↽ / − ∞∈‖σ^T ∇f‖∈⇓ ⇐f , div bf↽ ≤ B‖f‖∈, one concludes that. ↼i↽ L is accretive▷ ↼ii↽ The range of ↼λ − L↽ is dense for Re ↼λ↽ > B▷ Hence by the LumerPhillips Theorem ↼see for example ♭Da♯ Theorem 2▷25↽ the closure L generates a quasibounded semigroup on L2↼X, dx↽▷ Since such generators are maximal accretive we conclude that~L / L▷ We shall now consider the Markov semigroup on weighted L2spaces ↼such as H′⇒ ≀{ ⊔⟨⌉ {≀∇⇕ H_S / L^2↼X, e^{−S} dx↽ , where S ∈ C^∞⇐X↽ and e^{−S} ∈ L∞⇐X, dx↽ is normalized ↼‖e^{−S} ‖∞ℑ ∞⇒↙ W⌉ ⊣↕∫≀ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ b_S ≡ D∇S with D as in Eq▷↼3▷3↽ satisαes the condition ‖⌈⟩⊑ b_S ‖_∞ < ∞ . ↼A.1↽

Anharmonic Chains Coupled to Two Heat Baths 33 The action of T^t on H_S is obviously equivalent to that of e^{−S/2}T^te^{S/2} on L 2↼X, dx↽▷ For f ∈ C^∞_′ ⇐X↽ Itoφs formula gives ↼e^{−S/2}T^te^{S/2}↽f↼x↽ / E [ e↼^{S↼x↼t↽↽−S↼x↼0↽↽↽/2}f↼x↼t↽↽|x↼0↽ / x ] ⟩ [ e 12∫^t_{0 ds ↼LS↽↼x↼s↽↽⇁}1_2 ∫^t_{0 dw↼s↽↼σ}T_{∇S↽↼x↼s↽↽} f↼x↼t↽↽|x↼0↽ / x ] ⟩ [ D↼t↽e 12∫^t_{0 ds RS ↼x↼s↽↽} f↼x↼t↽↽|x↼0↽ / x ] , where D↼t↽ / e ∫_t 0 dw↼s↽12↼σT ∇S↽↼x↼s↽↽−∞∈ ∫_t 0 ds |∞∈σT ∇S|∈⇐x↼s↽↽ R_S ↼x↽ / ↼LS↽↼x↽ ⇁ 1 2 ↼∇S · D∇S↽↼x↽ / div ↼b_S ↽ ⇁ ↼b ⇁ 1 2 b_S ↽ · ∇S . By the Girsanov formula we obtain ↼e^{−S/2}T^te^{S/2}f↽↼x↽ / E [ e 12∫^t_{0 ds RS ↼y↼s↽↽} f↼y↼t↽↽|y↼0↽ / x ] , where y↼t↽ is the Markovian diffusion process deαned by the equation y↼t↽ / y↼0↽ ⇁ ∫_t 0 ds ↼b ⇁ b_S↽↼y↼s↽↽ ⇁ σ↼w↼t↽ − w↼0↽↽ . Assuming that R_S is bounded above. Σ_S / sup_{x∈X} R_S ↼x↽ < ∞ , and denoting by T^t_S the semigroup on L^2↼X, dx↽ associated with the process y↼t↽ by Lemma A▷1 we get |⇐e^{−S/2}T^te^{S/2}f↽↼x↽| ≤ e 12_{ΣS t↼} T^t_S |f|⇒⇐x↽ , from which one concludes that e^{−S/2}T^te^{S/2} extends to a strongly continuous quasi bounded semigroup of positivity preserving operators on L 2↼X, dx↽▷ By the FeynmanKac formula ↼or CameronMartin↽ we can conclude that the gen erator of this semigroup is given on C^∞_′ ⇐X↽ by L_S / ∇ · D∇ ⇓ ⇐b ⇁ b_S ↽ · ∇ ⇓ ∞ ∈ R_S / e^{−S/2}Le^{S/2} . Repeating the argument of Lemma A▷1 we conclude that L_S is the generator▷ Since C^∞_′ ⇐X↽ is invariant by e^{±S/2} we get Lemma A▷2▷ Let S ∈ C ∞⇐X↽ be such that ↼i↽ b_S / D∇S satisαes Condition ↼A▷1↽ ↼ii↽ sup_{x∈X} ↼b ⇁ 12b_S ↽ · ∇S↼x↽ < ∞↙ T⟨⌉\ ⊔⟨⌉ ∫⌉⇕⟩↖}∇≀⊓√ T^t extends to a strongly continuous quasibounded semigroup on H_S ▷ Moreover C^∞_′ ⇐X↽ is a core for its generator▷ Now Lemma 3▷1 is a direct consequence of Lemma A▷2▷ Indeed we apply Lemma A▷2 to

34 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet S↼x↽ / β0G↼p, q, r↽ , where G is given by ↼3▷7↽▷ We see that Condition ↼i↽ of Lemma A▷2 is satisαed since G↼p, q, r↽ is of the form quadratic ⇁ bounded▷ An explicit computation shows that the assumption β0 < 2 min↼βL, βR↽ , implies that Condition ↼ii↽ of Lemma A▷2 is satisαed and that the semigroup satisαes the bound ‖T^t‖ ≤ e^{αt} where α is given by Eq▷↼3▷10↽▷

Appendix B. Proof of Proposition 4▷3 To prove the claims it is useful to introduce some machinery which replaces the pseudo differential calculus which seems unavailable for the class of operators we want to consider▷ This may be useful in its own right▷ Let F⇔ ⊣∫ ⟩\ ⊔⟨⌉ H†√≀⊔⟨⌉∫⌉∫ H∞⇔ H∈ ⌈⌉\≀⊔⌉ ⊔⟨⌉ ⌋↕⊣∫∫ ≀{ {⊓\⌋⊔⟩≀\∫ ≀{ q ∈ R^{dn} which are bounded together with all their derivatives▷ Let Y ⌈⌉\≀⊔⌉ ⊔⟨⌉ ↕⟩\⌉⊣∇ ∫√⊣⌋⌉ ≀{ ≀√⌉∇⊣⊔≀∇∫ ∫√⊣\\⌉⌈ ⌊† f↼q↽q^m∂^{m′}_q p^n∂^{n′}_p r^ℓ∂^{ℓ′}_r , ↼B.1↽ where f ∈ F↙ ⇐T⟨⌉ \≀⊔⊣⊔⟩≀\ ⟩∫ ∫↕≀√√†⇔ ⊒⌉ ∇⌉⊣↕↕† ⇕⌉⊣\ ⌋≀⇕√≀\⌉\⊔∫ ν / 1, . . . , d of each of these quantities▷↽ We shall say that the quantities in Eq▷↼B▷1↽ are of degree m ⇁ m^′ ⇓ n ⇁ n^′ ⇓ ℓ ⇁ ℓ^′↙ W⌉ ↕⌉⊔ Y^s denote the subspace of Y ∫√⊣\\⌉⌈ ⌊† ⊔⟨⌉ ⌉§√∇⌉∫∫⟩≀\∫ ≀{ ⌈⌉}∇⌉⌉ ↕⌉∫∫ ⊔⟨⊣\ ≀∇ ⌉∐⊓⊣↕ ⊔≀ s▷ Clearly the operators Z and M ≀{ P∇≀√≀∫⟩⊔⟩≀\ △↙∋ ⊣∇⌉ ⟩\ Y∞⊣\⌈ Y′⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†⇔ ⊒⟨⟩↕⌉ K0 and Λ2 are in Y∈↙ B⌉↕≀⊒⇔ ⊒⌉ ∫⟨⊣↕↕ ⊓∫⌉ ⊔⟨⟩∫⇔ ⌊⊓⊔ ⊣↕∫≀ ⊣\ ⊣⌈⌈⟩⊔⟩≀\⊣↕ √∇≀√⌉∇⊔† ≀{ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ V ▷ We have Lemma B▷1▷ One has the inclusion ♭Λ2, Y^s♯ ⊆ Y^{s⇁1} . ↼B.2↽ Furthermore Y ∈ Y′ ⌈⌉⊘\⌉∫ ⊣ ⌊≀⊓\⌈⌉⌈ ≀√⌉∇⊣⊔≀∇↙ P∇≀≀{↙ B† ⟩\∫√⌉⌋⊔⟩≀\↙ P∇≀√≀∫⟩⊔⟩≀\ B↙∈↙ A∫∫⊓⇕⌉ ⊔⟨⊣⊔ Y ∈ Y^j for some j ∈ {′, 1, . . .}↙ T⟨⌉\ Λ^βY Λ^γ ↼B.3↽ deαnes a bounded operator on L2↼X, dx↽ when β ⇁ γ ≤ −j . Let Z be an operator in Y↙ A∫∫⊓⇕⌉ ⊔⟨⊣⊔ ∪Λ2, Z♯ ∈ Y^j for some j ∈ {′, 1, . . .}↙ T⟨⌉\ Λ^β♭Λ^{−α}, Z♯Λ^γ ↼B.4↽ deαnes a bounded operator on L2↼X, dx↽ for all α β and γ satisfying β ⇁ γ ≤ α − j ⇁ 2 .

Anharmonic Chains Coupled to Two Heat Baths 35 We will give bounds on various quantities involving Y^s▷ For this we will use throughout the following device. Lemma B▷3▷ Let A z be a bounded continuous operatorvalued function of z and let F ↼λ, z↽ be a real positive continuous bounded function▷ Then ‖ ∫_∞ ′ ⌈z A_zF ↼Λ, z↽u‖ ≤ ∫⊓√_{y≥′} ‖A_y‖ ‖u‖ ∫_∞ ′ ⌈z sup_{λ≥∞}F ↼λ, z↽ . ↼B.5↽ If furthermore A / A_z is independent of z one has the bound ‖ ∫_∞ ′ ⌈z AF ↼Λ, z↽u‖ ≤ ‖A‖ ‖u‖ ∫⊓√_{λ≥∞} ∫_∞ ′ ⌈z F ↼λ, z↽ . ↼B.6↽

Proof▷ Note αrst that ‖ ∫_∞ ′ ⌈z A_zF ↼Λ, z↽u‖ ≤ ∫_∞ ′ ⌈z ‖A_z‖ ‖F ↼Λ, z↽u‖ . Since Λ as an operator satisαes Λ ≥ ∞ ⊒⌉ ⊣↕∫≀ ⟨⊣⊑⌉ {∇≀⇕ ⊔⟨⌉ ∫√⌉⌋⊔∇⊣↕ ⊔⟨⌉≀∇⌉⇕¬ ‖F ↼Λ, z↽‖ ≤ ∫⊓√_{λ≥∞}F ↼λ, z↽ . Thus Eq▷↼B▷5↽ follows▷ In a similar way. ‖ ∫_∞ ′ ⌈z AF ↼Λ, z↽u‖ ≤ ‖A‖ ‖ ∫_∞ ′ ⌈z F ↼Λ, z↽‖ ‖u‖ ≤ ‖A‖ ‖u‖ ∫⊓√_{λ≥∞} ∫_∞ ′ ⌈z F ↼λ, z↽ , which is ↼B▷6↽▷ The proof of Lemma B▷3 is complete▷ We shall also make use of the following identity valid for α ∈ ⇐′, 2↽ ♭Ka♯ Thm▷ V▷3. Λ^{−α} /^{sin↼} πα/2↽ π ∫_∞ ′ ⌈z z^{−α/2}↼z ⇁ Λ2↽^{−∞}. ↼B.7↽ We also let C_{−α} / sin↼πα/2↽/π▷ Proof of Proposition B▷2▷ It is obvious that if we show the claim for β ⇁ γ / −j then it also follows for β ⇁ γ < −j▷ By the deαnition of Y^j and observing that f↼q↽ is bounded and by the explicit form of Λ2 we see that the claim holds when γ / 0▷ We next consider the case β ⇁ γ ≤ ′⇔ −∞ ≤ γ < 0▷ In this case we write Λ^βY Λ^γ / Y Λ^{β⇁γ} ⇁ Λ^β ♭Y, Λ^γ ♯ . The αrst term is clearly bounded as in the case γ / 0 by considering adjoints▷ The second term can be written as Λ^β♭Y, Λ^γ ♯ / C_γ ∫_∞ ′ ⌈z z^{γ/2}Λ^β [ Y, 1 z ⇁ Λ2 ]

C_γ ∫_∞ ′ ⌈z z^{γ/2} Λ^β z ⇁ Λ2 ♭Y, Λ2♯ 1 z ⇁ Λ2 . ↼B.8↽

By Lemma B▷1 we see that ♭Y, Λ2♯ ∈ Y^{j⇁1} and thus we get using Eq▷↼B▷5↽

36 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet ‖ ‖Λ^β_♭Y, Λ^γ_♯ ‖ ‖ ≤ C_{γ sup} y≥′ ‖ ‖ Λ^β y ⇁ Λ2 ♭Y, Λ2♯ ‖ ‖ ∫_∞ ′ ⌈z z^{γ/2} sup_{λ≥∞}^∞ z ⇁ λ2 . The norm is bounded because γ ∈ ∪−∞, 0↽ and thus β − ∈ ⇓ j ⇁ 1 ≤ β ⇁ γ ⇁ j / 0▷ The sup over λ is ↼1 ⇁ z↽^{−∞}⊣\⌈ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ ⌋≀\⊑⌉∇}⌉∫ ⌊⌉⌋⊣⊓∫⌉ γ ∈ ∪−∞, 0↽▷ We now proceed to the other choices of γ by induction▷ We αrst deal with negative γ▷ Assume we have shown that Λ^β Y Λ^{γ′} ⟩∫ ⌊≀⊓\⌈⌉⌈ {≀∇ ⊣↕↕ γ^′ ∈ ∪−τ, 0♯ and assume that γ ∈ ∪−τ − ∞, −τ↽ and Y ∈ Y^j ▷ We write Λ^βY Λ^γ / Λ^{β−∞}Y Λ^{γ⇁1} ⇁ Λ^β♭Y, Λ^{−∞}⊎Λ^{γ⇁1} . The αrst term is bounded by the inductive hypothesis▷ To bound the second we apply again the method used in Eq▷↼B▷8↽▷ Then we get Λ^β♭Y, Λ^{−∞}⊎Λ^{γ⇁1} / C_{−∞} ∫_∞ ′ ⌈z z^{−∞/2} Λ^β z ⇁ Λ2 ♭Y, Λ2♯ Λ^{γ⇁1} z ⇁ Λ2 . Since ♭Y, Λ2♯ ∈ Y^{j⇁1} we see from the inductive hypothesis that sup y≥′ ‖ ‖ ‖Λ^β 1 y ⇁ Λ2 ♭Y, Λ2♯Λ^{γ⇁1} ‖ ‖ ‖ ≤ ‖ Λ^{β−∈}∪Y, Λ2♯Λ^{γ⇁1} ‖

]√ ^}{^~^ ∐{^ [~{^~/ √]{~ {/}/ ~ ^∐{ ^}⌉√⌈~~ [~ ]{^^]~ √~√/ ⋂[~ ^∐√~ γ > 0 is handled by observing that Y ∈ Y^j implies Y^∗ ∈ Y^j and bounding Λ β Y Λγ by bounding Λ γ Y ∗Λβ▷ This completes the proof of the αrst part of Proposition B▷2▷ To prove the second part we αrst consider the case α ∈ ⇐′, 2↽▷ In this case using Eq▷↼B▷7↽ we write Λ^β♭Λ^{−α}, Z♯Λ^γ as C_{−α} ∫_∞ ′ ⌈z z^{−α/2}Λ^β [ z ⇁ Λ2 , Z ] Λ^γ / C_{−α} ∫_∞ ′ ⌈z z^{−α/2} Λ^β z ⇁ Λ2 [ Λ2 , Z ] Λ^γ z ⇁ Λ2 . ↼B.9↽

We let B / ♭Λ2, Z♯ use another commutator and rewrite ↼B▷9↽ as C_{−α} ∫_∞ ′ ⌈z z^{−α/2}Λ^βB Λ^γ ↼z ⇁ Λ2↽2 ⇁ C_{−α} ∫_∞ ′ ⌈z z^{−α/2} Λ^β z ⇁ Λ2 [ Λ2, B ] Λ^γ ↼z ⇁ Λ2↽2 ≡ C_{−α}↼X1⇁ X2↽ . We αrst bound X1▷ We get using Eq▷↼B▷6↽ ‖X1u‖ ℑ ‖ ‖ ‖Λ^βBΛ^{−j−β} ∫_∞ ′ ⌈z z^{−α/2} Λ^{j⇁β⇁γ} ↼z ⇁ Λ2↽2 u ‖ ‖ ‖ ≤ ‖u‖ ‖ Λ^βBΛ^{−j−β} ‖ √√ λ≥∞ ∫_∞ ′ ⌈z z^{−α/2} λ^{j⇁β⇁γ} ↼z ⇁ λ2↽2 ≤ ‖u‖ ‖ ‖Λ^βBΛ^{−j−β} ‖ ‖ √√ λ≥∞ ∫_∞ ′ ⌈s s^{−α/2}λ2^{−α} λ^{j⇁β⇁γ} ↼s ⇁ 1↽2λ4 .

Anharmonic Chains Coupled to Two Heat Baths 37 Since by assumption B ∈ Y^j the norm is bounded and the integral is bounded because β ⇁ γ ≤ α − j ⇁ 2 by assumption▷ To bound X2 we αrst observe that by assumption and by Lemma B▷1 C / ♭Λ2, B♯ is in Y^{j⇁1}▷ Therefore using Eq▷↼B▷5↽ we αnd the following bound for X 2. ‖X2u‖ ℑ ‖ ‖ ‖ ∫_∞ ′ ⌈z z^{−α/2} Λ^β z ⇁ Λ2 CΛ1^{−j−β} · Λ^{j−∞⇓β⇁γ} ↼z ⇁ Λ2↽2 u ‖ ‖ ‖ ≤ ‖u‖ ∫⊓√_{y≥′} ‖ ‖ ‖ Λ^β y ⇁ Λ2 CΛ1^{−j−β} ‖ ‖ ‖ ∫_∞ ′ ⌈z z^{−α/2} sup_{λ≥∞} λ^{j−∞⇓β⇁γ} ↼z ⇁ λ2↽2 . This is clearly bounded when β ⇁ γ ≤ α − j ⇁ 2 and α ∈ ⇐′, 2↽▷ This completes the second part of Proposition B▷2 when α ∈ ⇐′, 2↽▷ If α / 0 the assertion is trivial▷ The case α / 2 is handled by considering the identity. ♭Λ^{−∈}, Z♯ / Λ^{−∈}∪Λ2, Z♯Λ^{−∈} . The cases when α > 2 follow inductively by using the identity. Λ^β♭Λ^{−α−∈}, Z♯Λ^γ / Λ^{β−∈}∪Λ^{−α}, Z♯Λ^γ ⇁ Λ^β♭Λ^{−∈}, Z♯Λ^{γ−α} . The cases when α < 0 follow by similar identities The proof of Proposition B▷2 is complete▷ Proof of Proposition 4▷3▷ The Proposition 4▷3 is a simple consequence of Proposition B▷2▷ Since Z is in Y∞⇔ ⊔⟨⌉ ⌋↕⊣⟩⇕ ∈⇒ ⟩∫ ⌋≀⊑⌉∇⌉⌈ ⌊† ⊔⟨⌉ ⌊≀⊓\⌈ ≀\ ⇐B↙∋⇒↙ W⌉ \⌉§⊔ √∇≀⊑⌉ ∋⇒↙ T⟨⌉ ≀√⌉∇⊣⊔≀∇ K0 is in Y∈ ⊣\⌈ Z is in Y∞↙ P≀⊒⌉∇ ⌋≀⊓\⊔⟩\} ⊒≀⊓↕⌈ ∫⊓}}⌉∫⊔ ⊔⟨⊣⊔ ∪K0, Z♯ ∈ Y∈↙ H≀⊒⌉⊑⌉∇⇔ ⌊† C≀\⌈⟩⊔⟩≀\ H∞⇔ ⊒⌉ ‖\≀⊒ ⊔⟨⊣⊔ ∇_{qj} V equals a linear term plus a term in Y′⇔ ⊣\⌈ ⟨⌉\⌋⌉ ⌉§√↕⟩⌋⟩⊔ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ∫⟨≀⊒∫ ⊔⟨⊣⊔ ∪K0, Z♯ ∈ Y∞↙ H⌉\⌋⌉ ⊔⟨⌉ ⊣∫∫⌉∇⊔⟩≀\ ⟩∫ ⌋≀⊑⌉∇⌉⌈ ⌊† ⊔⟨⌉ ⌊≀⊓\⌈ ≀\ ⇐B↙∋⇒↙ S⟩\⌋⌉ M ∈ Y′ ⊒⌉ ∫⌉⌉ {∇≀⇕ L⌉⇕⇕⊣ B↙∞ ⊔⟨⊣⊔ ∪M, Λ2♯ ∈ Y∞⇔ ⊣\⌈ ⊔⟨⌉∇⌉{≀∇⌉ ⊔⟨⌉ ⌋↕⊣⟩⇕ ∞⇒ {≀↕↕≀⊒∫ {∇≀⇕ ⊔⟨⌉ ⌊≀⊓\⌈ ≀\ ⇐B↙△⇒↙ U∫⟩\} ⊣}⊣⟩\ ⌉§√↕⟩⌋⟩⊔ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ⊣\⌈ C≀\⌈⟩⊔⟩≀\ H∞ ⊒⌉ ∫⌉⌉ ⊔⟨⊣⊔ ∪Z, Λ2♯ is in Y∞⇐⊣\⌈ \≀⊔ ≀\↕† ⟩\ Y∈⇒ ⊣\⌈ ∪K0, Λ2♯ is in Y∈⇐⊣\⌈ \≀⊔ ≀\↕† ⟩\ Y∋⇒⇔ ⊣\⌈ ⟨⌉\⌋⌉ ⊔⟨⌉ ⌋⊣∫⌉∫ △⇒ ⊣\⌈ ▽⇒ {≀↕↕≀⊒ ⌊† ⊣√√↕†⟩\} ⊣}⊣⟩\ ⊔⟨⌉ ⌊≀⊓\⌈ ≀\ ⇐B↙△⇒↙ T⟨⌉ √∇≀≀{ ≀{ P∇≀√≀∫⟩⊔⟩≀\ △↙∋ ⟩∫ ⌋≀⇕√↕⌉⊔⌉↙

A√√⌉\⌈⟩§ C¬ A G⌉\⌉∇⊣↕⟩‡⌉⌈ C≀∇⌉ T⟨⌉≀∇⌉⇕ W⌉ √∇≀⊑⌉ ⟨⌉∇⌉ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∇⌉∫⊓↕⊔ {∇≀⇕ S⌉⌋⊔↙ △¬ T⟨⌉≀∇⌉⇕ △↙∀↙ L⌉⊔ B ⌊⌉ ⊣ B⊣\⊣⌋⟨ ∫√⊣⌋⌉↙ L⌉⊔ A . D↼A↽ → B ⌊⌉ ⇕↖⊣⌋⌋∇⌉⊔⟩⊑⌉↙ F≀∇ ⊣↕↕ n / 1, 2, . . . if D ⟩∫ ⊣ ∫⊓⌊∫⌉⊔ ≀{ D↼A^n↽ and is dense in B ⊣\⌈ {⊓∇⊔⟨⌉∇⇕≀∇⌉ D ⟩∫ ⟩\⊑⊣∇⟩⊣\⊔ ⊓\⌈⌉∇ ⊔⟨⌉ ∫⌉⇕⟩↖}∇≀⊓√ e^{At} then D ⟩∫ ⊣ ⌋≀∇⌉ {≀∇ A^n▷ Proof▷ Let |||f||| n / ∑_n j/0 ‖A^jf‖↙ T⟨⌉\ ≀\⌉ ⟨⊣∫ ⇐⟩⇒ ⇐D↼A^n↽, ||| · |||_n↽ is complete▷ ↼ii↽ e At is a strongly continuous semigroup on ↼D↼A n↽, ||| · ||| n↽▷ The statement of the theorem is equivalent to the following. If D n denotes the closure of D ⟩\ ⊔⟨⌉ \≀∇⇕ ||| · |||n then we have D^n / D↼A^n↽ . ↼C.1↽

38 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet We show this by induction▷ For n / 1 this is the core Theorem ♭Da♯ Thm 1▷9▷ Let us assume that ↼C▷1↽ holds for n − ∞↙ L⌉⊔ f ∈ D↼A^n↽ so there is a sequence {f_m} ∈ D ∫⊓⌋⟨ ⊔⟨⊣⊔ ↕⟩⇕ m→∞ |||f_m − f|||_{n−∞}ℑ ′ . With the f_m we construct a sequence which converges to f in the ||| · |||_n norm▷ We set f↼^{n,t↽}_m / ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ e^{As}f_m . By the above property ↼ii↽ e^{As} is strongly continuous in s in D↼A^n↽ and hence f ↼^{n,t↽}_m ∈ D^n▷ We set f↼^{n,t↽} / ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ e^{As}f . Since e^{As}g is ntimes differentiable in s when g ∈ D↼A^n↽ we obtain upon integrating by parts. |||f↼^{n,t↽}_m − f↼^{n,t↽}|||_n / n−∞ ∑ j/0 ‖ ‖ ‖ ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ e^{As}A^j↼f_m − f↽ ‖ ‖ ‖ ⟩ ‖ ‖ ‖ ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ e^{As}A^n↼f_m − f↽ ‖ ‖ ‖ n−∞ ∑ j/0 ‖ ‖ ‖ ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ e^{As}A^j↼f_m − f↽ ‖ ‖ ‖

⟩ ‖ ‖ ‖ ‖− t^{n−∞} ⇐n − ∞⇒→ A^{n−∞}⇐f_m − f↽ ⇁ ∫_t 0 ds ↼t − s↽^{n−∈} ⇐n − ∈⇒→ e^{As}A^{n−∞}⇐f_m − f↽ ‖ ‖ ‖ ‖ ≤ Ce^{γt} t^n nω |||f_m − f|||_{n−∞}⇓ ⇐Ce^{γt} ⇁ 1↽ t↼^{n−∞⇒} ⇐n − ∞⇒→ ‖A^{n−∞}⇐f_m − f↽‖ ℑ o↼1↽ as m → ∞ , by the inductive hypothesis▷ This shows that f↼^{n,t↽} ∈ D^n▷ To conclude we show that ||| nωtn f↼n,t↽ − f|||n → ′ ⊣∫ t → ′↙ W⌉ ⟨⊣⊑⌉ | | | | | |nω t^n f↼^{n,t↽} − f | | | | | |_{n /} n−∞ ∑ j/0 ‖ ‖ ‖ nω t^n ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ ⇐e^{As} − ∞⇒A^j f ‖ ‖ ‖

⟩ ‖ ‖ ‖ ‖ nω t^n (∫^t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ e^{As}A^nf − t^n nω A^nf ) ‖ ‖ ‖ ‖ . Using that e^{At}f is ntimes differentiable in t that ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ e^{As}A^nf , is the remainder term in the Taylor expansion of e^{At}f and that for g ∈ D↼A↽

Anharmonic Chains Coupled to Two Heat Baths 39 ↼e^{As} − ∞⇒g / ∫_s 0 du e^{Au}Ag , if g ∈ D↼A↽ we obtain the bound | | | | | | nω t^n f↼^{n,t↽} − f | | | | | |_{n /} n−∞ ∑ j/0 ‖ ‖ ‖ nω t^n ∫_t 0 ds ↼t − s↽^{n−∞} ⇐n − ∞⇒→ ∫_s 0 du e^{Au}A^{j⇁1}f ‖ ‖ ‖ ⟩ ‖ ‖ ‖ nω t^n ( e^{At}f − f − Af − · · · − t^n nω A^nf ) ‖ ‖ ‖ ≤ O⇐t↽ ⇁ o↼1↽ . This shows that f ∈ D^n▷ This proves that D^n / D↼A^n↽ as required▷ Acknowledgments▷ We thank P▷ Collet for helpful remarks concerning Theorem 3▷8▷ We have also proαted from useful discussions with G▷ Ben Arous G▷ Gallavotti B▷ Helffer V▷ Jak �siχc H▷M▷ Maire Ch▷ Mazza H▷ Spohn and A▷S▷ Sznitman▷ This work was partially supported by the Fonds National Suisse▷ Notes added in proof▷ In a second paper ♭EPR♯ we answer some questions which remained open in this paper▷ In particular we are able to extend the uniqueness result Theorem 2▷2 to arbitrary temperature differences▷ Furthermore we study the heat βux the entropy production and the effect of time reversal▷

References ♭Br♯ Bruck R▷E▷. Asymptotic Convergence of Nonlinear Contraction Semigroups on Hilbert Space J▷ Funct▷ Anal▷ 18 15 ↼1975↽ ♭CL♯ Casher A▷ and Lebowitz J▷L▷. Heat Flow in Regular and Disordered Harmonic Chains J▷ Math▷ Phys▷ 12 1701 ↼1971↽ ♭Da♯ Davies E▷B▷. OneParameter Semigroups▷ London. Academic Press 1980 ♭EPR♯ Eckmann J▷P▷ Pillet C▷A▷ and ReyBellet L▷. Entropy Production of an Anharmonic Chain out of Equilibrium preprint ↼1998↽ ♭FGS♯ Farmer J▷ Goldstein S▷ and Speer E▷R▷. Invariant states of a thermally conducting barrier J▷ Stat▷ Phys▷ 34 263δ277 ↼1984↽ ♭FK♯ Ford G▷W▷ and Kac M▷. On the Quantum Langevin Equation J▷ Stat▷ Phys▷ 46 803 ↼1987↽ ♭FKM♯ Ford G▷W▷ Kac M▷ and Mazur P▷. Statistical Mechanics of Assemblies of Coupled Oscillators J▷ Math▷ Phys▷ 6 504 ↼1965↽ ♭GC♯ Gallavotti G▷ and Cohen E▷G▷D▷. Dynamical Ensembles in Stationary States J▷ Stat▷ Phys▷ 80 931 ↼1995↽ ♭GKI♯ Goldstein S▷ Kipnis C▷ and Ianiro N▷. Stationary states for a mechanical system with stochastic boundary conditions▷ J▷ Stat▷ Phys▷ 41 915δ939 ↼1985↽ ♭GLP♯ Goldstein S▷ Lebowitz J▷L▷ and Presutti E▷. Stationary states for a mechanical system with stochastic boundaries▷ In Random Fields ↼Colloquia Mathematicae Societatis Jχanos Bolyai 27↽▷ Amsterdam. NorthHolland 1981 ♭GLR♯ Goldstein S▷ Lebowitz J▷L▷ and Ravishankar K▷. Approach to Equilibrium in Models of a System in Contact with a Heat Bath J▷ Stat▷ Phys▷ 43 303δ315 ↼1986↽ ♭GS♯ Gihman I▷I▷ and Skorohod A▷V▷. Stochastic Differential Equations▷ Berlin. Springer 1972 ♭He♯ Helffer B▷. SemiClassical Analysis for the Schr�odinger Operator and Applications▷ Lecture Notes in Mathematics 1336 Berlin. Springer 1988 ♭HM♯ Helffer B▷ and Mohammed A▷. Caractχerisation du Spectre Essentiel de lφOpχerateur de Schr�odinger avec un Champ Magnχetique Ann▷ Inst▷ Fourier 38 95 ↼1988↽ ♭HN♯ Helffer B▷ and Nourrigat J▷. Hypoellipticitχe Maximale pour des Opχerateurs Polynψomes de Champs de Vecteurs▷ Boston. Birkh�auser 1985

40 J▷P▷ Eckmann C▷A▷ Pillet L▷ ReyBellet

♭H �o♯ H �ormander L▷. The Analysis of Linear Partial Differential Operators▷ Berlin. Springer 1983δ1985 ♭Ho♯ Hopf E▷. Ergodentheorie▷ Berlin. Springer reprint 1970 ♭IW♯ Ikeda N▷ and Watanabe S▷. Stochastic Differential Equations and Diffusion Processes▷ Amsterdam. NorthHolland 1981 ♭JP1♯ Jak�siχc V▷ and Pillet C▷A▷. Ergodic Properties of the nonMarkovian Langevin Equation Lett▷ Math▷ Phys▷ 41 49 ↼1997↽ ♭JP2♯ Jak�siχc V▷ and Pillet C▷A▷. Ergodic Properties of Classical Dissipative Systems I Acta Mathematica▷ In print ♭JP3♯ Jak�siχc V▷ and Pillet C▷A▷. Ergodic Properties of Classical Dissipative Systems II In preparation ♭JP4♯ Jak�siχc V▷ and Pillet C▷A▷. Spectral Theory of Thermal Relaxation J▷ Math▷ Phys▷ 38 1757 ↼1997↽ ♭Ka♯ Kato T▷. Perturbation Theory for Linear Operators▷ Berlin. Springer 1980 ♭Ne♯ Nelson E▷. Dynamical theories of Brownian Motion▷ Princeton. Princeton University Press 1980 ♭OL♯ OφConnor A▷J▷ and Lebowitz J▷L▷. Heat Conduction and Sound Transmission in Isotopically Disor dered Harmonic Crystals J▷ Math▷ Phys▷ 15 692 ↼1974↽ ♭RB1♯ ReyBellet L▷. Markov Processes and NonEquilibrium Statistical Mechanics▷ Ph▷D Thesis Univer sity of Geneva ↼1998↽ ♭RB2♯ ReyBellet L▷. Steady States and Transport Properties for Mechanical Systems Coupled to Stochastic Heat Baths▷ In preparation ♭RLL♯ Rieder Z▷ Lebowitz J▷L▷ and Lieb E▷. Properties of a Harmonic Crystal in a Stationary Nonequi librium State J▷ Math▷ Phys▷ 8 1073 ↼1967↽ ♭RS♯ Reed M▷ and Simon B▷. Methods of Modern Mathematical Physics▷ Boston. Academic Press 1974δ 1978 ♭SL♯ Spohn H▷ and Lebowitz J▷L▷. Stationary NonEquilibrium States of Inαnite Harmonic Systems Commun▷ Math▷ Phys▷ 54 97 ↼1977↽ ♭Tr♯ Tropper M▷M▷. Ergodic and Quasideterministic Properties of Finite Dimensional Stochastic Systems J▷ Stat▷ Phys▷ 17 491 ↼1977↽ ♭Yo♯ Yosida K▷. Functional Analysis▷ Berlin. Springer 1980

This article was processed by the author using the SpringerVerlag TEX PJour1g macro package 1991▷