SpaceTime Behavior in Problems of Hydrodynamic Type. A Case Study P▷ Collet and J▷P▷ Eckmann Ecole Polytechnique CNRS UPR14 Physique Thχeorique Palaiseau Dχept▷ de Physique Thχeorique et Section de Mathχematiques Universitχe de Genϕeve

Abstract We review results concerning normal forms fronts pattern formation and convergence for certain 1dimensional partial differential equations▷ The relationship between these results is put into perspective and is supplemented by a series of unpublished results on the convergence problem for parabolic PDEφs▷ The paper does not require special prerequisites and we hope to interest the nonspecialist for this nice subject▷

CONTENTS

1▷ Introduction ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ 2 2▷ The GLequation as a normal form of the SHequation ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ 4 3▷ Uniform bounds ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ 6 4▷ Timeindependent solutions ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ 8 5▷ Linear stability analysis ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ 9 6▷ Fronts ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ 11 7▷ Spacetime behavior ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ ▷ 15 7▷1▷ The case q_+ = q_− ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ∞∀ ↙∈↙ T⟨⌉ ⌋⊣∫⌉ q + ≠ q− ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ∞∃ ↙∈↙∞↙ C≀\⊑⌉∇}⌉\⌋⌉ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ∈△ ∀↙ C≀\⊑⌉∇}⌉\⌋⌉ ⟩\ ⌈⟩{{⊓∫⟩⊑⌉ ⌉∐⊓⊣⊔⟩≀\∫ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ∈ ∀↙∞↙ T⟨⌉ ∫⌋⊣↕⟩\} ∫≀↕⊓⊔⟩≀\ {≀∇ ⊣∫†⇕⇕⌉⊔∇⟩⌋ √∇≀⌊↕⌉⇕∫ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ↙ ∈ ∀↙∈↙ A √∇⟩≀∇⟩ ⌊≀⊓\⌈∫ ≀\ ⊔⟨⌉ {⊓\⌈⊣⇕⌉\⊔⊣↕ ∫≀↕⊓⊔⟩≀\↙ H⊣∇\⊣⌋‖ ⟩\⌉∐⊓⊣↕⟩⊔⟩⌉∫ ↙ ↙ ↙ ↙ ∈∃ ∀↙∋↙ C≀\⊑⌉∇}⌉\⌋⌉ {≀∇ u 0 ∈ L1 . . . . . . . . . . . . . . . . . . . . . 29

8.4. The r ole of the unequal limit values . . . . . . . . . . . . . . . . . 30

8.4.1. Convergence for diffusion when u ′0 ∈ L1 . . . . . . . . . . . . . . 30

8.4.2. It is necessary that u ′0 ∈ L1 . . . . . . . . . . . . . . . . . . . 32

8.4.3. The coef↑cients depend on space, but not on time . . . . . . . . . . 34

- 2 -

8.4.4. Sketch of proof of Theorem 7.4 . . . . . . . . . . . . . . . . . 37 Appendix A. Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . . . . 38 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

1. Introduction

Experiments on dynamical systems in ↑nite spatial domains have recently received a lot of attention. They are described by differential equations (Ψdynamical systems˚) with only ↑nitely many modes excited in phase space. However, when the size of the container becomes large with respect to the size of the spatial structure, the number of excited modes increases and the spectrum of the linearized evolution becomes denser until it is dif↑cult to identify the various points of the spectrum. In other words, we reach the limit of an in↑nite domain which is known to produce a continuous spectrum. We want to study directly this in↑nite domain case with the continuous spectrum. This is very similar to the procedure in Statistical Mechanics where one can use the Thermodynamic Limit to describe a large system which is observed at a suf↑cient distance from the boundary. The advantage of this approach comes from the elimination of boundary problems; the disadvantage are technical complications. On the other hand, and this is the point to be made throughout, the conceptual r ole and relations between the various problems become much clearer.

In our present situation, this means that we want to study ↑rst partial differential equations in the in↑nite domain and then try to prove that far away boundary conditions do not change very much the behavior. We will concentrate here on the ↑rst question.

In order to simplify the discussion we will develop the ideas on the particular example of the one dimensional Swift-Hohenberg equation in its relation with the Ginzburg-Landau equation (see [Swift, Hohenberg, 1977], [Manneville, 1989] for a motivation of this equation from physical principles). The methods described below can of course be used in the study of a large class of equations. The Swift-Hohenberg equation is the partial differential equation, for

U : R × R^+ → R, U = U(x, t), given by ∂_tU = ( α − (1 + ∂^2_x)^2)U − U^3 , (1.1) where U is a real function▷ The GinzburgLandau equation is ∂_tu = (∂^2_x + 1)u − u|u|^2 , (1.2) where u is a complex function▷ Such equations are called quasilinear equations because the highest derivatives occur only in linear terms▷ In a bounded domain these equations should be supplemented by boundary conditions▷ However as explained above we want to study this equation as a dynamical system in an inαnitely extended domain here the real line▷ If we think of U or u as a local order parameter evolving in space and time ↼for example a temperature magnetization velocity of a βuid etc▷↽ it is natural to impose that U should be uniformly bounded i▷e▷ a function in L^∞(R). In addition, this natural property should (hopefully) be preserved under the time evolution. We will sketch later the relevant arguments why this is

- 3 -

indeed the case. In other words, the SH-equation and the GL-equation deffne regular semi-fiows in the space L^∞(R).

We can now start to analyze the dynamical system deffned by the SH-equation. This analysis will of course try to follow the successful lines of thought used for the study of dynamical systems with only a ffnite number of excited modes. The ffrst step is to notice that U = 0 is a time-independent solution of the equation, and it is natural to ask for its stability. Indeed, it is this (in)stability which is responsible for the interest in the SH-equation. The linearized equation around the zero solution is governed by the partial differential operator

L_α = ∂_t − α + (1 + ∂^2_x)^2 . Since the coefαcients are constant it can be analyzed using Fourier analysis in the space variable▷ The ↼generalized↽ eigenfunctions are e^{σt}e^{iqx} with σ = α − (1 − q^2)^2. One ↑nds easily that for α < 0 the solution U = 0 is stable and it is unstable for α > 0. We therefore expect some sort of bifurcation at α = 0.

Fig. 1: The spectrum in the momentum-space variable q of the linear part for the SHequation▷ Top to bottom curve. α = 0.3, 0.0, −′.3▷ There is however an important difference with the theory of bifurcations for dynamical systems with αnitely many relevant modes▷ In the standard theory the spectrum of the linearized vector αeld is discrete ↼the operator has a compact resolvent↽▷ Therefore for a given parameter value there can be only αnitely many unstable ↼excited↽ modes▷ This idea can be made rigorous using the Center Manifold theorem ♭Carr Muncaster 1983a 1983b♯ ♭Kirchg �assner 1988♯ ♭Mielke 1988♯ ♭Eckmann Wayne 1991♯▷ Here however the situation is very different because as soon as α is positive ↼no matter how small↽ there is a continuum of unstable modes▷ Thus as soon as the bifurcation has taken place there are inαnitely many modes excited▷ As a consequence one can show that many different solutions bifurcate simultaneously ↼space periodic solutions fronts etc▷↽ and they differ by their spatial structure▷ We refer to ♭Collet Eckmann 1990a♯ for a detailed study of some of the possibilities▷ In the next section we want to relate the SHequation to the GLequation and argue that in some sense the latter is a normal form of the former near a bifurcation▷

2▷ The GLequation as a normal form of the SHequation The relation between the SHequation and the GLequation is commonly explained by viewing the latter as an Ψamplitude equationν for the former▷ More precisely we view this procedure as a recentering of the parabola (1 − q^2) describing the linear part of the GL-equation in Fourier space under one of the maxima of the linear part of the SH-equation: (α − (1 − q^2)^2). Clearly, since α is small we will want to rescale variables so that the two curves αt near q = 1, so that we really compare (1 − (1 − q^2)^2) to 1 − 4(q − 1)^2, cf. Fig. 2.

Consider the Swift-Hohenberg equation, for α > 0, α = 3η 2: ∂_tU(x, t) = ( 3η^2 − (1 + ∂^2_x)^2 ) U(x, t) − U^3(x, t) . (2.1) Here, U is a function R × R^+ → R. In order to perform the frequency shift to q = 1, we rewrite the function U(x, t) in the form U(x, t) = η Re ( v(βηx, γη^2t)e^{ix}) . (2.2) In terms of v the evolution equation ↼2▷1↽ can be rewritten as γ∂_tv = (4β^2∂^2_x + 3 − 4iβ^3η∂^3_x − β^4η^2∂^4_x)v − 3v|v|^2 − e^{2ix/βη}v^3 . (2.3)

Setting β = √ 3/2 and γ = 3, and dividing by 3, we get

∂_tv = (∂^2_x + 1 − iη^{√3}_2 ∂^3_x − η^{2 3}_{16} ∂^4_x)v − v|v|^2 −^1_3 e^{4ix/} √ 3ηv^3 . (2.4)

Fig. 2: The spectra of the linear parts of SH (solid line) and GL (dashed line), with a contact at q0 = 1.

- 5 - This is an in�nite dimensional dynamical system in a suitable function space, and we de�ne the corresponding time evolution operator T η,t by (T_{η,t}v_0)(x) = v(x, t) , where v_0(x) = v(x, 0) is given. When η → 0, we ffnd, on a very formal level, upon omitting all ηdependent terms in Eq▷↼2▷4↽ the equation ∂_tv = (∂^2_x + 1)v − v|v|^2 . (2.5) This is the Ginzburg-Landau equation! Therefore, we see how the spectral arguments of Fig. 2 show up in the actual equation, Eq.(2.4). We call S_t the time evolution corresponding to ↼2▷5↽▷ The general feeling is now that ↼2▷5↽ is the Ψnormal formν at bifurcation for the equation ↼2▷1↽ and that any other equation whose spectrum near bifurcation is η 2 − (k − k0)2 would lead to a similar normal form. In the case of the SH-equation this idea can be made precise. One has the following relation between the evolution T η,t deαned by ↼2▷4↽ and the evolution S t deαned by ↼2▷5↽▷ Theorem 2▷1▷ ♭Collet Eckmann 1990b♯ ♭van Harten 1992♯▷ Consider any function v 0 such that ∂ kx v0 in L ∞ {≀∇ k = 0, . . . , 4. There are a T > 0, an η0 > 0 and a C < ∞ ∫⊓⌋⟨ ⊔⟨⊣⊔ {≀∇ ⊣↕↕ t ∈ (0, T ] and all η ∈ [0, η_0] one has, ‖T_{η,t}v_0 − S_tv_0‖_∞ ≤ C min(ηt^{1/2}, η^{1/2}t^{3/4}) . (2.6)

Remarks. The constant C only depends on ‖∂^k_x v_0‖_∞⇔ {≀∇ k = 0, . . . , 4. The solution itself can be shown to exist already when one only assumes v_0 in L^∞↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ ⌊≀⊓\⌈∫ ⊒⟩↕↕ ⊔⟨⌉\

∫⟨≀⊒ ∫↕⟩}⟨⊔ ⌈⟩⊑⌉∇}⌉\⌋⌉∫ \⌉⊣∇ t = 0, because of the time which is needed until the evolution has

smoothed the initial data.

It is instructive to translate Theorem 2.1 back to the original equation (2.1), and to the original time scale. Denote byT̂_{η,t} the time evolution deαned by ↼2▷1↽ and let v_0 ∈ L^∞ ⌊⌉ }⟩⊑⌉\↙ D⌉⊘\⌉ u_0(x) = (P_ηv_0)(x) ≡ η Re v_0(βηx)e^{ix} . (2.7) With this deffnition, one has the relation T̂_{η,t}P_η = P_ηT_{η,γtη2} . Thus we αnd. Corollary 2▷2▷ Consider any function v_0 such that ∂^k_x v_0 in L^∞ {≀∇ k = 0, . . . , 4. There is a T > 0 and an η_0 > 0 such that for all η ∈ [0, η_0]and all t ∈ (0, T/η^2] one has, |T̂_{η,t}u_0(x) − ηRe e^{ix} ( S_{tγη}2 v_0 ) (ηx)| ≤ η^3C min(t^{1/2}, t^{3/4}) .

Note that if ‖v‖_∞ = O(1), then ‖P_ηv‖_∞ = O(η), so that Corollary 2.2 gives interesting bounds for solutions of size η▷ This is the size of stationary solutions of ↼2▷1↽ see Section 4▷

The difαculty in the proof of Theorem 2▷1 is related to the fact that two seemingly contradictory arguments are used to eliminate the correction terms. For the differential operators one bounds the semigroup they generate while for the high frequency part e^{2ix/η} one uses WKB like methods ♭H �ormander 1983♯ which need smoothness▷ But this smoothness will only appear after a short time and a careful study of local singularities is necessary▷ This is responsible for the bound ↼2▷6↽ while the reader might have expected O(ηt) instead. The transformation P_η can be viewed as a zero order approximation to the problem of αnding a normal form for the SwiftHohenberg equation▷ The general problem can be formulated as follows. We are looking for a transformation P ∗ η which satisαes approximately DP^∗_η · Y = XP^∗_η , where X(U)(x, t) = (3η^2 − (1 + ∂^2_x)^2)U(x, t) − U^3(x, t) , Y (v)(x, t) = (∂^2_x + 1)v(x, t) − v|v|^2(x, t) . The Equation ↼2▷7↽ is really a lowest order approximation P_η to P^∗_η ▷

3▷ Uniform bounds As mentioned in the Introduction our analysis is done in spaces of bounded functions not in spaces of integrable functions such as L 2. We believe that this is an important point in the in↑nite domain, which is the framework of interest to us. Indeed, the space of bounded functions will be seen to contain such things as fronts and the like, while L pspaces with p < ∞ ⌈≀ \≀⊔↙ I\ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\⇔ ⊒⌉ ∫⟨≀⊒ ⟨≀⊒ ⊖⌉\⌉∇}† ⌊≀⊓\⌈∫⪰ ⊣∇⌉ ⌋≀\⊑⌉∇⊔⌉⌈ ⊔≀ ⌊≀⊓\⌈∫ ⟩\ L^∞↙ S⊓⌋⟨ ⌊≀⊓\⌈∫ ⊣∇⌉ \≀⊔ ‖\≀⊒\ {≀∇ ⊔⟨⌉ N⊣⊑⟩⌉∇↖S⊔≀‖⌉∫ ⌉∐⊓⊣⊔⟩≀\ ⟩\ ⌈⟩⇕⌉\∫⟩≀\ ∋↙ I⊔ ⟩∫ ⊒⌉↕↕↖‖\≀⊒\ ⊔⟨⊣⊔ ⊔⟨⌉ SH↖⌉∐⊓⊣⊔⟩≀\∫ ⟨⊣⊑⌉ ⊣ L⟩⊣√⊓\≀⊑ {⊓\⌋⊔⟩≀\⊣↕⇔ ⟩↙⌉↙⇔ ⊣ {⊓\⌋⊔⟩≀\⊣↕ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ⊒⟨⟩⌋⟨ ⟩∫ \≀\↖⟩\⌋∇⌉⊣∫⟩\} ⟩\ ⊔⟩⇕⌉↙ T⟨⟩∫ {⊓\⌋⊔⟩≀\⊣↕ ⟩∫ ≀{ ⊔⟨⌉ {≀∇⇕ F = ∫_∞ −∞ dx [_1 2 (1 − α)U^2 − (∂_xU)^2 +^1_2 (∂^2_xU)^2 +^1_4 U^4 ] . Then differentiating and integrating by parts one gets ∂_tF = ∫ ∂_tU · [ (1 − α)U + 2∂^2_xU^2 + ∂^4_xU + U^3 ]

= − ∫ [ (1 − α)U + 2∂^2_xU^2 + ∂^4_xU + U^3

]_2 ≤ 0 . (3.1)

Thus, F cannot increase in time if U is a solution of the SHequation▷ In a nutshell this argument says that the dynamical system is a gradient αeld▷ The βaw with this argument is that both sides in ↼3▷1↽ are inαnite when U is only bounded▷ To get a αnite energy F one needs U to be at least in some suitable Sobolev space, in particular U would have to vanish at inαnity▷ This is in contradistinction with the principles we have set forth in our study▷ On the other hand such energy estimates are extremely useful for problems in αnite volume▷ One can study another functional namely ∫ dx|U|^2. A simple calculation leads to 1 2 ∂_t ∫_∞ −∞ dx |U|^2 = ∫_∞ −∞ dx ( α|U|^2 − | |(1 + ∂^2_x)U | |^2 − |U|^4 ) . (3.2)

The r.h.s. of (3.2) does not have a deffnite sign when α > 0, but one can argue that ∫ U^2 cannot

grow without bounds. Indeed, if |U| ⟩∫ ⊑⌉∇† ↕⊣∇}⌉⇔ ⊔⟨⌉\ α|U| 2 − |U|4 will be negative, and the

r.h.s. of (3.2) looks negative. We call this an Ψenergy bound.˚ This argument has the same ↓aws as the one involving F since we are talking not about individual values of U but some integrals which in addition might be inαnite▷ However the general idea of domination by the term U^4 can still be used, by a localization of the energy bounds (3.2). The argument is quite general, and so we consider equations of the

form

∂_tu_t = −P u_t − u_tf(|u_t|^2) , (3.3) where P is a linear elliptic differential operator or more generally associated to a symbol ♭H�ormander 1983♯ P (x, ξ) = aξ^{2k} + R(x, ξ) , (3.4) where a > 0 and where R is a polynomial of degree < 2k in ξ with sufαciently smooth coefαcients which are bounded together with their derivatives▷ In our case P (x, ξ) = (1 − ξ^2)^2 − α and f(y) = y▷ We also assume that f(ρ) → ∞ ⊣∫ ρ → ∞ ⊣\⌈ f^′(ρ) ≥ 0, f(0) ≥ 0. This last condition is somewhat too restrictive but makes the estimates easier. We denote by P the operator P = P (x, −i∂_x). Theorem 3.1. [Collet, Eckmann, 1990]. Assume ‖u_0‖_∞ < ∞ ⊣\⌈ ‖∂_xu_0‖_∞ < ∞↙ U\⌈⌉∇ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⊣∫∫⊓⇕√⊔⟩≀\∫ ≀\ P and f the solutions of ↼3▷3↽ are bounded in L^∞↙ T⟨⌉∇⌉ ⟩∫ ⊣ C = C(‖u_0‖_∞, ‖∂_xu_0‖_∞) < ∞ ∫⊓⌋⟨ ⊔⟨⊣⊔ ‖u_t‖_∞ ≤ C(‖u_0‖_∞, ‖∂_xu_0‖_∞) .

Remark▷ By standard regularity theorems there is for every p a T > 0, and a C > 0, such that ‖∂^p_xu_t‖_∞ < C for all t ∈ (0, T ), and for p ≤ p_0. We may thus assume that the initial data are in C p0 , for any p 0 < ∞ ⊒⌉ ⊒⟩∫⟨↙ T⟨⌉ √∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ ∋↙∞ ⟩∫ }⟩⊑⌉\ ⟩\ A√√⌉\⌈⟩§ A↙

↖ ∀ ↖ △↙ T⟩⇕⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ ∫≀↕⊓⊔⟩≀\∫ I{ ⊒⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\⇔ ⊔⟨⌉\ ⊔⟩⇕⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ ∫≀↕⊓⊔⟩≀\∫ ⊣∇⌉ ∫≀↕⊓⊔⟩≀\∫ ≀{ ⊔⟨⌉ ⌉∐⊓⊣⊔⟩≀\ 0 = u^{′′} + u − u|u|^2 , (4.1) where u^′ = ∂_xu▷ Similarly for the SHequation stationary solutions are solutions of 0 = ( α − (1 + ∂^2_x)^2 ) U − U^3 . (4.2) Note that u and U depend only on the space variable x▷ Important remark▷ It is here that we will use heavily the dimensionality of xspace▷ Because it is 1 the Eqs▷↼4▷1↽ ↼4▷2↽ are ordinary differential equations▷ Since the differential operator is a polynomial in ∂_x we can write these equations as αnite dimensional dynamical systems▷ For example ↼4▷1↽ can be written as a system of 2 coupled complex equations u^′ = v , v^′ = −u + u|u|^2 , (4.3)

and similarly, (4.2) can be written as a system of four coupled real equations:

U^′ = U_1 , U^′_1 = U_2 , U^′_2 = U_3 ,

U^′_3 = (α − 1)U − 2U_2 − U^3 .

(4.4)

If we interpret x as the Ψtimeν then Eqs▷↼4▷3↽ and ↼4▷4↽ can be viewed as a dynamical system because the xvariable extends over all of R. The dynamical systems obtained in this way are a little special, when the original problem (such as (4.1) or (4.2)) is invariant under the symmetry x ↔ −x. It is Ψreversibleν ↼see e▷g▷ ♭Moser 1973♯↽▷ This implies that the eigenvalues of the linearized problem come in pairs σ −σ▷ For example the matrices of the linearized problem in the GL case and the SH case are ↼in the case of GL we write 4 real components↽. 0 0 1 0 0 0 0 1 −1 + |u|^2 2(Re u)(Im u) 0 0 2(Re u)(Im u) −1 + |u|^2 0 0 and 0 1 0 0 0 0 1 0 0 0 0 1 α − 1 − 3U^2 0 −2 0 .

A constant solution of ↼4▷1↽ or ↼4▷2↽ corresponds to a αxed point of the corresponding dynamical system▷ These are zeros of the vector αeld on the r▷h▷s▷ of ↼4▷3↽▷ It is easy to see that these are v = 0, u = 0 or u = e^{iφ} with some arbitrary phase φ▷ Similarly for the SHequation ↼4▷4↽ one has constant solutions U = 0 and U = ± √ α − 1. (Since we are interested in small α the latter solutions are uninteresting for our study▷↽

A periodic solution corresponds to a periodic orbit of the corresponding dynamical system such solutions exist for GL and SH▷ For GL one can write them down explicitly. s_{q,φ}(x) = √ 1 − q^2e^{i(qx+φ)} , (4.5) with arbitrary parameters q ∈ [−1, 1] and φ ∈ [0, 2π]. We shall call these solutions Ψspirals˚ (when q ≠ 0). One can also show that the SH-equation has periodic solutions, but this needs a proof, since we cannot expect an explicit formula in this case:

Proposition 4.1. [Collet, Eckmann, 1990a]. For sufffciently small α > 0, the Eq.(1.1) has a two parameter family of periodic solutions which are of the form S_{ε,φ}(x) = ∑ n∈Z^{Sne} iqnx . (4.6) The real parameter ε must satisfy 3ε^2 < α▷ One has |S_1| = ε and φ is the phase of the complex number S_1. Moreover, S_n = S_{−n}▷ Finally q is determined by ε through a relation which is approximately 3ε^2 + (1 − q^2)^2 = α▷ One has the bounds |S_n| ≤ O(ε^{|n|}), for n ∈ Z. Remark. The proof is essentially a perturbation argument.

Since the phase spaces of the dynamical systems described by Eqs.(4.3) and (4.4) are of dimension 4, one can expect a large variety of other stationary solutions, some of which may be chaotic in space [Eckmann, Procaccia, 1991, 1992].

5. Linear stability analysis

In line with the set of ideas from ffnite-dimensional dynamical systems, once we have found ffxed points (or periodic orbits) we may inquire about their stability. This stability analysis is crucially dependent on the space of allowed perturbations. We are here interested in those aspects which come from the inffnite domain. For both GL and SH, we found a two parameter continuous family of stationary solutions: One parameter is related to the translation invariance of the problem and the other to the non-linear coupling of the amplitude with the band of unstable modes. Differentiating the solution with respect to these parameters gives Ψsoft˚ modes, i.e., eigenvectors with eigenvalue 0, provided these eigenvectors are in the space of allowed perturbations. The most interesting case here is the soft mode corresponding to a change of wavelength of the solution. This is known as the Eckhaus instability [Eckhaus, 1965]. The linearization of the GL-equation around a periodic solution s_{q,φ} is ∂_tv = ∂^2_xv + v − 2v|s_{q,φ}|^2 − vs^2_{q,φ} ≡ L_qv . (5.1) One can view this as a linear problem in a periodic potential (the apparent complications of the expressions refiect the use of complex notation). The eigenfunctions of the above system are of the form v(x, t) = e^{σq (}–^{)t} ( a_{q,φ}e^{i(q+}–^{)x} + b_{q,φ}e^{−i(q+}–^{)x} ) , (5.2) and σ_q(–) = −(1 − q^2) − –^2 + √ (1 − q^2)^2 + 4–^2q^2 . (5.3)

- 10 -

Fig. 3: The graph of the function σ_q of Eq▷↼5▷3↽ for q = √ /3 ⇁ 0.1 q = √ /3 q = √ /3 − ′.1 ↼top to bottom curve↽▷ The graphs of this function are shown for different values of q in Fig▷ 3▷ One can see that at q^2 =^1_3 there is a change of stability: For q^2 <^1_3 , the function σ is nonpositive while for q^2 >^1_3 it always has a segment above 0. Two remarks are in order:

i) Even when q 2 < 13 , the spectrum is only marginally stable, i.e., it always has an eigenvalue 0, due to the translation invariance.

ii) The Eckhaus instability can be understood as an instability towards a change of wavelength, cf. the form of the eigenfunctions in (5.2). The system is unstable against this change of wavelength when the amplitude is Ψsmall˚ (i.e., q is Ψlargeν q 2 > 13 ), but not when the amplitude is large.

In view of Eq.(5.3), we have the following

Theorem 5.1. [Eckhaus, 1965], [Collet, Eckmann, 1990a]. The energy-momentum spectrum of the largest 0 eigenvalue of the operator ∂ t − Lq of Eq▷↼5▷1↽ in L 2 is of the form of Fig. 3.

Calculations which are analogous to the ones just given can be done for the SH-equation [Collet, Eckmann, 1990a], [Eckmann, Procaccia, 1991, 1992]: The linear operator is given by f → L_{Sε,φ} f(x) ≡ ( α − (1 + ∂^2_x)^2 ) f(x) − 3S^2_{ε,φ}(x)f(x) , (5.4) where S_{ε,φ} is one of the solutions of ↼4▷6↽▷ The eigenvectors v are essentially of the form v(x) = εqRe e^{iqx} ( a(–)e^{i–x} + b(–)e^{−i–x)} , (5.5)

when φ = 0. Here, a(0) = i, b(0) = 0, since, by the translation invariance of the Eq.(1.1) we see that S^′_{ε,φ}(x) is an eigenvector with eigenvalue 0. The form (5.5) neglects terms of the form e^{inqx} with |n| ≠ 1. These terms can be dealt with and one has the Theorem 5.2. [Collet, Eckmann, 1990a]. The spectrum of the largest eigenvalue of the operator L_{Sε,φ} of Eq▷↼5▷4↽ in L^2 is of the form of Fig. 3. The Eckhaus instability occurs at 3ε^2 =^2_3 α▷

Remark▷ The proof is a calculation augmented by perturbation theory for linear operators ♭Kato 1970♯▷ The calculation reduces to a 2 × 2 matrix problem: In the basis whose components are e^{i(q+}–^{)x} and e^{i(−q+}–^{)x} the operator L_{Sε,φ} is approximately equal to the 2 × 2-matrix ( α − (1 − (q + –)^2)^2 − 6ε^2 −3ε^2 −3ε^2 α − (1 − (−q + –)^2)^2 − 6ε^2 ) . For example the term −6ε^2 is the coef↑cient of e^{i(q+}–^{)x} in the term −3S^2_{ε,φ}e^{i(−q+}–^{)x}▷ The form ↼5▷5↽ is now just a transcription of the eigenvectors of this matrix in the basis e i(q+–)x e^{i(−q+}–^{)x}▷ Open problem▷ It should be possible to describe a general mechanism which is responsible for an Eckhauslike instability in generic systems with pattern forming bifurcations▷

6▷ Fronts Now that we have identiαed stationary solutions of the GL and SHequations and made an analogy with lowdimensional dynamical systems we can push this analysis further and deαne Ψfront solutions▷ν Front solutions interpolate between two ↼different↽ stationary solutions at x = ±∞∅ ⟩\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊔⟨⌉† ⇕≀⊑⌉ ⊒⟩⊔⟨ ⊣ ⌋⌉∇⊔⊣⟩\ ∫√⌉⌉⌈ ⟩\ ⊔⟨⌉ ↕⊣⌊≀∇⊣⊔≀∇† {∇⊣⇕⌉↙ T⟨⌉ ⌉{{⌉⌋⊔ ⟩∫ ⊔⟨⌉\ ⊔⟨⊣⊔ ≀\⌉ ≀{ ⊔⟨⌉ ⊔⊒≀ ∫⊔⊣⊔⟩≀\⊣∇† ∫≀↕⊓⊔⟩≀\∫ ∫⌉⌉⇕∫ ⊔≀ ⟩\⊑⊣⌈⌉ ⊔⟨⌉ ≀⊔⟨⌉∇↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊣\ ⌉§√↕⟩⌋⟩⊔ {∇≀\⊔ ∫≀↕⊓⊔⟩≀\ ⟩∫ ‖\≀⊒\ {≀∇ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\ ⇐∞↙∈⇒¬ u(x, t) = 1 − tanh(x − ct) 2 , c = 3 √ 2 2 . It connects the ↼stable↽ solution u ≡ 1 with the (unstable) solution u ≡ 0, and the former Ψinvades˚ the latter from the left with speed c▷ More general solutions will be of the form u(x, t) = ∑ n∈Z^{an(x − ct)e} iq_−x+i(q+−q_−)nx , (6.1)

for the GL-equation and U(x, t) = ∑ n∈Z^{An(x − ct)e} iqnx , (6.2) for the SH-equation. We shall see that such solutions exist. Before we state precise results, we want to give some details about the analogy with the low-dimensional case.

Consider a ffnite dimensional vector ffeld with two ffxed points, with their stable and unstable manifolds, and a saddle connection, as shown in Fig. 4.

A front for the GL-equation or the SH-equation is also a saddle connection, but now between those ffxed points or periodic orbits which have the meaning of constant or periodic stationary solutions. For example, for the GL-equation, it is a solution u(x, t) which, in the laboratory frame, looks like s_{q−,φ−} ⇔ {≀∇ ⊘§⌉⌈ t as x → −∞⇔ ⊣\⌈ ↕⟩‖⌉ s_{q+,φ+} , when x → +∞↙ W⌉ ⌋⊣\ ⌈∇⊣⊒ ⊣∫ ∫≀∇⊔ ≀{ ⊖√⟨⊣∫⌉ ⌈⟩⊣}∇⊣⇕⪰ ⟩\ ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇∫ q_±⇔ φ_±⇔ ⊣\⌈ ⊣∫‖ ⊒⟨⊣⊔ ⊒⟩↕↕ ⟨⊣√√⌉\ ⟩{ ⊣\ ⟩\⟩⊔⟩⊣↕ ⌋≀\⌈⟩⊔⟩≀\ ⟨⊣∫ ∫⊓⌋⟨ ⊣∫†⇕√⊔≀⊔⟩⌋ ⌊⌉⟨⊣⊑⟩≀∇↙ O\⌉ ⟨⊣∫ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∇⌉∫⊓↕⊔¬

↖ ∞∈ ↖

Fig. 4: Two őxed points, with their stable and unstable manifolds, and a saddle connection.

Fig. 5: The domains of existence for fronts for the GL-equation. For q_−⇔ q⇁ in the shaded region it is believed that front solutions travelling to the right exist▷ This can be shown rigorously in the darker region▷ Fronts travelling in the opposite direction are expected in the regions bounded by dashed lines by symmetry▷ The Eckhaus stable region occurs for the values of q satisfying |q|∈ < q2Eckhaus= 1/3▷ Theorem 6▷1▷ ♭Eckmann Gallay 1992♯ ♭Gallay 1992♯▷ For the GLequation there exist fronts of the form of Eq▷↼6▷1↽ for q +, q− ⟩\ ⊔⟨⌉ ∫⟨⊣⌈⌉⌈ ∇⌉}⟩≀\ ≀{ F⟩}↙ ▽ ⊣\⌈ ⊣∇⌊⟩⊔∇⊣∇† φ +, φ− ⟩\ [0, 2π]. These fronts have the property that lim ξ→−∞ a_0(ξ) = √ 1 − q^2_− ,

lim_{ξ→∞} a_1(ξ) = √ 1 − q^2_+ . The limits for all other a_n and the remaining limits for a_0, a_1 are 0, cf. Fig. 6. Such solutions exist for speeds c satisfying c > c 0 for some suf↑ciently large c 0(q+, q−).

- 13 -

Fig. 6: The typical shape of the amplitudes a_n of Theorem 6▷1▷

Remark▷ It is not claimed that the fronts are stable solutions i▷e▷ that nearby initial data would converge to a front▷ However if q − ⟩∫ ⟩\ ⊔⟨⌉ E⌋‖⟨⊣⊓∫ ∫⊔⊣⌊↕⌉ ∇⌉}⟩≀\⇔ q 2− < 13 , and q + is in the unstable region, i.e., q 2+ > 13 , then we conjecture that the front solution is stable, with the stable pattern, i.e., the q −↖∫≀↕⊓⊔⟩≀\⇔ ⊖⟩\⊑⊣⌈⟩\}⪰ ⊔⟨⌉ ⊓\∫⊔⊣⌊↕⌉ ≀\⌉↙ A {∇⊣⇕⌉⊒≀∇‖ ⟩\ ⊒⟨⟩⌋⟨ ≀\⌉ ⌋≀⊓↕⌈ ⊔∇† ⊔≀ √∇≀⊑⌉ ⊔⟨⟩∫ ⟩∫ √∇≀⊑⟩⌈⌉⌈ ⌊† √⌉∇⊔⊓∇⌊⊣⊔⟩≀\∫ ⊒⟩⊔⟨ ⌋≀⇕√⊣⌋⊔ ∫⊓√√≀∇⊔↙ E§⊣⇕√↕⌉↙ I\ F⟩}↙ ⇔ ⊒⌉ ∫⟨≀⊒ ⟩\ ⊔⟨∇⌉⌉ {∇⊣⇕⌉∫ ⊣ ⊔†√⟩⌋⊣↕ ⊔⟩⇕⌉ ⌉⊑≀↕⊓⊔⟩≀\ {≀∇ {∇≀\⊔ ∫≀↕⊓⊔⟩≀\∫ ≀{ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\↙ N≀⊔⌉ ⟨≀⊒ ⊔⟨⌉ ∫⊔⊣⌊↕⌉ ∫≀↕⊓⊔⟩≀\ ⊖⟩\⊑⊣⌈⌉∫⪰ ⊔⟨⌉ ⊓\∫⊔⊣⌊↕⌉ ≀\⌉↙ R⌉⇕⊣∇‖↙ ⇐S↙ A\}⌉\⌉\⊔⇔ √∇⟩⊑⊣⊔⌉ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\↙⇒ S⟩\⌋⌉ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\ ⟩∫ ≀{ ∫⌉⌋≀\⌈ ≀∇⌈⌉∇⇔ ⟩⊔ {≀↕↖ ↕≀⊒∫ {∇≀⇕ ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ √∇⟩\⌋⟩√↕⌉ ⊔⟨⊣⊔⇔ {≀∇ ⌉⊑⌉∇† ⊘§⌉⌈ α the number of zeroes of Re e iαu(x, t) is a decreasing function of time. This is then a precise constraint on the occurrence of Ψphase slips:˚ Nodes can only disappear, but not be spontaneously generated as time goes on.

A set of results similar to Theorem 6.1 is valid for the SH-equation, and one can ffnd front solutions of the form Eq.(6.2), where |q| ⟩∫ ⌋↕≀∫⌉ ⊔≀ ∞⇔ ⊣\⌈ lim_{ξ→−∞} A_n(ξ) = S_n with S_n given by Proposition 4▷1▷ Ahead of the front we have lim ξ→+∞ An(ξ) = 0. The amplitudes A_n are of order ε^{|n|}⇔ ⊣\⌈ ⊔⟨⌉† ⊣∇⌉ ⌉∫∫⌉\⊔⟩⊣↕↕† ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ≀{ ⊣ GL↖⌉∐⊓⊣⊔⟩≀\¬ I{ A(ξ) = A_1(ξ)/ε c_0 = c/ε^2, α_0 = α/ε^2, then A is approximately equal to the solution of 4A^{′′} + c_0A^′ + α_0A − A|A|^3 = 0 . (6.3) In other terms, near the bifurcation α = 0, the fronts are approximately equal to U(x, t) ≈ εRe e^{iqx}A(εx − ε^2c_0t) ,

Fig. 7: Three time frames showing the real part of the solution of the GL-equation. The parameters are q_− = −′.3 q⇁ = 0.9 and c = 5. with (1 − q^2)^2 + 3ε^2 = α▷ This should be compared with the result for the time dependent problem cf▷ Eq▷↼2▷2↽▷ The proofs of these results can be found in ♭Collet Eckmann 1990a♯ ♭Eckmann Wayne 1991♯▷ Intuitively the methods of proof for this result as well as for Theorem 6▷1 are all based on the presence of a small number of relevant variables e▷g▷ the 4dimensional real dynamical system described by Eq▷↼6▷3↽▷ The Center Manifold theorem ♭Mielke 1988♯ ♭Eckmann Wayne 1991♯ ♭Gallay 1992♯ makes sure that the other variables i▷e▷ the amplitudes a_n |n| ≠ 0, 1 and the amplitudes A_n |n| ≠ 1 are Ψslaved˚ by the relevant amplitudes. The deep reason of why this is possible has to do with the ansatz we require for the solutions. We impose some sort of periodicity in (6.1) and (6.2). The spectrum of the linear part on the corresponding subspace is then discrete; in other words, we have compactiffed the problem. This is in sharp contrast with the methods leading to Theorem 2.1, where the

- 15 -

continuous spectrum is visible in its full extent. Of course, the absence of compactness is also the reason of why much less is known if the requirement of periodicity is dropped. In the next two sections, we will again address a problem which has to do with the full partial differential equation. To recapitulate: The front problem, although it is a space-time problem, can, in 1 space dimension, be reduced to an Ψalmost ffnite dimensional˚ problem, by the Center Manifold techniques, because the space periodicity compactiffes the inffnite line. We can say that the initial data, or the physical preparation of the sample is responsible for this compactiffcation.

7. Space-time behavior

In this section, we would like to describe what we know about the global time-behavior of equations such as GL and SH. While there are extensive numerical simulations in this subject, not much is known rigorously, in the inffnite domain. Also, of course, it is difffcult to do numerical simulation in the inffnite domain. Before stating results, we want to put these difffculties in a mathematical perspective. We have seen in the previous section that in the inffnite domain, problems become slightly more tractable if some sort of periodicity is imposed�we have called this Ψcompactiffcation.˚ Most numerical experiments dealing with so-called spectral code, i.e., working in Fourier space, will of course treat exactly this class of compactiffed problems. Is this the only class of tractable problems? The answer is no, and we can classify the known results into three categories:

i) Control by compactiffcation, ii) Control by the maximum principle, iii) Control by convergence.

To these one should of course add results about global existence, such as Theorem 2.1, which are somehow precursors of iii) above. The control by the maximum principle is one of the most astonishing features of semi-linear parabolic equations. It essentially says, cf. [Aronson, Weinberger, 1978], [Bramson, 1983], [Collet, Eckmann, 1990a], that solutions are constrained (Ψsandwiched˚) between other solutions. Thus, if the initial data for the GL-equation are real and between two front solutions as in Fig. 8, then the solution will evolve forever between the two advancing fronts.

The control by convergence seems at ffrst sight quite trivial. If we have a stable ffxed point of a dynamical system, then by deffnition, all initial data sufffciently close to this ffxed point will be attracted to it by the time evolution. In particular, this means that they stay bounded. This is what we mean by Ψcontrol by convergence.˚ A set of partial differential equations for which this kind of phenomenon has been well studied is:

∂_tu = ∂^2_xu + u^p , (7.1) where u is a real function on the real line ↼and of time↽▷ We denote by ũ the Fourier transform of u and let u_t(x) = u(x, t). Then one has Proposition 7.1. [Collet, Eckmann, Epstein, 1992], [Bricmont, Kupiainen, Lin, 1992]. For every p > 3, p ∈ N, there is a constant ε_p > 0 such that for

‖ũ_0‖_∞ < ε_p , ‖ũ_0‖_1 < ε_p ,

Fig. 8: Two front solutions for the GL-equation and some arbitrary initial data in between. As time goes on the solution will stay between the two front solutions which advance with the same speed to the right.

the solution of the initial value problem (7.1) with u(x, 0) = u 0 tends to zero. In addition, one

has the bound

‖ũ_t‖_1 ≤ C_p(t + 1)^{−1/2} , for some αnite constant C_p▷ Thus in this case we have just ↼diffusive↽ convergence to zero. When p > 3, the diffusive Ψforce˚ of the Laplacian in (7.1) is stronger than the buildup by the non-linearity. It is known that for p ≤ 3 one has divergence of the solutions. See [Weissler, 1981], [Levine, 1990] for a review of the literature on this well-studied subject.

Here, we want to study cases where the limit state can be more interesting. We start with initial data for the GL-equation which look like stationary solutions at inffnity: lim x→−∞ u0(x) − sq^−,φ^− (x) = 0 , limx→∞ u0(x) − sq+,φ+ (x) = 0 . (7.2) We shall specify below the nature of the convergence in (7.2). Note that we have already encountered such initial conditions in the study of fronts, where we allowed q_± ⟩\ ⊔⟨⌉ ∫⟨⊣⌈⌉⌈ ⌈≀⇕⊣⟩\ ≀{ F⟩}↙ ▽↙ N≀⊒ ⊒⌉ ⌋≀\⌋⌉\⊔∇⊣⊔⌉ ≀\ ⊣\≀⊔⟨⌉∇ √⊣∇⊔ ≀{ ⊔⟨⌉ √⟨⊣∫⌉ ⌈⟩⊣}∇⊣⇕⇔ \⊣⇕⌉↕† ⊔⟨⌉ ∇⌉}⟩≀\∫ \⌉⊣∇ ⊔⟨⌉ ⌈⟩⊣}≀\⊣↕ q + = q−⇔ ⊣\⌈ φ + = φ−⇔ ⊒⟩⊔⟨ ⊔⟨⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ∇⌉∐⊓⟩∇⌉⇕⌉\⊔ ⊔⟨⊣⊔ q +, q− ⊣∇⌉ ⟩\ ⊔⟨⌉ E⌋‖⟨⊣⊓∫ ∫⊔⊣⌊↕⌉ ⌈≀⇕⊣⟩\↙ I⊔ ⟩∫ ⊓∫⌉{⊓↕ ⊔≀ ⟩\⊔∇≀⌈⊓⌋⌉ √≀↕⊣∇ ⌋≀≀∇⌈⟩\⊣⊔⌉∫ ⟩\ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\ ⊣\⌈ ⊔≀ ⊒∇⟩⊔⌉ u(x, t) = r(x, t)e^{iφ(x,t)} , where r and φ are real functions▷ ↼This representation is not unique when r = 0, but we shall avoid this problem through the choice of initial data). If the amplitude r goes through 0 one talks about a phase slip▷ The boundary conditions of Eq▷↼7▷2↽ now take the form lim x→±∞ r(x, 0) = √ 1 − q^2_± , lim_{x→±∞} φ^′(x, 0) = q_± . (7.3)

- 17 -

Fig. 9: A schematic illustration of the healing process for an initial condition with identical values for q_− ⊣\⌈ q ⇁▷ Note that there is a nontrivial overall phase shift which gets repaired without a phase slip purely by a rearrangement of the nodes▷ Time runs from top to bottom and we show the real part of u▷ Note that even if q + = q− = q there may be a nontrivial global phase shift δ ≠ 0: δ = ∫_∞ −∞ dx ( φ^′(x) − q ) . In Fig▷ 9 we show an example of an evolution for initial data of this type▷ We now want to explain how this happens and we want to put this in relation with some αeldtheoretic methods▷ Consider the GLequation Eq▷↼1▷2↽ written in the polar coordinates u = r e^{iφ}▷ One gets ∂_tr = ∂^2_xr + r − r^3 − rζ^2 , (7.4)

∂_tζ = ∂^2_xζ + 2∂_x ( ∂_xr r ζ ) , (7.5)

- 18 -

with ζ = ∂_xφ▷ Note that the r▷h▷s▷ of ↼7▷5↽ is a derivative so that ∫ (ζ − q) is a conserved quantity, i.e., the total phase shift δ is conserved▷ On the other hand ζ(x, t) converges to q for every αxed x as t → ∞⇔ ⇐{≀∇ ∫⊓⟩⊔⊣⌊↕⌉ ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣↙⇒ S≀ ⊒⌉ ∫⌉⌉ ⊔⟨⊣⊔ ⊔⟨⌉ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⟩∫ \≀⊔ ⊑⌉∇† ⊓\⟩{≀∇⇕↙ S⊓⌋⟨ ⌊⌉⟨⊣⊑⟩≀∇ ⟩∫ ⊣↕∇⌉⊣⌈† ⌉\⌋≀⊓\⊔⌉∇⌉⌈ {≀∇ ⊔⟨⌉ ∫⟩⇕√↕⌉ ⌈⟩{{⊓∫⟩≀\ ⌉∐⊓⊣⊔⟩≀\ ∂_tζ = ∂^2_xζ. We shall see below that it is at the origin of some very delicate questions about convergence for the GLequation▷

7▷1▷ The case q_+ = q_− W⌉ ∫⊔⊣∇⊔ ≀⊓∇ ⌈⟩∫⌋⊓∫∫⟩≀\ {≀∇ ⊔⟨⌉ ⌋⊣∫⌉ q + = q− = q▷ Later we shall also deal with the general case q_+ ≠ q_− ⊒⟨⟩⌋⟨ ⟩∫ ⇕≀∇⌉ ⟩\⊔∇⟩}⊓⟩\}↙ C≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⊑⟩⌋⟩\⟩⊔† ≀{ ⊣ ∫⊔⊣⊔⟩≀\⊣∇† ∫≀↕⊓⊔⟩≀\⇔ s q,0, cf. Eq.(4.5). We can write u as the difference from such a solution. r(x, t) = √ 1 − q^2 + s(x, t) , ζ(x, t) = q + η(x, t) . Expressed in the new variables s, η the equations ↼7▷4↽ and ↼7▷5↽ read ∂_ts = ∂^2_xs + s − 3(1 − q^2)s − 3 √ 1 − q^2 s^2 − s^3 − √ 1 − q^2 η^2 − 2 √ 1 − q^2 qη − sq^2 − 2sqη − sη^2 , (7.6) ∂_tη = ∂^2_xη + 2∂_x ( ∂_xs √ 1 − q^2 + s ) q + 2∂_x ( ∂_xs √ 1 − q^2 + s η ) . The corresponding linear system is ↼linearized around u = s_{q,0}) ∂_ts = ∂^2_xs − 2(1 − q^2)s − 2 √ 1 − q^2 qη , ∂_tη = ∂^2_xη + 2∂^2_xs 2q √ 1 − q^2 . (7.7)

When q = 0, the problem (7.6) reduces to

∂_ts = ∂^2_xs − 2s − η^2 − 3s^2 − s^3 − sη^2 ,

∂_tη = ∂^2_xη + 2∂_x ( ∂_xs 1 + s η ) . (7.8)

So, we have a ffeld theory with two ffelds, s and η▷ These two αelds have a nondiagonal mass matrix and a calculation shows that one of the masses is positive when q^2 <^1_3 . (This is another manifestation of the Eckhaus instability.) When q = 0, the sαeld is massive and the ηαeld

is massless and when q ≠ 0, the masses and the eigendirections change continuously with q▷ For q = 0, in essence, the repair of the defect is now seen as follows: Due to the term −2s the s variable relaxes quickly to its equilibrium value and then the η variable diffusively tends to zero▷ The problem with this argument comes from the η^2 term in the ↑rst equation of (7.8). In fact, s does not relax ↼fast↽ to zero but rather to something like η2, or some other η dependent function F (η). Since η is diffusive we expect η = O(1/t^{1/2}). Substituting into the second equation, we get the slow equation

∂_tη = ∂^2_xη + 2∂_x ( DF (η)∂_xη 1 + F (η) η ) . (7.9)

Does this equation repair diffusively? In other words: If we start with reasonable s and η i▷e▷ close to a periodic solution do these initial data evolve into a stationary solution⋆ We will see that this is indeed the case▷ In the case q ≠ 0, we see from Eq.(7.7) that the coupling of the two ffelds is not diagonal, due to the term −2 √ 1 − q^2qη▷ It is a general principle that in such cases one should diagonalize the problem however the difαculty here is that this diagonalizing transformation does depend on the momentum k and therefore does create new difαculties in the nonlinear terms▷ These problems can be handled through a careful balancing and a suitable choice of the space of allowed initial data▷ The details are given in ♭Collet Eckmann Epstein 1992♯ but here we just state the result with a few remarks▷ Theorem 7▷2▷ ♭Collet Eckmann Epstein 1992♯▷ Let q^2 <^1_3 . There is an ε = ε_q > 0 such that the solutions (s, η) of the Eq.(7.8) tend to zero in L^∞ ⊣∫ t → ∞ ⟩{ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣ ∫⊣⊔⟩∫{† ‖ks̃_0‖_2 < ε , ‖s̃_0‖_∞ < ε , ‖ k |k| + 1 η̃_0‖_2 < ε , ‖η̃_0‖_1 < ε , ‖η̃_0‖_∞ < ε . Heref̃ denotes the Fourier transform of f and ‖k̃f‖_2= (∫ dk k^2|f̃(k)|^2 )_{1/2.}

Remark. The Ψfunny˚ norms make sure that the diagonalization problem mentioned earlier can be solved. Note also that the conditions are not very strong, any small initial condition s η which together with its derivatives is in L^2 and in L^1 will do. Recall that s and η are only the deviations from the stationary solution s_{q,0} so that the situation of Fig. 9 applies. One can also show that the convergence has diffusive speed: ‖s̃ t‖∞ + ‖η̃t‖1 = O(t−1/2). This also shows

in which sense the solutions tend uniformly to the stationary limit in xspace▷

7▷2▷ The case q_+ ≠ q_− H⌉∇⌉⇔ ⊒⌉ ⌈⌉⊣↕ ⊒⟩⊔⟨ ⊔⟨⌉ ⊣∫†⇕⇕⌉⊔∇⟩⌋ ⌋⊣∫⌉⇔ ⊒⟨⌉\ ⌊≀⊔⟨ q + and q − ⊣∇⌉ ⟩\ ⊔⟨⌉ E⌋‖⟨⊣⊓∫ ∫⊔⊣⌊↕⌉ ⌈≀⇕⊣⟩\↙ I\ {⊣⌋⊔⇔ ⊒⌉ ∫⟨⊣↕↕ ∇⌉∐⊓⟩∇⌉ ⊔⟨⊣⊔ |q +|⇔ |q−|⇔ ⊣\⌈ |q+ − q−| ⊣∇⌉ ∫⇕⊣↕↕↙ T⟨⊓∫⇔ ⊒⌉ ⊘↕↕ ⟩\ ∫≀⇕⌉ ⌈⌉⊔⊣⟩↕∫ ⟩\ ⊔⟨⌉ ⊖√⟨⊣∫⌉ ⌈⟩⊣}∇⊣⇕⪰ ≀{ F⟩}↙ ▽⇔ \⌉⊣∇ ⊔⟨⌉ ⌈⟩⊣}≀\⊣↕ q_+ = q_− ⊣\⌈ \⌉⊣∇ ⊔⟨⌉ ≀∇⟩}⟩\↙ A∫ ⊒⌉ ∫⟨⊣↕↕ ∫⌉⌉ ⌊⌉↕≀⊒⇔ ≀\⌉ ⌋⊣\\≀⊔ ⌉§√⌉⌋⊔ ⊓\⟩{≀∇⇕ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⟩\ ⊔⟨⟩∫ ⌋⊣∫⌉↙ W⌉ ⌋⊣\ ⊣}⊣⟩\ ⊒∇⟩⊔⌉ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\ ⟩\ ⟩⊔∫ √≀↕⊣∇ {≀∇⇕⇔ ⌊⊓⊔ \≀⊒ ⊒⌉ ∫⊓⌊⊔∇⊣⌋⊔ ∞ {∇≀⇕ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\↙ T⟨⟩∫ ↕⌉⊣⌈∫ ⊔≀ ∂_ts = ∂^2_xs − 2s + 3s^2 − s^3 + η^2 − sη^2 ,

∂_tη = ∂^2_xη + 2∂_x ( η ∂_xs 1 − s ) , (7.10)

- 20 - with s = 1 − r and η = φ^′↙ I⊔ ⟩∫ ⊓∫⌉{⊓↕ ⊔≀ ⌈⌉⊘\⌉ {⊓\⌋⊔⟩≀\∫ F and G and to rewrite ↼7▷10↽ as ṡ = s^{′′} − 2s − 2F (s, η) , η̇ = η^{′′} + G(s, s^′, η)^′ , (7.11) where ˙ denotes the time derivative and^′ ⊔⟨⌉ ∫√⊣⌋⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉↙ B† ⊔⟨⌉ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣⇔ ⊣\⌈ ≀{ ⊔⟨⌉ ⊔⟩⇕⌉ ⌉⊑≀↕⊑⌉⌈ ∫≀↕⊓⊔⟩≀\⇔ ⊔⟨⌉ ∇↙⟨↙∫↙ ≀{ ⌉∐⊓⊣⊔⟩≀\ ⇐↙∞∞⇒ ⟩∫ ′ ⊣⊔ x = ±∞↙ S⟩\⌋⌉ ⊔⟨⌉ ⊒⟨≀↕⌉ √∇≀⌊↕⌉⇕ ⟩∫ ≀{ ⌈⟩{{⊓∫⟩⊑⌉ ⊔†√⌉⇔ ⊒⌉ ⌉§√⌉⌋⊔⇔ ⊣\⌈ ⟩⊔ ⊒⟩↕↕ {≀↕↕≀⊒ {∇≀⇕ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ √∇≀⌊↕⌉⇕⇔ ⊔⟨⊣⊔ ⊔⟨⌉ ⊑⊣↕⊓⌉∫ ⊣⊔ ⟩\⊘\⟩⊔† ∫⊔⊣† ⊓\⌋⟨⊣\}⌉⌈ ⟩\ ⊔⟩⇕⌉↙ H≀⊒⌉⊑⌉∇⇔ s and η themselves are not zero at inαnity▷ We explain now how one deals with such a problem▷ Before we can do so we want to explain what it means that the initial data have different values at −∞ ⊣\⌈ ⊣⊔ +∞↙ A \⟩⌋⌉ ⌉§⊣⇕√↕⌉ ⊒⟨⟩⌋⟨ ⟩↕↕⊓∫⊔∇⊣⊔⌉∫ ⊔⟨⟩∫ ⟩∫ ⊔⟨⌉ ∫⟩⇕√↕⌉ ⌋⊣∫⌉ ≀{ ⊔⟨⌉ √⊓∇⌉ ⌈⟩{{⊓∫⟩≀\ ⌉∐⊓⊣⊔⟩≀\ḟ = f^{′′}⇔ ⊒⟩⊔⟨ lim_{x→−∞} f(x, 0) = a lim_{x→+∞} f(x, 0) = b▷ Here and in the sequel we use a socalled Ψscaling argumentν i▷e▷ we look for a solution of the form f(x, t) = h^∗(x/ √ t + t_0) ,

with t_0 ≥ 0. It is easy to check that f(x, t) is a solution of the diffusion equation if ∂_ξh^∗(ξ) = Ae^{−ξ2/4}. Therefore, integrating the Gaussian from ξ = 0, we see that f equals an error function and f(±∞, t) = B ± 2 √ πA so that f has different limits at ±∞↙ N≀⊔⌉ ⊣↕∫≀ ⊔⟨⊣⊔ ḟ(x, t) = −^1_2 (h^∗)^′ ( x √ t + t_0 ) x (t + t_0)^{3/2} . For αxed x this is integrable in t but it is clear that the convergence is not uniform in x▷

Fig. 10: The solution of the diffusion equatioṅf = f^{′′}⇔ ⊒⟩⊔⟨ ↕⟩⇕_{x→−∞} f↼x, 0↽ = a lim_{x→⇓∞} f↼x, 0↽ = b▷

We choose now a = B − 2 √ πA b = B + 2 √ πA▷ Then on the one hand if we αx a αnite x then the solution f(x, t) converges to (a + b)/2 as t → ∞↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⟩{ ⊒⌉ ⊘§ ⊣\† ⊘\⟩⊔⌉ ⊔⟩⇕⌉ t then we have lim_{x→−∞} f(x, t) = a lim_{x→+∞} f(x, t) = b see Fig▷ 10▷ Thus in diffusive problems with different boundary conditions at ∞⇔ ⊒⌉ ⊘\⌈ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⊔≀ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⌋≀\⊔∇⊣∫⊔⌉⌈ ⊒⟩⊔⟨ ∫⊔⊣⊔⟩≀\⊣∇⟩⊔† ⊣⊔ ∞↙ I{ ⊒⌉ ⊔⟨⟩\‖ ≀{ f as the temperature in a problem involving heat diffusion the interpretation of this phenomenon is that the temperature at ±∞ ⟩∫ ⊘§⌉⌈⇔ ⊣\⌈ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ⟨⌉⊣⊔ ⊙⊓§ ⊣⌋∇≀∫∫↙ W⌉ ∫⟨⊣↕↕ ⌉↕⊣⌊≀∇⊣⊔⌉ ⟩\ S⌉⌋⊔⟩≀\ ∀ ⟨≀⊒ ⊔⟨⌉ ⊣⊑⊣⟩↕⊣⌊⟩↕⟩⊔† ≀{ ⊣\ ⟩\⊘\⟩⊔⌉ ⊣⇕≀⊓\⊔ ≀{ ⊖⌉\⌉∇}†⇔⪰ ⊣↕↕≀⊒⟩\} {≀∇ ⊔⟨⟩∫ ⟨⌉⊣⊔ ⊙⊓§ ⟩∫ ⊔⟨⌉ ∫≀⊓∇⌋⌉ ≀{ ⌋≀\⊑⌉∇}⌉\⌋⌉ √∇≀⌊↕⌉⇕∫↙ T⟨⟩∫ √∇≀⌊↕⌉⇕ ⟩∫ ⊣⌊∫⌉\⊔ ⊒⟨⌉\ q_+ = q_− ⊣\⌈ ⟩∫ ⊔⟨⌉ ∇⌉⊣∫≀\ {≀∇ ⊔⟨⌉ ∫⟩⇕√↕⌉∇ √∇≀≀{∫ ≀\⌉ ⌋⊣\ ≀⌊⊔⊣⟩\ ⟩\ ⊔⟨⊣⊔ ⌋⊣∫⌉↙ C≀⇕⟩\} ⌊⊣⌋‖ ⊔≀ ⊔⟨⌉ E∐↙⇐↙∞∞⇒⇔ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⌈⟩∫⌋⊓∫∫⟩≀\ ∫⊓}}⌉∫⊔∫ ⊔≀ ⟩\⊔∇≀⌈⊓⌋⌉ ⊣ \⌉⊒ ⟩\⌈⌉√⌉\⌈⌉\⊔ ⊑⊣∇⟩⊣⌊↕⌉ z : R × R → R which vanishes at ∞ ⇐s does not↽ and so we deαne z = s + F (s, η) , (7.12) where F is the polynomial 2F (s, η) = −3s^2 + s^3 − η^2 + sη^2 . In fact our methods use a little less. One only needs to know that F (εx, εy) = O(ε^2) as ε → 0, where x y ∈ R, and that F is C^2. Clearly, there is a function f such that for sufαciently small z and η we have s = z + f(z, η) . Note that f(εz, εη) = O(ε^2). We will change variables in (7.10) from s to z▷ Denoting partial derivatives with appended subscripts we have s^′ = (1 + f_z)z^′ + f_ηη^′ ,

s^{′′} = (1 + f_z)z^{′′} + f_{zz}z^{′2} + 2f_{zη}z^′η^′ + f_{ηη}η^{′2} + f_ηη^{′′} .

(7.13)

We introduce notation to simplify the sums of derivatives. D_1, D_2 denote the vectors

D_1 = (z^′, η^′, 0, 0, 0) ,

D_2 = (z^{′′}, η^{′′}, z^{′2}, z^′η^′, η^{′2}) , so that ↼7▷13↽ becomes s^′ = z^′ + H_1 · D_1 , s^{′′} = z^{′′} + H_2 · D_2 , with H_1 = ( f_z, f_η, 0, 0, 0 ) , H_2 = ( f_z, f_η, f_{zz}, 2f_{zη}, f_{ηη} ) , and H_i · D_k denoting the scalar product▷ Note that if z and η are small in L^∞ ⊔⟨⌉\ H_1 and the ↑rst two components of H 2 are small in L ∞↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⊔⟨⌉ ↕⊣∫⊔ ⊔⟨∇⌉⌉ ⌋≀⇕√≀\⌉\⊔∫ ≀{ H 2 are bounded. We call H ⊔⟨⌉ ∫⌉⊔ ≀{ {⊓\⌋⊔⟩≀\∫ ↕⟩‖⌉ H 1, H2: H = { {h_j }_{j=1,...,5} : R × R → R | ‖h_j (εf, εg)‖_∞ ≤ O(ε) , j = 1, 2 , ‖h_j (εf, εg)‖_∞ ≤ O(1) , j = 3, 4, 5 , when ‖f‖_∞, ‖g‖_∞ ≤ 1 } . The term G in the second equation of ↼7▷11↽ can be handled in a similar fashion▷ These calculations cf▷ ♭Collet Eckmann 1992♯ which are a change of coordinates in function space from (s, η) to (z, η), ffnally lead to an equation of the form:

ż = z^{′′} − 2Az + H^{(z)} · D_2 ,

η̇ = η^{′′} + H^{(G)} · D_2 ,

(7.14)

with H^{(z)}, H^{(G)} in H ⊣\⌈ A − 1 = O(ε). We have now two Ψvariables,˚ the variable z does vanish at ∞⇔ ⊣\⌈ ⟩∫ ⊣}⊣⟩\ ∫⌉⌉\ ⊔≀ ⌊⌉ ⊣ ⊖⇕⊣∫∫⟩⊑⌉⪰ ⊘⌉↕⌈⇔ ⊣∫ ⟩\ E∐↙⇐↙∀⇒↙ W⌉ \≀⊒ ⌋≀\∫⟩⌈⌉∇ ⟩\ ⇕≀∇⌉ ⌈⌉⊔⊣⟩↕ ⊔⟨⌉ ∫⌉⌋≀\⌈ ⌉∐⊓⊣⊔⟩≀\ ≀{ ⇐↙∞△⇒↙ W⌉ ⌉\⌋≀⊓\⊔⌉∇ ⟨⌉∇⌉ ⊣ √∇≀⌊↕⌉⇕ ⊒⟨⟩⌋⟨ ⟩∫ ∫⟩⇕⟩↕⊣∇ ⊔≀ ⊔⟨⌉ ≀\⌉ {≀⊓\⌈ ⟩\ ⊔⟨⌉ ∇⌉↕⊣⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ s and z▷ Namely since the limits of η at ∞ ⊣\⌈ −∞ ⊣∇⌉ \≀⊔ \⌉⌋⌉∫∫⊣∇⟩↕† ⊔⟨⌉ ∫⊣⇕⌉⇔ ⊒⌉ ⌈≀ \≀⊔ ⌉§√⌉⌋⊔ η ∈ L^2, which would be useful in view of an application of Ψenergy bounds˚ as in Section 3. But we can now use the

fact that the limits at in↑nity stay constant in time and express η as an approximate solution ζ which has the correct behavior at inαnity and then bound the difference y = η − ζ in L^2. In other words, we perform a second change of variables in function space, from (z, η) to (z, y),

with an additional unknown function ζ▷

We αrst recall that s = z + f(z, η), and therefore the r.h.s. of the second equation of (7.11) can be written as

η^{′′} + ( z^′ + f_η(z, η)η^′ + f_z(z, η)z^′ 1 − z − f(z, η) η )_′

≡ η^{′′} + ( ηη^′Q_1(z, η) )_′ + ( ηz^′Q_2(z, η) )_′ , where Q_1 = f_η(1 − z − f)^{−1} , Q_1 = O(ε) ,

Q_2 = (1 + f_z)(1 − z − f)^{−1} , Q_2 = O(1) . With this notation we have η̇ = η^{′′} + (ηη^′Q_1)^′ + (ηz^′Q_2)^′ . (7.15)

- 23 -

We deffne the approximate quantity ζ as the solution of

ζ̇ = ζ^{′′} + (ηζ^′Q_1)^′ , (7.16)

with the boundary condition ζ(±∞, t = 0) = η(±∞, t = 0). This equation is of the type

ζ̇ = ∂_x(1 + ηQ_1)∂_xζ . (7.17) We deffne y = η − ζ and the equation for y is ẏ = y^{′′} + (ηy^′Q_1)^′ + (ηz^′Q_2)^′ . (7.18)

We now formulate some assumptions on z η ζ and y▷ Deαnition▷ We denote by B_ε the set of all functions z η ζ and y mapping R → R, which satisfy ∫_∞ −∞ dx | |z^2 + z^{′2} + z^{′′2} + η^{′2} + η^{′′2} + y^2 + y^{′2} | | + ‖ζ‖^2_∞ ≤ ε^2 . (7.19)

Main Assumption. The initial data of the problem (1.2)�or equivalently, of (7.11), (7.14), (7.16), (7.18)�with ζ(t = 0, ·) = η(t = 0, ·) are in B_ε▷ Theorem 7▷3▷ ♭Collet Eckmann 1992♯▷ There is an ε 0 > 0 such that if the initial data satisfy the Main Assumption with ε < ε_0, then the solution is, for all t ≥ 0, in B_ε▷ Remark▷ The conditions in the Main Assumption are somewhat redundant since e▷g▷ the bound on z ′ {≀↕↕≀⊒∫ {∇≀⇕ ⊔⟨⊣⊔ ≀\ z z ′′ ⇔ ⊣\⌈ y ζ and η are not independent variables▷ The interpretation of the result is as follows. Recall the transformation from the variables (r, φ) to (z, y, ζ), Eqs.(7.10), (7.12), y = η − ζ▷ In particular since z and z^′ ⊣∇⌉ ⌊≀⊓\⌈⌉⌈ ⟩\ L^2 for all times, under the Main Assumption, we ↑nd that sup x∈R |z(x, t)| ⟩∫ ⌊≀⊓\⌈⌉⌈ {≀∇ ⊣↕↕ t > 0. Similarly ζ and η are bounded in L^∞ ⊣\⌈ ⊔⟨⌉∇⌉{≀∇⌉ s is bounded in L^∞↙ A↕↕ ⊔⟨⌉∫⌉ ⌊≀⊓\⌈∫ ⊣∇⌉ ≀{ ⊔⟨⌉ ≀∇⌈⌉∇ O(ε) and therefore, if ε is sufαciently small we αnd that r(x, t) = 1 − s(x, t) > 0 for all x and t▷ The amplitude is thus positive there are no phase slips▷ We can imagine therefore a Ψrestoringν process whereby the initial condition with a phase derivative φ^′ = q_± ⊣⊔ ±∞ ⊒⟩↕↕ ⊖⇕⌉↕⊔⇔⪰ ≀\ ⌉⊑⌉∇† ⌋≀⇕√⊣⌋⊔ ⟩\⊔⌉∇⊑⊣↕⇔ ⟩\⊔≀ ⊣ ∫≀↕⊓⊔⟩≀\ ⊒⟩⊔⟨ ⊣ ⌋≀\∫⊔⊣\⊔ √⟨⊣∫⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ q^∗ ⊣∫ ⊔⟩⇕⌉ }≀⌉∫ ⊔≀ ∞↙ A\ ⟩↕↕⊓∫⊔∇⊣⊔⟩≀\ ⟩∫ }⟩⊑⌉\ ⟩\ F⟩}↙ ∞∞↙

↖ ∈△ ↖

Fig. 11: A schematic rendering of the melting process when q⇁ ≠ q_− ⟩∫ }⟩⊑⌉\↙ T⟩⇕⌉ ∇⊓\∫ {∇≀⇕ ⊔≀√ ⊔≀ ⌊≀⊔⊔≀⇕↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊣ \⌉⊒ ⊒⊣⊑⌉⊑⌉⌋⊔≀∇⇔ q ∗ ⇔ ⟩∫ ⌉∫⊔⊣⌊↕⟩∫⟨⌉⌈ ⊣∫ ⊔⟩⇕⌉ }≀⌉∫ ≀\⇔ ⊒⟩⊔⟨≀⊓⊔ ⊣\† √⟨⊣∫⌉ ∫↕⟩√↙ I⊔ ∫⟨≀⊓↕⌈ ⊣↕∫≀ ⌊⌉ ‖⌉√⊔ ⟩\ ⇕⟩\⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ⊒⊣⊑⌉⊑⌉⌋⊔≀∇∫ ⊣⊔ ±∞ ⊒⟩↕↕ ∫⊔⊣† {≀∇⌉⊑⌉∇ ⊣⊔ q±↙ W⌉ ∫⟨≀⊒ ⊔⟨⌉ ∇⌉⊣↕ √⊣∇⊔ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\↙

↙∈↙∞↙ C≀\⊑⌉∇}⌉\⌋⌉

W⌉ ⊘\⊣↕↕† ⊣⌈⌈∇⌉∫∫ ⊔⟨⌉ ∐⊓⌉∫⊔⟩≀\ ≀{ ⌋≀\⊑⌉∇}⌉\⌋⌉ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ⊔≀ ≀\⌉ ≀{ ⊔⟨⌉ ∫⊔⊣⊔⟩≀\⊣∇† ∫≀↕⊓⊔⟩≀\∫ ≀{ E∐↙⇐∞↙∈⇒⇔ ⊒⟨⟩⌋⟨ ⟨⊣∫ ⌊⌉⌉\ ∫≀↕⊑⌉⌈ ⟩\ ⊔⟨⌉ \⟩⌋⌉ √⊣√⌉∇∫ ∪B∇⟩⌋⇕≀\⊔⇔ K⊓√⟩⊣⟩\⌉\⇔ L⟩\⇔ ∞∃∃∈⊎⇔ ∪B∇⟩⌋⇕≀\⊔⇔ K⊓√⟩⊣⟩\⌉\⇔ ∞∃∃∈⊎↙ O\⌉ ⟨⊣∫ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∇⌉∫⊓↕⊔¬ T⟨⌉≀∇⌉⇕ ↙△↙ ∪B∇⟩⌋⇕≀\⊔⇔ K⊓√⟩⊣⟩\⌉\⇔ L⟩\⇔ ∞∃∃∈⊎⇔ ∪B∇⟩⌋⇕≀\⊔⇔ K⊓√⟩⊣⟩\⌉\⇔ ∞∃∃∈⊎↙ F≀∇ ⌉⊑⌉∇† ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊓⇕ u sufαciently close to a scaling solution there are a stationary solution

u^∗(x) = √ 1 − q^{∗2}e^{iq∗x+iφ∗} , (7.20)

- 25 - and a generally non-trivial phase ϑ^∗⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔ {≀∇ ⌉⊑⌉∇† ⊘\⟩⊔⌉ ⟩\⊔⌉∇⊑⊣↕ I ⊂ R one has lim_{t→∞} sup_{x∈I} |u(x, t) − e^{iϑ∗} √ tu^∗(x)| = 0 . (7.21)

Note that the solution does not converge to a ffxed function, but to a stationary solution which is multiplied by a varying phase whose speed of variation goes to 0. On the other hand, the derivative of the solution does converge. We shall sketch the main ideas of the proof and the nature of the scaling solutions in Section 8. Here, we continue with a somewhat more general discussion.

The convergence of the type of (7.21) holds true with ϑ^∗ = 0 in the case when q_+ = q_−⇔ ⊣\⌈ ⟩\ {⊣⌋⊔ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⌉⊑⌉\ ⊔⊣‖⌉∫ √↕⊣⌋⌉ ⟩\ ∫⊓⟩⊔⊣⌊↕⌉ L p spaces as we have seen in Section 7▷1▷ The case of q + ≠ q− ⟩∫ ⇕≀∇⌉ ⌋≀⇕√↕⌉§↙ A∫ ⊒⌉ ⟨⊣⊑⌉ ∫⌉⌉\ ⟩\ S⌉⌋⊔⟩≀\ ↙∈⇔ ≀\⌉ ⌋⊣\\≀⊔ ⌉§√⌉⌋⊔ ⌋≀\⊑⌉∇}⌉\⌋⌉ ≀{ u in L p because the values at inαnity are different▷ However one can study the convergence of the time derivative▷ If for example |u̇(x, t)| ≤ C(x)t −3/2, then clearly the

pointwise time-limit lim t→∞ u(x, t) will exist.

A ffrst result is

Theorem 7.5. [Collet, Eckmann, 1992]. There is an ε_0 > 0 such that for the initial data satisfying the Main Assumption with ε < ε_0, the solution converges in the following sense: lim_{t→∞} ‖z(·, t)‖_∞ = 0 , lim_{t→∞} ‖z^′(·, t)‖_∞ = 0 , lim_{t→∞} ‖η^′(·, t)‖_∞ = 0 , lim_{t→∞} ‖y(·, t)‖_∞ = 0 . (7.22)

Remark. Note that we make no statement about the convergence of ζ which is the solution of Eq▷↼7▷17↽▷ Indeed ↼7▷17↽ is a diffusion equation with a coefαcient a(x, t), which is varying (slowly) in space and time, namely the function a(x, t) = 1 + ηQ_1. Furthermore, the limiting values of ζ at x = ±∞ ⊣∇⌉ ⊓\⌉∐⊓⊣↕↙ I⊔ ⟩∫ ⊔⟨⌉ ⌋≀⇕⌊⟩\⊣⊔⟩≀\ ≀{ ⊔⟨⌉∫⌉ ⊔⊒≀ √∇≀⌊↕⌉⇕∫ ⊒⟨⟩⌋⟨ ⟩∫ ∇⌉∫√≀\∫⟩⌊↕⌉ {≀∇ ⊔⟨⌉ ⌈⟩{⊘⌋⊓↕⊔† ⟩\ √∇≀⊑⟩\} ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ≀{ ζ as t → ∞↙ I⊔ ⊒⟩↕↕ ⌊⌉ ∫⌉⌉\ ⊔⟨⊣⊔ ⊔⟨⌉ √∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ ↙△ ⟩∫ ⌋∇⊓⌋⟩⊣↕↕† ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ≀⌊∫⌉∇⊑⊣⊔⟩≀\ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀⌉{⊘⌋⟩⌉\⊔ a(x, t) is a function of the solution, only.

On the other hand the Theorem 7.5 does imply convergence in a weaker sense. Write the solution u in polar coordinates. u(x, t) = r(x, t)e^{iφ(x,t)}. Then it follows at once from Theorem 7.5 that r and φ satisfy lim_{t→∞} sup_{x∈} R^{|r′(x, t)| = 0 , lim}t→∞^{sup}x∈R^{|φ′′(x, t)| = 0 . (7.23)} This means that on every compact interval, the solutions looks at large times like a stationary solution R(t)e^{iQ(t)x+iΦ(t)}.

- 26 -

8. Convergence in diffusive equations

This section describes what we know about problems of the type u̇ = ∂_xa∂_xu , (8.1) when a is strictly positive and of one of the forms a = a(x) , a = a(x, t) , a = a(u(x, t), u^′(x, t)) . We discuss in particular the case when the initial data u(x, 0) = u_0(x), have the property that lim x→±∞ u_0(x) = u_± , with u_+ ≠ u_−↙ S⊓⌋⟨ ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣ ⊣∇⌉ ≀{ ⌋≀⊓∇∫⌉ ⇕≀⊔⟩⊑⊣⊔⌉⌈ ⌊† ⊔⟨⌉ √⟨⊣∫⌉ ⌉∐⊓⊣⊔⟩≀\ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ ↙∈↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ √∇⌉∫⌉\⊔ ∫⌉⌋⊔⟩≀\ ⟩∫ ↕⊣∇}⌉↕† ⟩\⌈⌉√⌉\⌈⌉\⊔ ≀{ ⊔⟨⌉ ∇⌉⇕⊣⟩\⌈⌉∇ ≀{ ⊔⟨⟩∫ √⊣√⌉∇↙ W⌉ ∫⟨⊣↕↕ ∫⌉⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ⊣∇⌉ ⌊⊣∫⌉⌈ ≀\ ⊔⊒≀ ⌊⊣∫⟩⌋ √∇⟩\⌋⟩√↕⌉∫¬ ⟩⇒ A ∫⌋⊣↕⟩\} ⊣∇}⊓⇕⌉\⊔ {≀∇ ⊓\⌉∐⊓⊣↕ ↕⟩⇕⟩⊔ ⊑⊣↕⊓⌉∫ ≀{ u 0, ii) A priori estimates on the fundamental solution of the operator ∂ xa∂x▷ We start by discussing these general results in the next two subsections and will then proceed to increasingly complex examples of the convergence problem ending in a sketch of the proof of Theorem 7▷4▷

8▷1▷ The scaling solution for asymmetric problems We consider the special case of a diffusion equation with nonconstant coefαcients ↼in space↽ which are step functions▷ Let A(x) = { A_+, if x > 0 , A_−, if x < 0 , (8.2) with A_± > 0. We consider the diffusion equation ∂_tg(x, t) = ∂_x ( A(x)∂_xg(x, t) ) , (8.3)

with initial data g(x, 0) = u_+ if x > 0 and g(x, 0) = u_− ⟩{ x < 0. For x ≠ 0, have the particular solutions u_s(x, t) ≡ e^{isx/A1/2(x)−s2t} , when s ∈ R, so that we can write the general solution in the form g(x, t) = ∫_∞ −∞ ds h_+(s)θ(+x)u_s(x, t) + ∫_∞ −∞ ds h_−(s)θ(−x)u_s(x, t) .

The continuity of g corresponds to the requirement h_+(s) + h_+(−s) = h_−(s) + h_−(−s) , (8.4)

and then the vanishing of the integral of (8.3) from −ε to ε leads ↼in the limit ε → 0) to the condition A^{1/2}_+ ( h_+(s) − h_+(−s) ) = A^{1/2}_− ( h_−(s) − h_−(−s) ) . (8.5)

Thus, we ffnd

h_±(s) = S(s) + 1 A_± T (s) ,

where S is an even function of s and T is odd▷ If we denote bỹS andT̃ the Fourier transforms of S and T then the initial data lead to an equation

u_+ = S̃(x/A^{1/2}_+ ) + 1 A^{1/2}_+

T̃ (x/A^{1/2}_+ ) , u_− = S̃(x/A^{1/2}_− ) + 1 A^{1/2}_− T̃ (x/A^{1/2}_− ) ,

so that αnally

S̃(x) = u^+A 1/2 + + u_−A^{1/2}_− A^{1/2}_+ + A^{1/2}_−

, T̃ (x) = (u_+ − u_−)

A^{1/2}_+ A^{1/2}_− A^{1/2}_+ + A^{1/2}_− sign x .

From this g(x, t) is obtained at once:

g(x, t) = 1 √ 4πt ∑ σ∈{+,−} θ(σx) ∫_∞ −∞ dz e^{−(x/A1/2σ −z)2/4t} ( S̃(z) + 1 A^{1/2}_σ T̃ (z) ) (8.6)

= u_+A^{1/2}_+ + u_−A^{1/2}_− A^{1/2}_+ + A^{1/2}_− + 1 √ 4πt (u_+ − u_−)A^{1/2}_+ A^{1/2}_− A^{1/2}_+ + A^{1/2}_− ∑ σ∈{+,−} σθ(σx) A^{1/2}σ ∫_∞ −∞ dze^{−(x/A1/2σ −z)2/4t} sign z .

From this we see that u^∗ ≡ g(x, ∞) = u_+A^{1/2}_+ + u_−A^{1/2}_− A^{1/2}_+ + A^{1/2}_−

. (8.7)

- 28 -

Fig. 12: The solution of the diffusion equation with two different diffusion constants for x > 0 and x < 0 and two different initial values u⇁and u_−↙ N≀⊔⌉ ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⊔≀ u^∗ ⟩\ ⊔⟩⇕⌉↙ A↕∫≀ ≀⌊∫⌉∇⊑⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∇⊣⊔⟩≀ ≀{ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫ ⊣⊔ x = 0 is constant.

This calculation shows that the �equilibrium value,� u

∗ = g(x, ∞) is determined by the continuity of the heat fiux across the discontinuity of the diffusion constant at x = 0. The ratio of the derivatives of g at x = 0 is constant in time. Note that the result (8.7) is not really obvious. Indeed, for any ffnite system, one would ffrst see convergence towards u^∗ ⊣\⌈ ⊔⟨⌉\ ⊣ ⌋∇≀∫∫≀⊑⌉∇ ⊔≀ ⊣\ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌊⌉ ⌉§√∇⌉∫∫⌉⌈ ⟩\ ⊔⌉∇⇕∫ ≀{ ∫√⌉⌋⟩⊘⌋ ⟨⌉⊣⊔∫↙ I\ ⊔⟨⌉ ⟩\⊘\⟩⊔⌉ ∫†∫⊔⌉⇕⇔ ⊔⟨⌉ ⊔≀⊔⊣↕ ⟨⌉⊣⊔ ⌋≀\⊔⌉\⊔ ⟩∫ ⟩\⊘\⟩⊔⌉↙ I{ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⟩∫ \≀⊔ ⌋≀\∫⊔⊣\⊔⇔ ⊔⟨⟩∫ ⟩\⊘\⟩⊔⌉ ⊣⇕≀⊓\⊔ ≀{ ⟨⌉⊣⊔ ⌋⊣\ ⇕≀⊑⌉ ⊣∇≀⊓\⌈ ≀⊑⌉∇ ↕⊣∇}⌉ ⌈⟩∫⊔⊣\⌋⌉∫↙ T⟨⟩∫ √⟨⌉\≀⇕⌉\≀\ ⟩∫ ⟩⇕√≀∇⊔⊣\⊔ {≀∇ ⌉∐⊓⊣⊔⟩≀\∫ ∫⊓⌋⟨ ⊣∫ ⇐↙∞⇏ ⟩\ ⊒⟨⟩⌋⟨⇔ ∫≀ ⊔≀ ∫√⌉⊣‖⇔ ⊔⟨⌉ ⌈⟩{{⊓∫⟩≀\ ⌋≀\∫⊔⊣\⊔ ⟩∫ ⊣ {⊓\⌋⊔⟩≀\ ≀{ ∫√⊣⌋⌉ ⊣\⌈ ⊔⟩⇕⌉ ⊒⟩⊔⟨ ⌈⟩{{⌉∇⌉\⊔ ↕⟩⇕⟩⊔∫ ⊣⊔ ±∞↙ S⟩\⌋⌉ ⊒⌉ ‖\≀⊒ ⊔⟨⌉ {⊓\⌈⊣⇕⌉\⊔⊣↕ ∫≀↕⊓⊔⟩≀\ {≀∇ ⇐∀↙∋⇒ ⌉§√↕⟩⌋⟩⊔↕†⇔ ⊒⌉ ⟨⊣⊑⌉ ⊣\ ⌉§√↕⟩⌋⟩⊔ ⟩\⊔⌉}∇⊣↕ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ {≀∇ ⊣\† ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣↙ W⌉ ⌋⊣\ ⊒∇⟩⊔⌉ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ⟩\ ⊣\≀⊔⟨⌉∇ {≀∇⇕⇔ ⇕⊣‖⟩\} ⌈⟩∇⌉⌋⊔↕† ⊣ ∫⌋⊣↕⟩\} ⊣\∫⊣⊔‡↙ S⌉⊔ g(x, t) = g^∗(x/t^{1/2}). Substituting, we get the equation, for g^∗ = g^∗(ξ):

−^1_2 ξ∂_ξg^∗ = ∂_ξA∂_ξg^∗ . This can be integrated and the boundary conditions together with the continuity requirement for ∂_ξA∂_ξg^∗ ⊣⊔ ξ = 0 lead to

g^∗(ξ) = u_+A^{1/2}_+ + u_−A^{1/2}_− A^{1/2}_+ + A^{1/2}_− + (u_+ − u_−)A^{1/2}_− A^{1/2}_+ √ 4π(A^{1/2}_+ + A^{1/2}_− ) ∫_ξ 0 dηe^{−η2/(4A+)} , (8.8)

when ξ > 0 and similarly for ξ < 0.

- 29 -

8.2. A priori bounds on the fundamental solution. Harnack inequalities Here, we recall the very nice bounds which are known for the case of the operator L = ∂_xa(x, t)∂_x▷ We assume throughout that a is Ψstrictly positiveν i▷e▷ there are constants λ > 0 and Λ < ∞ ∫⊓⌋⟨ ⊔⟨⊣⊔ λ < a(x, t) < Λ , for all x, t . (8.9) Theorem 8.1. [Moser, 1973], [Fabes, Stroock, 1986]. Assume that a is strictly positive▷ Then the fundamental solution Γ for the operator L = ∂_xa(x, t)∂_x satisαes the bounds for t > s C^{−1}_< e^{−C<(x−y)2/(t−s)} (t − s)^{1/2} ≤ Γ((x, t), (y, s)) ≤ C^{−1}_> e^{−C>(x−y)2/(t−s)} (t − s)^{1/2} , (8.10)

for two positive constants C_< C_>▷ Remark▷ The theorem in ♭Fabes Stroock 1986♯ is formulated for the multidimensional case▷ The theorem tells us that the diffusion operator L with nonconstant coefαcient a has the same kind of bound as the explicitly known Gaussian kernel for the operator ∂^2_x▷

8▷3▷ Convergence for u 0 ∈ L1 We start by exploiting the results of the previous subsections and assume here that u 0 ∈ L1. Later we shall generalize the results to the case when only u ′0 ∈ L1, (for a = const. or a = a(x)).

Lemma 8.2. Let u(x, 0) = u_0(x) in L^1. Then the solution u(x, t) of the equation ∂_tu = ∂_xa∂_xu with a satisfying the inequality ↼8▷9↽ converges pointwise to zero▷ Proof▷ The solution is given by u(x, t) = ∫_∞ −∞ dy Γ((x, t), (y, 0)) u_0(y) . (8.11)

We can use the upper bound from (8.10) to get |u(x, t)| ≤ ∫ dy |u_0(y)| · sup_{x,y} |Γ((x, t), (y, 0))| ≤ O(t^{−1/2})‖u_0‖_1 . (8.12) Thus, u(x, t) tends pointwise to 0 as t → ∞↙ N≀⊔⌉ ⊔⟨⊣⊔⇔ ≀\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⌉ L^1 norm ‖u_t‖_1 = ∫ dx|u(x, t)| ⌈≀⌉∫ \≀⊔ ⌈⌉⌋∇⌉⊣∫⌉ ⟩\ ⊔⟩⇕⌉↙ R⌉⇕⊣∇‖↙ T⟨⌉ ↕⌉⇕⇕⊣ }⌉\⌉∇⊣↕⟩‡⌉∫ ⊔≀ ⊔⟨⌉ ⌋⊣∫⌉ ⊒⟨⌉\ u_0(x) − c ∈ L^1. In particular, it implies that u(x, t) = c + O(t^{−1/2}) as t → ∞↙ R⌉⇕⊣∇‖↙ I{ a is of the form a(x, t) = a(u(x, t), u^′(x, t)), convergence still follows from the general bounds of Eq.(8.10). Remark. The result generalizes obviously to u_0 ∈ L^p p < ∞⇔ ⌊† ⊓∫⟩\} ⊣ H�≀↕⌈⌉∇ ⟩\⌉∐⊓⊣↕⟩⊔† ⟩\ E∐↙⇐∀↙∞∈⇒↙

↖ ∋′ ↖ ∀↙△↙ T⟨⌉ ∇ ←≀↕⌉ ≀{ ⊔⟨⌉ ⊓\⌉∐⊓⊣↕ ↕⟩⇕⟩⊔ ⊑⊣↕⊓⌉∫ W⌉ \≀⊒ ∫⊔⊣∇⊔ ≀⊓∇ ∫⊔⊓⌈† ≀{ ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣ u_0 which are not in L^1, but we assume throughout that they have limits as x → ±∞↙ T⟨⟩∫ ⌋≀∇∇⌉∫√≀\⌈∫ ⊔≀ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\⇔ ⌋{↙ E∐↙⇐↙∞⇒⇔ ⊒⟨⌉\ q_+ ≠ q_−↙

∀↙△↙∞↙ C≀\⊑⌉∇}⌉\⌋⌉ {≀∇ ⌈⟩{{⊓∫⟩≀\ ⊒⟨⌉\ u ′ 0 ∈ L^1

We begin by considering the problem of a constant coef↑cient but with initial data which have different limits at ±∞↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊒⌉ \⌉⌉⌈ ⊔≀ ∇⌉∐⊓⟩∇⌉ ∫ dx|u^′_0(x)| < ∞↙ L⌉⇕⇕⊣ ∀↙∋↙ L⌉⊔ u_0 be a function for which u^′_0 ∈ L^1. Consider the equation

u̇ = u^{′′} , (8.13)

with initial data u(x, 0) = u_0(x). Then, for each x u(x, t) converges as t → ∞↙ T⟨⌉ ↕⟩⇕⟩⊔ ⟩∫ u^∗ =^1_2 (u_0(+∞) + u_0(−∞)).

Proof. We have u(x, t) = ∫ dy e^{−y2/4t} √ 4πt u_0(x − y) . (8.14)

Since (8.13) is linear and since constants are solutions, we may subtract from u_0 a constant and

therefore we can assume without loss of generality that u 0(−∞) = 0. Integrating by parts in

(8.14), we get u(x, t) = ∫ dy ∫_y −∞ dz e^{−z2/4t} √ 4πt u^′_0(x − y) . Let now erf(s) = π^{−1/2} ∫_s −∞ dxe^{−x2} . Then u(x, t) = ∫ dy erf(y/ √ 4t)u^′_0(x − y) , (8.15)

and, clearly, u(x, ∞) =^1_2 ∫ dy u^′_0(x − y) =^1_2 (u_0(+∞) + u_0(−∞)).

Fix now x ∈ R and assume ε > 0 is given. We shall ffnd a t_0 such that |u(x, t) − u(x, ∞)| ≤ ε , (8.16) for t > t_0. First, since u^′_0 ∈ L^1 there is a y_0 such that ∫ |y|>y0 dy |u ′ 0(x − y)| < ε/4. Thus, the contribution from |y| > y_0 in (8.15) to the difference u(x, t) − u(x, ∞) is bounded by ε/2. Furthermore, there is a t_0 such that sup |y|≤y0 | |erf(y/√4t) −_{12} | | ≤ ε/(2‖u_{′0}‖_1) , (8.17)

- 31 -

for all t ≥ t_0. Thus, the contribution from |y| < y_0 is also bounded by ε/2 and (8.16) follows. Remark. The crucial step in the proof is the pointwise estimate of the fundamental solution in Eq.(8.17). Such a bound is not provided by the Harnack inequality, Eq.(8.10). On the other hand, the situation is very good with respect to local convergence, even when the coefffcients a are not constant in time▷ One has the following result. Theorem 8▷4▷ ♭Moser 1971♯▷ Consider the equation ∂_tu = ∂_xa(x, t)∂_xu , with measurable a satisfying 0 < λ < a(x, t) < Λ, and bounded initial conditions. If the solution exists, then its Ψoscillation,˚ i.e., osc [a,b]×[T1+T,T2+T ] u ≡ sup_{x∈[a,b]} sup t∈[T1+T,T2+T ] u(x, t) − inf_{x∈[a,b]} inf t∈[T1+T,T2+T ] u(x, t) ,

tends to zero as T → ∞⇔ {≀∇ ⊣\† ⊘\⟩⊔⌉ ⟩\⊔⌉∇⊑⊣↕ [a, b] and any ffnite times T_1 < T_2. Thus, the solution reaches a Ψlocal˚ equilibrium over an arbitrarily large region, but a readaptation over very large times cannot be excluded. Thus, we see another variant of the result obtained for the GL-equation in Theorem 7.5.

Remark. If the solution converges in one point, it converges everywhere. Indeed, since the oscillation converges, we ↑nd convergence for all x▷ We can apply the above discussion to the GLequation. Theorem 8▷5▷ For every initial datum satisfying the Main Assumption with sufαciently small ε > 0, and every compact interval I there are functions R_I (t), Q_I (t), Φ_I (t) so that lim_{t→∞} sup_{x∈I} |u(x, t) − R_I (t)e^{iQI (t)x+iΦI (t)}| = 0 . (8.18)

Furthermore, one can choose the solutions to look Ψlocally stationary,˚ i.e., R^2_I (t) + Q^2_I (t) = 1.

The proof follows by integrating (7.23) in space. In other words, the system tries to adapt locally to a stationary solution, but this stationary solution will vary slowly in time due to global effects as shown in Theorem 7.4. The speed with which these effects take place goes to zero, but their cumulative effect will be visible forever. If the initial data are close to a Ψscaling solution,˚ then convergence is guaranteed for the derivative, as we show in Subsection 8.4.4.

- 32 -

8.4.2. It is necessary that u^′_0 ∈ L^1

We show here that solutions of the heat equation on R do not necessarily tend to a limit, if

the initial data have derivatives which are not in L^1 at in↑nity. This shows, in a sense, that

Lemma 8.3 is sharp. This result might seem somewhat counterintuitive since the solutions do

tend Ψlocally in space-time˚ to constants as we have seen in Theorem 8.4. We now provide 2

examples.

Lemma 8.6. There are initial data for the heat equation for which the solution at x = 0 oscillates

forever as a function of time, with the amplitude of the oscillation of order 1. These initial data have derivatives in L^{1+ε} for any ε > 0.

Fig. 13: The function f used in the proof of Lemma 8▷6▷ The horizontal scale is squeezed▷ ↼The function is inαnitely differentiable but the corners look sharp at the scale used▷↽ The solution of the diffusion equation with such initial data when measured at x = 0, will oscillate forever in time, with an amplitude of almost 1.

Proof. The proof is by construction, see Fig. 13. To keep the argument simple, we just construct a particular example. Let

L_n = n! , ℓ_n = 2^n . We deαne an even C^∞ {⊓\⌋⊔⟩≀\ f by requiring f(x) = (−1)^n for x ∈ [L_n + ℓ_n, L_{n+1} − ℓ_{n+1}] ,

when n ≥ 5 and for other values of x we require |f| ≤ 1. In the sequel, we assume throughout n ≥ 5. If we take f as initial data then the solution of the heat equation u̇ = u^{′′} ⊣⊔ x = 0 is

u(0, t) = 1 √ 4π ∫_∞ −∞ dy e^{−y2/4t} √ t f(y) . (8.19)

- 33 -

Let now T_n = L_nL_{n+1} = (n + 1)n!^2. We shall show that u(0, T_n) ≈ (−1)^n , (8.20) when n is large and this proves the lemma▷ Deαne α_n =

L_n + ℓ_n

T^{1/2}n

, β_n =

L_{n+1} − ℓ_{n+1} T^{1/2}n . By construction we have α_n = O(n^{−1/2}) , β_n = O(n^{+1/2}) . (8.21) We next set

I^0_n = [0, α_nT^{1/2}_n ] , I_n = [α_nT^{1/2}_n , β_nT^{1/2}_n ] , I^+_n = [β_nT^{1/2}_n , ∞] . Note now that if y ∈ I_n then by construction we have f(y) = (−1)^n▷ Thus the integral ↼8▷19↽ ↼evaluated for t = T n↽ can be divided into 3 pieces and the piece coming from |y| ∈ I n leads to (−1)^n ∫ |y|∈I_n dy 1 √ 4π e^{−y2/4Tn} √ T_n f(y) = ∫ |y|∈I_n dy 1 √ 4π e^{−y2/4Tn} √ T_n = 1 − O(α_nT^{1/2}_n T^{−1/2}_n ) − O(e^{−β2n /3}) . Similarly since |f| < 1, we ffnd that the integrals over the sets {|y| ∈ I^0_n} ⊣\⌈ {|y| ∈ I^+_n } ⌋≀\⊔∇⟩⌊⊓⊔⌉ O(α_n) + O(e^{−β2n/3}). By (8.21), we see that the remainders are irrelevant as n gets large and hence we have shown ↼8▷20↽▷ Since the distances between L_n −ℓ_n and L_n +ℓ_n ↼which are the regions where f must oscillate between (−1) n−1 and (−1) n ↽ grow like 2 n as n → ∞⇔ ⊒⌉ ∫⌉⌉ ⊔⟨⊣⊔ ⟩\ ⌉⊣⌋⟨ ≀{ ⊔⟨⌉∫⌉ }⊣√∫ ⊒⌉ ⌋⊣\ ⌋⟨≀≀∫⌉ f in such a way that |∂_xf| ≤ const. 2^{−n}▷ In the complement of these sets we have ∂ xf = 0, and therefore ∫ |∂_xf|^p ≤ const. ∞∑ n=1 2^{−np}2^n , from which we see that f ∈ L^p when p > 1. The proof of Lemma 8.6 is complete. Another example. The following example Ψexplains˚ the appearance of the factor e^{iϑ∗} √ t in Eq▷↼7▷21↽▷ We thank J▷ Bricmont for illuminating discussions on this point▷ Consider the diffusion equation u̇ = u ′′ ⊒⟩⊔⟨ ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣ u(x, 0) = { v_−x, if x ≤ 0, v_+x, if x ≥ 0. (8.22) The derivative of this function is not in L^1. The methods of Section 8.1 can be applied to the derivative v = u ′ ⊣\⌈ ≀\⌉ ≀⌊⊔⊣⟩\∫ v(x, t) = v_− + (v_+ − v_−) erf(x/(2 √ t)) . Integrating and adapting the integration constant ↼which is a function of tω↽ to solve the diffusion equation we get u(x, t) = √ t v_+ − v_− √ π + v_−x + (v + −v−) ∫_x 0 dy erf ( y 2 √ t ) . (8.23)

Note that this function remains tangent to u(x, 0) at x = ±∞ {≀∇ ⊣↕↕ ⊔⟩⇕⌉∫↙

↖ ∋△ ↖

Fig. 14: Solution of the diffusion equation for initial data as in Eq.(8.22) with v⇁ = 3, v_− = 1. Note the upward drift

of the solution.The speed u̇↼0, t↽ at x = 0 slows down like 1/ √ t but u↼0, t↽ will diverge as t → ∞↙ T⟨⟩∫ √⟨⌉\≀⇕⌉\≀\ ⊣↕∫≀ ⟨⊣√√⌉\∫ ⟩\ ⊔⟨⌉ GL↖⌉∐⊓⊣⊔⟩≀\⇔ ⌋{↙ T⟨⌉≀∇⌉⇕ ↙△↙ ∀↙△↙∋↙ T⟨⌉ ⌋≀⌉{⊘⌋⟩⌉\⊔∫ ⌈⌉√⌉\⌈ ≀\ ∫√⊣⌋⌉⇔ ⌊⊓⊔ \≀⊔ ≀\ ⊔⟩⇕⌉ W⌉ ⌋≀\∫⟩⌈⌉∇ ⟨⌉∇⌉ ⊔⟨⌉ √∇≀⌊↕⌉⇕ u̇ = ∂_xa(x)∂_xu , (8.24)

when ∞ > Λ > a(x) > λ > 0 and a(x) has limits as x → ∞⇔ ⊣\⌈ u^′_0 ∈ L^1, and u_0(±∞) = u_±↙

D⌉⊘\⌉ A 2± = limy→±∞ a(y) and deffne A(x) as in Eq.(8.2). Let now g(x, t) = g ∗(x/(t + t_0)^{1/2}), for some t_0 ≥ 0, with g^∗ ⌈⌉⊘\⌉⌈ ⌊† E∐↙⇐∀↙∀⇒⇔ ⊣\⌈ ⊒⟩⊔⟨ g(±∞, 0) = u_0(±∞). (The constant t_0 is arbitrary and it makes g smooth▷ To shorten notation we set t_0 = 0, and leave the generalization to arbitrary t_0 > 0 to the reader.)

Proposition 8.7. Assume a − A ∈ L^1 and assume u_0 − g(·, 0) ∈ L^1. Then, the solution of

Eq.(8.24) converges pointwise as t → ∞↙ P∇≀≀{↙ W⌉ ⌋≀\∫⟩⌈⌉∇ v = u − g▷ Then v must satisfy the equation v̇ = ∂_xa(x)∂_xv + 1 t^{1/2} ∂_x ( a(x) − A(x) ) (g^∗)^′(x/t^{1/2}) ,

with v_0(±∞) = v(±∞, t = 0) = 0. We already know from Theorem 8.4 that for every interval I = [x_0 − ε^{−1}, x_0 + ε^{−1}], there is a T = T (x_0, ε) such that for t > T the spatial oscillation of v on this interval is less than ε▷ ↼It sufαces to take T_1 = 0 and T_2 = 1 in Theorem 8.4.) Let now φ_0 be centered on this interval,

φ_0(x) = { ε − ε^2|x − x_0|, when |x − x_0| ≤ 1/ε 0, otherwise ▷

We shall show that for t > T one has ∫ dx|φ_0v_t| < 2(K + 1)ε . (8.25) Since the oscillation of v is less than ε and since ∫ x∈I φ_0 = 1, this means that min_{x∈I} |v(x, t)| ≤ 2(K + 1)ε and hence max_{x∈I} |v(x, t)| ≤ 3(K + 1)ε▷ Since ε is arbitrary this means that v → 0, pointwise. To prove Eq.(8.25), we deffne L = ∂_xa∂_x, L is selfadjoint▷ We have v_t = e^{Lt}v_0 + ∫_t 0 ds e^{L(t−s)} 1 √ s ∂_x(a − A)(g^∗)^′(x/s^{1/2}) , and hence for any test function φ_0, we have ∫ dxφ_0v_t = ∫ dxv_0e^{Lt}φ_0 − ∫ dx ∫_t 0 ds ( ∂_xe^{L(t−s)}φ_0 ) 1 √ s (a − A)(g^∗)^′(x/s^{1/2}) . (8.26) Since φ_0 ∈ L^1, we get from Lemma 8.2 and Eq.(8.12) that ∫ |φ_0e^{Lt}v_0| = ∫ |φ_tv_0| ≤ sup_x |e^{Lt}φ_0(x)| · ∫ dx|v_0| ≤ O(t^{−1/2})‖φ_0‖_1‖v_0‖_1 . By the assumption on a − A the quantity (a(x) − A(x))(g^∗)^′(x/s^{1/2}) is bounded (uniformly in sω↽ in L^1. Therefore the second term in Eq.(8.26) can be bounded by

const. ∫_t 0 ds|φ^′(x, t − s)|s^{−1/2} . (8.27) To bound this expression, we consider the problem

φ̇ = ∂_xa(x)∂_xφ , (8.28)

when φ^′_0 ∈ L^1.

Lemma 8.8. There is a constant K such that ‖φ^′_t‖_∞ ≤ K‖φ^′_0‖_1/ √ t . (8.29)

Postponing the proof of Lemma 8.8, we continue the proof of Proposition 8.7. The term (8.27) is now bounded by

const. ‖φ^′_0‖_1 ∫_t 0 ds 1 √ t − s 1 √ s ≤ const. ‖φ^′_0‖_1 .

By the construction of φ_0, we have ‖φ^′_0‖_1 = 2ε▷ Hence Eq▷↼8▷25↽ follows and the proof of Proposition 8▷7 is complete except for the proof of Lemma 8▷8▷ Proof of Lemma 8▷8▷ Consider the equation for ψ = φ^′¬ I⊔ ⟩∫ ψ̇ = ∂^2_xaψ . (8.30)

The following transformation brings this equation again to Sturm-Liouville form [Dunford- Schwartz, 1958, Chapter XIII]: Deffne α(x) = ∫_x 0 dy 1 a(y) , (8.31)

and set now w(x, t) = a(α^{−1}x)ψ(α^{−1}x, t) , (8.32) where α^{−1} is the inverse function of α▷ We shall write a ∘ α^{−1} for the composition a(α^{−1}(x)) and f ∘ α^{−1} = f(α^{−1}x, t) for functions of 2 variables. Then w satisαes the equation ẇ = ∂_x 1 a ∘ α^{−1} ∂_xw . (8.33)

Indeed, since (α^{−1})^′ = a ∘ α^{−1}, we see that ∂_x 1 a ∘ α^{−1} ∂_x(f ∘ α^{−1}) = (a · f^{′′}) ∘ α^{−1} . Therefore by Eq▷↼8▷32↽ we get aψ̇ = (ẇ) ∘ α = ( ∂_x 1 α^{−1} ∂_xw ) ∘ α = a(aψ)^{′′} , which is Eq▷↼8▷30↽ and hence ↼8▷33↽ follows▷ In view of the above discussion it sufαces to study the equation ẇ = ∂_xb(x)∂_xw , (8.34)

with b = 1/a∘α^{−1}. Note that from the de↑nition w = (av)∘α^{−1} it follows that ‖w_t‖_1 = ‖ψ_t‖_1, where w t(x) ≡ w(x, t). So, since ψ ∈ L1, so is w and the Lemma 8▷2 applies with u0 = w0. It follows that |φ ′t|∞ ≤ O(t−1/2)‖φ′0‖1, as asserted. The proof of Lemma 8.8, and hence of Proposition 8.7 is complete.

- 37 -

8.4.4. Sketch of proof of Theorem 7.4

This subsection is based on the nice argument of [Bricmont, Kupiainen, Lin, 1992], [Bricmont, Kupiainen, 1992], and we work out what seems to us the salient feature of this argument. Instead of considering the GL-equation, we simplify the discussion by analyzing the analogue of the phase equation for η in ↼7▷11↽▷ Therefore consider ∂_tu = ∂_x(1 + a(u, u^′))∂_xu , (8.35)

with a(ξ, ζ) analytic at 0 in ξ, ζ a(0, 0) = 0, and with initial data which satisfy u(±∞, 0) = u_±↙ B⌉↕≀⊒⇔ ⊒⌉ ∫⟨⊣↕↕ ⊣↕∫≀ ∫√⌉⌋⟩{† ⊣ \⌉⟩}⟨⌊≀∇⟨≀≀⌈ ⟩\ ⊣ {⊓\⌋⊔⟩≀\ ∫√⊣⌋⌉ ⟩\ ⊒⟨⟩⌋⟨ u 0 = u(·, t = 0) should lie. The ffrst observation is that a depends on x and t only through the solution u▷ Thus e▷g▷ if the solution is constant in space then the same is true for a(u, u^′). There are two main ideas: i) View u_± ⊣∫ ∫⇕⊣↕↕ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\∫ ≀{ ‡⌉∇≀ ⌊≀⊓\⌈⊣∇† ⌋≀\⌈⟩⊔⟩≀\∫↙ ⟩⟩⇒ C≀\∫⟩⌈⌉∇ ⊔⟨⌉ ∫⌋⊣↕⟩\} ∫≀↕⊓⊔⟩≀\∫ {≀∇ ⊔⊒≀ ↕⌉⊑⌉↕∫ ≀{ ⊣√√∇≀§⟩⇕⊣⊔⟩≀\↙ T⟨⌉\ ⊔⟨⌉ ⌉∐⊓⊣⊔⟩≀\∫ {≀∇ ⊔⟨⌉ ∇⌉⇕⊣⟩\⌈⌉∇ ⊒⟩↕↕ ⌊⌉ ∫⌉⌉\ ⊔≀ ⌋≀\⊑⌉∇}⌉ ⌈⟩{{⊓∫⟩⊑⌉↕†⇔ ⊒⟩⊔⟨ ∫⊓{⊘⌋⟩⌉\⊔↕† ∫⊔∇≀\} ⌊≀⊓\⌈∫ ⊔≀ }⊓⊣∇⊣\⊔⌉⌉ ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ≀{ ⊔⟨⌉ ⊔†√⌉ ≀{ T⟨⌉≀∇⌉⇕ ↙△⇔ ⌋{↙ ⊔⟨⌉ ⊔⟩⇕⌉↖⌈⌉√⌉\⌈⌉\⊔ ⟩\⊔⌉}∇⊣⊔⟩≀\ ⌋≀\∫⊔⊣\⊔ ⟩\ E∐↙⇐∀↙∈∋⇒↙ I\ ⊑⟩⌉⊒ ≀{ ⌈⟩{{⊓∫⟩⊑⌉ \⊣⊔⊓∇⌉ ≀{ E∐↙⇐∀↙∋▽⇒⇔ ⊣\⌈ ⊔⟨⌉ ⌉§⊣⇕√↕⌉ ≀{ F⟩}↙ ∞′ ⊒⌉ ⌉§√⌉⌋⊔ u to be an approximate error function and we expect u^′ → 0 as t → ∞↙ T⟨⌉∇⌉{≀∇⌉⇔ ⊒⌉ ∫⊔⊣∇⊔ ⊒⟩⊔⟨ ⊣\ ⊣\∫⊣⊔‡ u(x, t) = φ^∗(x/t^{1/2}) + v(x, t), where φ^∗(±∞) = u_±↙ S⊓⌊∫⊔⟩⊔⊓⊔⟩\} ⟩\ E∐↙⇐∀↙∋▽⇒ ⊣\⌈ ⌈∇≀√√⟩\} ⊣↕↕ ⊔⌉∇⇕∫ ⟩\⊑≀↕⊑⟩\} v one αnds the differential equation −^1_2 x∂φ^∗ = ∂ ( 1 + a(φ^∗, 0) ) ∂φ^∗ , (8.36) where ∂ denotes the derivative w▷r▷t▷ the argument of φ^∗↙ T⟨⟩∫ ⟩∫ ⊣ \≀\↖↕⟩\⌉⊣∇ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ⌉∐⊓⊣⊔⟩≀\⇔ ⊣\⌈ ⟩⊔ ⟩∫ ⊣\ ≀∇⌈⟩\⊣∇† ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ⌉∐⊓⊣⊔⟩≀\ ⌊⌉⌋⊣⊓∫⌉ ⊒⌉ ⊣∇⌉ ⟩\ ∞ ∫√⊣⊔⟩⊣↕ ⌈⟩⇕⌉\∫⟩≀\↙ S⟩\⌋⌉ ⊔⟨⌉ |u_±| ⊣∇⌉ ∫⊓√√≀∫⌉⌈ ⊔≀ ⌊⌉ ∫⇕⊣↕↕⇔ ⊣\⌈ a vanishes at the origin a perturbation argument shows the existence and uniqueness of φ^∗⇔ ∫⊔⊣∇⊔⟩\} {∇≀⇕ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊒⟩⊔⟨ a ≡ 0. If φ^∗ ∫≀↕⊑⌉∫ ⇐∀↙∋⇏⇔ ⊔⟨⌉\ v must satisfy ∂_tv = ∂_x ( 1 + a(u, u^′) ) ∂_xv + ∂_x ( a(u, u^′) − a(u^∗, 0) ) ∂_xu^∗ , (8.37)

where u^∗(x, t) = φ^∗(x/t^{1/2}). One writes v(x, t) = t^{−1/2}f^∗(x/t^{1/2}) + w(x, t). Dropping all terms involving w one αnds the following equation for f^∗¬ ∂ [ ∂(1 + a(φ^∗, 0))f^∗ +^1_2 xf^∗ + h ] = 0 , (8.38)

where h = ∂a ∂u^′ (φ^∗, 0) · (∂φ^∗)^2 . (8.39)

Such equations are typical Ψtransport equations˚ which are also found in WKB calculations. As already remarked, the ffrst term (φ^∗⇔ E∐↙⇐∀↙∋⇏⇒ ∫⊣⊔⟩∫⊘⌉∫ ⊣ \≀\↖↕⟩\⌉⊣∇ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ⌉∐⊓⊣⊔⟩≀\⇔

↖ ∋∀ ↖

⊣↕↕ {⊓∇⊔⟨⌉∇ ⊔⌉∇⇕∫ ⇐∫⊓⌋⟨ ⊣∫ f ∗ ⇒ ∫⊣⊔⟩∫{† ↕⟩\⌉⊣∇⇔ ⟩\⟨≀⇕≀}⌉\⌉≀⊓∫ ⌉∐⊓⊣⊔⟩≀\∫↙ T⟨⌉∫⌉ ⌉∐⊓⊣⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ∫≀↕⊑⌉⌈ ⌊† ∐⊓⊣⌈∇⊣⊔⊓∇⌉∫↙ T⟨⌉ {⊓\⌋⊔⟩≀\ f ∗ ⟩∫ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⊓√ ⊔≀ ⊔⟨⌉ ⊣⌈⌈⟩⊔⟩≀\ ≀{ ⊣ ⇕⊓↕⊔⟩√↕⌉ ≀{ ∂φ ∗ ⇐⌉∫∫⌉\⊔⟩⊣↕↕† ⊣ G⊣⊓∫∫⟩⊣\⇒↙ W⌉ ⌈⌉⊘\⌉ v ∗(x, t) = t^{−1/2}f^∗(x/t^{1/2}). The equation for w is αnally of the form ∂_tw = w^{′′} + K , (8.40)

where K = ∂ ( a(u, u^′) − a(u^∗, 0) ) ∂v^∗ + ∂a(u, u^′)∂w + ∂ ( a(u, u^′) − a(u^∗, 0) − ∂a ∂u^′ (u^∗, 0) · (∂u^∗) ) ∂u^∗ − ∂v^∗∂a(u^∗, 0) . (8.41)

Here, u = u^∗ + v^∗ + w▷ One notes now that K contains no linear terms and no terms which are only powers of u^∗↙ A∫∫⊓⇕⌉ \≀⊒ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌈⊣⊔⊣ ⇐⊣⊔ ⊔⟩⇕⌉ t = 1) are of the form u(x, 1) = φ^∗(x, 1) + f^∗(x, 1) + w(x, 1) , where ∫ dxw(x, 1) = 0, and f^∗ ⟩∫ ≀\⌉ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\∫ ≀{ ⇐∀↙∋∀⇒↙ O\⌉ {⊓∇⊔⟨⌉∇⇕≀∇⌉ ⊣∫∫⊓⇕⌉∫ ⊔⟨⊣⊔ w is small in some suitable space of integrable functions ↼see ♭Bricmont Kupiainen Lin 1992♯ ♭Bricmont Kupiainen 1992♯ for details↽. Essentially w should decay like x^{−4} at ∞↙ S⟩\⌋⌉ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ ≀{ w is 0 by assumption this yields another small quantity at zero momentum▷ Therefore all terms in K tend to zero as x → ±∞↙ T⟨⌉ ⊣∫†⇕⇕⌉⊔∇† ⌋∇⌉⊣⊔⌉⌈ ⌊† u_± ⟨⊣∫ ⌊⌉⌉\ ⌉↕⟩⇕⟩\⊣⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ √∇≀⌊↕⌉⇕⇔ ⌊† ⊔⟨⌉ ∫⊓⌊⊔∇⊣⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⊔⊒≀ ∫⌋⊣↕⟩\} ⊔⌉∇⇕∫⇔ u ∗ ⊣\⌈ v^∗↙ A ⌋⊣∇⌉{⊓↕ √≀⊒⌉∇ ⌋≀⊓\⊔⟩\}⇔ ⊣∫ ⟩\ ⊔⟨⌉ √∇≀≀{ ≀{ P∇≀√≀∫⟩⊔⟩≀\ ↙∞ ∫⟨≀⊒∫ ⊔⟨⊣⊔ w → 0, diffusively, as t → ∞↙

A√√⌉\⌈⟩§ A↙ P∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ ∋↙∞ W⌉ }⟩⊑⌉ ≀⊓∇∫⌉↕⊑⌉∫ ⊣ ⊒⌉⟩}⟨⊔ {⊓\⌋⊔⟩≀\ h(x) = (1 + (x − x_0)^2)^{−1} , (A.1)

with arbitrary x_0. It is easy to see that h satisαes ‖∂^p_xh/h‖_∞ ≤ H , for p = 1, . . . , 2k , (A.2) with H independent of x_0. The bounds are done in L^2(h^2dx) and we denote

(u, v)_h = ∫ dx h^2(x)ū(x)v(x) , and (u, v) = ∫ dx ū(x)v(x) .

The bounds can be derived from the energy estimates because the Ψerrorν coming from the cutoff function h gives rise to lower order operators. Let Q(x, ξ) be of the form Q(x, ξ) = bξ^{2n} + S(x, ξ) , (A.3) where b > 0 and where S is a polynomial of degree < 2n in ξ with sufαciently smooth coefαcients which are bounded together with their derivatives▷ We denote by Q the operator Q(x, −i∂_x). Then one has the following Lemma A.1. There is a constant G = G(Q, H) such that (u, Qu)_h ≥ −G(u, u)_h . Proof▷ We have (u, Qu)_h = (h^2u, Qu) = (uh, Quh) + (uh, [h, Q]h^{−1} · uh) , where [·, ·] denotes the commutator. Note now that [h, ∂^p_x]h^{−1} is a sum of differential operators

of degree less than p

[h, ∂^p_x]h^{−1} = ∑ j1^{,...,j}s 1≤Σj_k≤p c_{j1,...,js} s∏ k=1 ( ∂^{jk}_x h h ) ∂^{p−Σjk} x .

Therefore we αnd [h, Q]h^{−1} = 2n∑ j=1 S_j (x, −i∂_x) , where the S_j are polynomials of degree at most 2n−j in the second argument whose coefαcients are bounded when h is of the form of ↼A▷1↽▷ By our assumptions we αnd that Q_0(x, ξ) = Q(x, ξ) + 2n∑ j=1 S_j (x, ξ) is a symbol of order 2n and it satisαes Q_0(x, ξ) ≥ −K , for some K = K(Q, H). Therefore, we have (uh^2, Qu) = (uh, Q_0(x, −i∂_x)uh) ≥ −G(uh, uh) , for some G = G(Q, H), by [Lang, 1962, Theorem 18.1.14-15]. This completes the proof of Lemma A.1.

- 40 -

We consider next an initial condition u_0 ∈ L^∞ ⊣\⌈ ⌉∫⊔⊣⌊↕⟩∫⟨ ⊣ ⌊≀⊓\⌈ ≀\ (u_t, u_t)_h▷ Proposition A▷2▷ There is a constant C 1 = C1(a, R, H, ‖u0‖∞) such that ∫ dx h^2(x)u^2_t (x) ≤ C_1 .

Proof▷ Consider_1 2 ∂_t(u_t, u_t)_h = (u_t, ∂_tu_t)_h = −(u_t, P u_t)_h − (u_t, u_tf(u^2_t ))_h . By the lemma this quantity is bounded by 1 2 ∂_t(u_t, u_t)_h ≤ G(u_t, u_t)_h − (u_t, u_tf(u^2_t ))_h . Deαne now U such that f(U) ≥ G + 1. Then, using the assumptions on f we obtain 1 2 ∂_t(u, u)_h ≤ G ∫ h^2u^2 − ∫ u2≥U h^2u^2(G + 1) ≤ G ∫ u2≤U h^2u^2 − ∫ u2≥U h^2u^2

≤ (G + 1) ∫ u2≤U h^2u^2 − ∫ h^2u^2 . Thus^1_2 ∂_t(u, u)_h ≤ C_2(G + 1)U − (u, u)_h where C_2 = ∫ h^2. From this differential inequality

it follows at once that

(u_t, u_t)_h ≤ max(C_2(G + 1)U , (u_0, u_0)_h) . Assuming for simplicity that P (x, ξ) in (3.4) only depends on ξ we next bound 1 2 ∂_t(u^′, u^′)_h = − (u^′, P u^′)_h − (u^′, f(u^2)u^′)_h − 2(uu^′, f^′(u^2)uu^′)_h . Note that the terms containing f are nonpositive▷ Fix any A ∈ R. Then the identity (u^′, (P − A)u^′)_h = (u, Qu)_h , (A.4)

holds with Q(x, ξ) = (ξ^2 − 2i h^′ h (x)ξ)(P (ξ) − A) . Remark▷ When P is of the general form of ↼3▷4↽ one can still αnd a Q such that ↼A▷4↽ holds▷ The deαnition of Q is more complicated but the terms of highest order remain the same in all cases▷

We now apply Lemma A▷1 with Q as above and get (u, Qu)_h ≥ −C(u, u)_h . Therefore the identity ↼A▷4↽ implies (u^′, P u^′)_h − A(u^′, u^′)_h = (u, Qu) ≥ −C(u, u)_h . It follows that_1 2 ∂_t(u^′, u^′)_h ≤ −(u^′, P u^′)_h ≤ C(u, u)_h − A(u^′, u^′)_h . We have already seen that (u_t, u_t)_h is bounded and hence it follows that (u^′_t, u^′_t)_h is bounded as well▷ We now have shown that (u t, ut)h and (u ′ t, u^′_t)_h are bounded in t▷ From this the proof of the theorem is completed as follows▷ We have h^2(x)|u^2|(x) = ∫_x −∞ dy (|u^2|h^2)^′(y) = ∫_x −∞ dy |u^2|^′h^2 + 2 ∫_x −∞ dy |u|^2 h^′ h h^2

≤ 2(u, u)^{1/2}_h (u^′, u^′)^{1/2}_h + 2(u, u)_h‖ h^′ h ‖_∞ < ∞ . Thus we αnd |u(x)| ≤ Kh(x)^{−1} = K(1 + (x − x_0)^2) , where K is independent of x_0. Setting x_0 = x we αnd |u(x)| ≤ K . Acknowledgements▷ We thank the IHES for its kind hospitality▷ This work was partially supported by the Fonds National Suisse▷

References Aronson D▷ and H▷F▷ Weinberger. Multidimensional nonlinear diffusion arising in population genetics▷ Adv▷ Math▷ 30, 33ś76 (1978).

- Bramson, M.: Convergence of solutions of the Kolmogorov equation to traveling waves. Memoirs AMS 44, no.285, 1ś190 (1983).

- Bricmont, J. and A. Kupiainen: Renormalisation group and the Ginzburg-Landau equation. (To appear).

Commun.Math.Phys. (1992).

- Bricmont, J., A. Kupiainen, and G. Lin: Renormalisation group and asymptotics of solutions of nonlinear parabolic equations. Preprint. (1992).

- Carr, C. and R.G. Muncaster: The application of centre manifolds to amplitude expansions. I. Ordinary differential equations. J. Differential Equations 50, 260ś279 (1983).

- 42 -

- Carr, C. and R.G. Muncaster: The application of centre manifolds to amplitude expansions. II. Inőnite dimensional Problems. J. Differential Equations 50, 280ś288 (1983).

- Collet, P. and J.-P. Eckmann: Instabilities and fronts in extended systems, Princeton University Press (1990). - Collet, P. and J.-P. Eckmann: The time-dependent amplitude equation for the Swift-Hohenberg problem.

Commun. Math. Phys. 132, 139ś153 (1990).

- Collet, P. and J.-P. Eckmann: Solutions without phase-slip for the Ginzburg-Landau equation. Commun.

Math. Phys. 145, 345ś356 (1992).

- Collet, P., J.-P. Eckmann, and H. Epstein: Diffusive repair for the Ginzburg-Landau equation. Helv. Phys.

Acta 65, 56ś92 (1992).

- Dunford, N. and J.T. Schwartz: Linear Operators, New York, Interscience Publishers (1958). - Eckhaus, W.: Studies in non-linear stability theory, Berlin, Heidelberg, New York, Springer, Springer tracts in Nat. Phil. 6 (1965).

- Eckmann, J.-P. and Th. Gallay: Preprint.

- Eckmann, J.-P. and I. Procaccia: The generation of spatio-temporal chaos in large aspect ratio hydrodynamics. Nonlinearity 4, 567ś582 (1991).

- Eckmann, J.-P. and I. Procaccia: Spatio-temporal chaos. In Chaos, Order and Patterns, Como School 1990, (Artuso, CvitanoviÂc, Casati, Eds.). Nato ASI Series, Plenum 280, 135ś172 (1992).

- Eckmann, J.-P. and C.E. Wayne: Propagating fronts and the center manifold theorem. Commun. Math.Phys.

136, 285ś307 (1991).

- Fabes, E.B. and D.W. Stroock: A new proof of Moser’s parabolic Harnack inequality using the old ideas of Nash. Arch. Rat. Mech. and Analysis 96, 327ś338 (1986).

- Gallay, Th.: A center-stable manifold theorem for differential equations in Banach spaces. Preprint. (1992). - van Harten, A.: On the validity of the Ginzburg-Landau’s equation.. (To appear). Jour. of Nonlinear Sciences (1992).

- HÈormander, L.: The Analysis of Linear Partial Differential Equations, Berlin, Heidelberg, New York, Springer (1983ś1985).

- Kato, T.: Perturbation Theory for Linear Operators, Berlin, Heidelberg, New York, Springer (1966). - KirchgÈassner, K.: Nonlinearly Resonant Surface Waves and Homoclinic Bifurcation. Adv. Appl. Mech. 26, 135ś181 (1988).

- Lang, S.: Introduction to Differentiable Manifolds, New York, Wiley (1962). - Levine, H.A.: The role of critical exponents in blowup theorems. SIAM Review 32, 262ś288 (1990). - Manneville, P.: Dissipative Structures and Weak Turbulence, New York, San Francisco, London, Academic Press (1989).

- Mielke, A.: Reduction of Quasilinear Elliptic Equations in Cylindrical Domains with Applications. Math.

Meth. Appl. Sci. 10, 51ś66 (1988).

- Moser, J.: On a pointwise estimate for parabolic differential equations. Comm. Pure and Appl. Math 24, 727ś740 (1971).

- Moser, J.: Stable and random motions in dynamical systems: with special emphasis on mechanics, Princeton University Press (1973).

- Swift, J. and P.C. Hohenberg: Phys. Rev. A15, 319 (1977).

- Weissler, F.B.: Existence and non-existence of global solutions for a semilinear heat equation. Israel J.

Math. 38, 29ś40 (1981).