Problem 3.3. Mass octupole and current quadrupole radiation from
a mass in circular orbit

In this problem we compute the mass octupole and current quadrupole radi-
ation generated by a binary system of reduced mass u, whose center-of-mass
coordinate describes a circular trajectory. As discussed in Section 3.3.5, to
lowest order in v/c the mass octupole and the current quadrupole radiation
emitted by a self-gravitating system can be consistently computed taking the
free-particle energy-momentum tensor, evaluating it on a Newtonian circular
orbit, and plugging the resulting values of T° and T° into the expression for
M7" and Pk (while the same procedure is not correct if applied to S”k)
Defining as usual the center-of-mass coordinate xcm by mxcm = mixi+maxa
(where m = m1 + m2) and the relative coordinate x = x; — X2, we have
x1 = xcMm+(ma/m)x and x2 = xcm—(m1/m)x. Thus, in the CM frame where
xom = 0, T (t,x) = m1c?6® (x — Z2x0(t)) + mac®§® (x + ZLxo(t)) , and
Mk () = 1 /d3:c Tt x)z" (t)2? ()" () = p 6—mz8(t)xj (t)z§ (1)
c2 ’ m 0 0 ’
where dm = ma — m1. To compute the radiation emitted from the star in the
direction of the observer it is simpler to use the geometrical setting of Fig. 3.6
(labeling now the axes of this figure as (z,y,z) rather than (z,7,2')), in
which the observer is along the z axis. The equation of the orbit of the
relative coordinate in the center-of-mass frame is then

zo(t) = Rcoswst,
yo(t) = Rcostsinwst, (3.341)

zo(t) = Rsintsinwst,

and is obtained from an orbit lying in the (x,y) plane performing a rotation
by an angle ¢ around the x axis. We set the observer in the z direction, so we
compute the radiation emitted along i = (0,0, 1). For the octupole radiation,
eq. (3.141) gives
(h57) = 126 i (R) Ve (3.342)
U)ot 1 3c M ks ’
(As usual, in actual computations, it is more convenient to use M Uk rather
than O*.) We found in eq. (3.63) that, when a = (0,0,1), in the multi-
plication of a matrix M s by the Lambda tensor the components of M s
with £ = 3 or | = 3 do not contribute, so we just need to compute Myp3 with
a,b=1,2. With the trajectory given in eq. (3.341) we find, for a,b=1,2
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Computing Agp,cq(f1) Meq3 using eq. (3.63) we get

Aap,ca(D)Meas = M%RS sin ¢ sin wst X (3.344)
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and taking the third time derivative we find
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(h+)oct = T 1oy, Simt [(3cos® L — 1) coswst — 27(1 4 cos” ¢) cos Bwst] ,
3, .3
(h )oct = % %%m sin 2 [sin wt — 27 sin 3wst] . (3.345)
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(*) The apparent difference by an over-
all minus sign is due to a sign conven-
tion explained in Note 19 on page 250.
Observe also that, in the full treatment
of the problem, the argument of the
trigonometric function is not wst but
#(t) = [ dt' ws(t'), since the frequency
ws changes because of the energy loss
due to GW emission. Further higher-
order effects (tail terms) are included
in the phase, see eq. (5.265), as we will
see in Chapter 5.

Fig. 3.8 log,o[P(w)/P(2ws)], as a
function of w/ws, for v/c = 1072
and dm/m = 1, including the con-
tributions of the mass quadrupole,
of the mass octupole, and of the cur-
rent quadrupole. The line at w =
2ws is due to the mass quadrupole,
the line at w = w; is due to the mass
octupole and current quadrupole,
while that at w = 3ws is due only
to the mass octupole.

As expected, we have radiation both at w = ws; and at w = 3ws, since
the mass octupole is trilinear in acﬁ(t) The current quadrupole radiation
can be computed similarly. Plugging 7% (t,x) = micvjd® (x — 22x0(t)) +
macvsd® (x + ™-x0(t)) into egs. (3.148) and (3.149) we get

iy sm ] .
) = T M ()i (023 (1),

(3.346)
Observe that I = eikla:lg(t);icé(t)_ is the angular momentum of a unit mass
moving on the circular orbit x§(t), and is therefore a constant vector of
m_o_dulus R%w, and 'di_rection normal to the plane of the _orbit. Therefore
JH(t) = p(dm/m)l*zl(t) depends on time only through x}(t) and oscillates
only at the frequency ws, rathe_r than at ws and 3ws as the mass octupole.
Inserting this expression for J*’(t) into eq. (3.151) and setting n = (0,0,1)
we get the current quadrupole radiation
T 1 4G ~ 3kp 7p,l 3lp yp,k

(R")., = 7 g b (@ (77 5 &7mt)
Performing the contraction with the Lambda tensor we get
1 4GuR3w3 dm

(3.347)

(hi)eq = - Y sin¢ coswst ,
1 2GuRw? 6m )
(hx)eq = = %Wm sin 20 sin wgt .

Summing the mass octupole and current quadrupole radiation, using Kepler’s
law w?R® = Gm, and introducing the notation & = (Gmws/c®)?/® that is
useful to make contact with the results of Chapter 5, we finally get

(h+)oct4eq = % om 23/ %sine [(0052 L+ 5)coswst —9(1 + cos” L) cos 3wst} ,
rc2 m
(hx)oct+eq = if—cl: %n 23/ sin 2 [sinwst — 3sin 3wst] . (3.348)

This result agrees with the one that we will find in Chapter 5 from a complete
post-Newtonian treatment, see egs. (5.262), (5.266) and (5.267).(*)

The contribution to the total radiated power from the mass octupole and
the current quadrupole is

P23 1 s
Poctieq = e 2 B dcost (hy + h5)octtceq
2 2
— % GC’;‘ (%”) R°WS . (3.349)

It is interesting to compare the power at w = ws, 3ws (generated by the mass
octupole plus the current quadrupole), with the power at w = 2w, generated
by the mass quadrupole. From eq. (3.348) we find

P(w.) = % (%)2 (‘Zj)zp(ms), (3.350)
and )
P(3ws) = % (%)2 (%m) P(2ws), (3.351)

where P(2ws) is the leading-order quadrupole result, eq. (3.339). In Fig. 3.8
we show the relative intensity of the three spectral lines at w = ws, 2ws and
3ws, for v/c = 1072 and an extreme mass ratio ma/m1 — 0 and therefore
om/m = 1. Observe that the vertical scale is logarithmic.
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