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We investigate models where structure formation is initiated by scaling seeds: We consider rapidly
expanding relativistic shells of energy and show that they can fit current CMB and large scale
structure data if they expand with super-luminal velocities. These acausally expanding shells provide
a viable alternative to inflation for cosmological structure formation with the same minimal number
of parameters to characterize the initial fluctuations. Causally expanding shells alone cannot fit
present data. Hybrid models where causal shells and inflation are mixed also provide good fits.
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I. INTRODUCTION

Inflationary models provide an excellent fit to all fluc-
tuation data, the cosmic microwave background (CMB)
anisotropies and polarization, as well as large scale struc-
ture data from galaxy catalogs. However, most current
inflationary scenarios are simple toy models which are
not well motivated from high energy physics. It is there-
fore not only justified, but important to study other ways
to generate initial fluctuations.

In the past, especially models where topological de-
fects act as seeds for fluctuations of the matter–radiation
fluid have been studied. For simple global topological
defects and for cosmic strings from the Abelian Higgs
model, it has been found that they cannot reproduce the
inflationary peak structure predicted by inflation [1, 2].
Comparison with present observations shows that topo-
logical defects can contribute at most about 10% to the
CMB temperature fluctuations on large scales [3].

Since these competing models for structure formation
have been ruled out, the general point of view in the field
seems to be that only inflation can lead to a coherent se-
ries of acoustic peaks. However, this is not correct: Neil
Turok and others have shown [4, 5] that a scaling seed
model, where the seeds consist of a stochastic distribu-
tion of rapidly expanding shells of energy with a velocity
close to the speed of light also leads to an acoustic peak
structure like inflation. This “Turok model” was very
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promising in fitting CMB data back in 2001 [6]. How-
ever, there are arguments [7] that causal scaling seeds are
not able to produce the a first peak in the E-polarization
spectrum at ℓ ≃ 100, which is due to polarization at the
last scattering surface where this scale was super-horizon.
As we show here, the Turok model with shells which ex-
pand with sub-luminal velocities (causal shells) indeed
cannot fit the T-E correlation spectrum in present CMB
data. However, this can be evaded if we allow for super-
luminal expansion of the shells (acausal shells). As we
shall see, acausal shells can generate CMB anisotropies
and polarization as well as large scale structure which
are in as good agreement with present data as inflation-
ary models. They fit the WMAP 3 year [8] and ACBAR
’08 [9] data as well as a simple inflationary model with
the same number of parameters. Actually our simple
model has three parameters to describe the seed pertur-
bations, the amplitude and two velocities, however, as
we shall see, two of them are strongly correlated, so that
the parameter space is effectively two dimensional like in
the simplest inflationary models (without gravitational
waves and without running).

Super-luminal velocities are usually considered un-
physical as they generically lead to signals which can
propagate along a closed loop, see e.g. [10]. However,
in the cosmological situation where we have a preferred
Lorentz frame, the cosmological time, this conclusion can
be avoided [11] since boost symmetry is broken. Even
though one may not accept this argument on small scales,
where physics should be independent of cosmological ex-
pansion, for cosmologically large objects like these ex-
panding shells, super-luminal velocities cannot a priori
be excluded.

In the remainder of this paper we show that super-
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luminally expanding shells can fit present CMB data as
well as inflationary models can. In the next section we
define and discuss our seed model. In Section III we
present the results for the cosmological parameters as
well as the primordial parameters for the pure seed model
and the hybrid model. In the last section we draw some
conclusions.

In this paper conformal time is denoted by t so that
the metric is

ds2 = a2(t)
(

−dt2 + δijdxidxj
)

.

We set the spatial curvature to zero. Spacetime indices
are lower case Greek letters and 3D spatial indices are
lower case Latin letters. The conformal Hubble param-
eter is H = ȧ/a = aH , where H denotes the physical
Hubble parameter and a dot is a derivative w.r.t. con-
formal time t.

II. THE MODELS

We consider an inhomogeneous uncorrelated distri-
bution of spherical expanding shells. The energy mo-
mentum tensor of uncorrelated spherical shells is purely
scalar and we can parameterize it in the following way

T 0
0 = −M2

a2
fρ , (1)

T i
j =

M2

a2

[

fpδ
i
j +

(

∂i∂j −
1

3
δi
j∆

)

fπ

]

, (2)

T 0
i =

M2

a2
∂ifv . (3)

The energy density plus three times the pressure as well
as the energy flux of the shells are posited to be

fρ(x, t) + 3fp(x, t) =
∑

n

δ(|x − zn| − v1t)

4πHt3/2|x− zn|2
, (4)

fv(x, t) = −
∑

n

3E(t)θ(v2t − |x− zn|)
4πv2

2 |x − zn|t3/2
. (5)

Here the positions zn are the centers of the exploding
shells which are at random, uncorrelated positions. The
function θ is the Heaviside function,

θ(y) =

{

1 if y > 0
0 else,

and the function E(t) is given by

E(t) =
4 − 2(Ht)−1

3 + 12Ht
.

To simplify the analysis we use infinitely thin shells for
which the inner and outer radii coincide and expand with
the same velocity. (This corresponds to the limit B → C

in the original Turok model [4].) The above form of the
energy momentum tensor ensures that the perturbations
are of purely scalar nature. The two remaining func-
tions in the parameterization of T ν

µ are determined by
energy and momentum conservation. The choice of E(t),
together with the factor 1/v2

2, assures that also fπ has
compact support, fπ(x, t) = 0 if |x − zn| > vt, where
v = max(v1, v2). Then fπ has a white noise spectrum
on large scales, ktv < 1. We assume that the centers zn

of the shells are uncorrelated and have a fixed comoving
space density. Up to an irrelevant phase coming from the
position of the shell center, the Fourier transforms of the
source functions from one shell are given by

(fρ + 3fp)(k, t) =
1

Ht3/2

sin(v1kt)

v1kt
, (6)

fv(k, t) =
3E(t)

v2
2k

2t3/2

(

cos(v2kt) − sin(v2kt)

v2kt

)

. (7)

As the different shells are uncorrelated, their contribu-
tions can be added with random phases. In the limit of
many uncorrelated shells, the spectra of fρ + 3fp and fv

are then simply the squares of the above functions, e.g.,

〈fv(k, t)f∗
v (k′, t)〉 = (2π)3δ(k − k

′)Pv(k, t) (8)

with

Pv(k, t) = A2 9E2(t)

v4
2k4t3

(

cos(v2kt) − sin(v2kt)

v2kt

)2

, (9)

= A2|fv(k, t)|2. (10)

The constant pre-factor A determines the number of
shells per Hubble volume.

In Fourier space energy and momentum conservation
require

ḟρ + k2fv + H(fρ + 3fp) = 0 , (11)

ḟv + 2Hfv − fp +
2

3
k2fπ = 0 . (12)

Integrating the first equation one finds e.g. during the
radiation dominated era when Ht = 1, so that E(t) =
2/15,

fρ =
4

3
√

t

{[

cos(v1kt) +
sin(v1kt)

2v1kt

+
√

2πv1ktS

(

√

2v1kt

π

)

]

+
1

5v2
2

[

cos(v2kt) − sin(v2kt)

v2kt
+

√

2πv2ktS

(

√

2v2kt

π

)

]}

. (13)
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fπ =
1

k2
√

t

{ 3

10

[

2
sin(v2kt)

v2kt
+

cos(v2kt)

(v2kt)2
− sin(v2kt)

(v2kt)3

]

− 2

15v2
2

[

cos(v2kt) − sin(v2kt)

v2kt
+

√

2πv2ktS

(

√

2v2kt

π

)

]

−2

3

[

cos(v1kt) − 1

4

sin(v1kt)

v1kt
+

√

2πv1ktS

(

√

2v1kt

π

)

]}

. (14)

Here S(x) denotes the sine Fresnel integral as defined
in [12]. A similar result is obtained during the matter
era. Even though this is not directly evident, a series
expansion shows that fπ is white noise for small argu-
ments, kt ≪ 1, as it should be for the Fourier transform
of a function with compact support. The source function
fp is easily determined with the help of Eqs. (6) and (13).
The metric perturbations due to the shells are given by
the seed Bardeen potentials [13]

k2Φs = ǫ(fρ + 3Hfv) , (15)

Ψs = −Φs − 2ǫfπ , (16)

where ǫ = 4πGM2A ≪ 1 (17)

determines the overall amplitude. The matter Bardeen
potentials on the other hand are given by the matter
density perturbations and anisotropic stresses,

k2Φm = 4πGa2ρD , (18)

k2(Φm + Ψm) = 8πGa2pΠ , (19)

where Π denotes the anisotropic stress of the cosmic fluid
and D is a gauge invariant density perturbation variable.
Care is required when relating D to the density fluctua-
tion in longitudinal gauge since then a term proportional
to the total Bardeen potential Φ = Φs + Φm enters the
equation. More details can be found in Refs. [6, 14]. The
total Bardeen potentials,

Φ = Φs + Φm , and Ψ = Ψs + Ψm (20)

then enter the usual evolution equation for cosmic matter
and radiation.

We shall now show that even though current CMB
data cannot be fitted with expanding shells as long as we
require causality, when allowing for super-luminal expan-
sion we can obtain excellent fits which rival the fits from
inflationary models to all data. We shall also comment
on mixed models.

The seed perturbations from expanding shells are de-
termined by the velocities v1 and v2 and an amplitude
ǫ which is proportional to the number density of shells.
However, the amplitude needed to obtain a good fit is
tightly correlated with v1, as we shall discuss below and
as is shown in Fig. 1. Once the best fit value of v1 is de-
termined, the amplitude is effectively fixed. Therefore,

log
10

(v
1
)

lo
g 10

(ε
2 )
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FIG. 1: A 2D likelihood plot showing the degeneracy between
the velocity v1 and the amplitude ǫ2. The yellow colored
area encloses 68% and the larger red colored area 95% of the
likelihood volume (marginalized over all other parameters).

expanding shells can be regarded as models requiring ef-
fectively two parameters for the initial fluctuations, like
scalar inflationary perturbations.

For the mixed models, we add scalar fluctuations from
inflation which are characterized by the amplitude As

and the scalar spectral index ns, 〈|Φm(tin, k)|2k3〉 ≃
〈|Ψm(tin, k)|2k3〉 = As(k/k0)

(ns−1), where k0 =
0.002Mpc−1 is the pivot scale. We assume the infla-
tionary perturbations to be uncorrelated with the seeds
(expanding shells).

III. RESULTS

We start by investigating models where perturbations
are generated purely from the expanding shells. A first
interesting result is that this model cannot provide a good
fit to CMB data if we constrain v1 ≤ 1 and v2 ≤ 1. We
can obtain reasonable, but not sufficiently good fits for
the temperature anisotropy, see Fig. 2; but we cannot fit
the polarization data. This is seen especially well when
comparing the model with the high quality TE correla-
tion data from WMAP [8], see Fig. 3.

Also the pure polarization spectrum differs from the in-
flationary polarization by the absence of the first, acausal
peak at ℓ ≃ 130, see Fig. 4. However, the current observa-
tions of the EE spectrum are not sufficiently accurate on
large scales to rule out the absence of a peak at ℓ ≃ 130.

We have used the code CMBEASY [20] and its Monte
Carlo Markov Chain (MCMC) analysis tool [21] to de-
termine the best fit cosmological parameters for a spa-
tially flat cosmology with photons, massless neutrinos,
cold dark matter and a cosmological constant. For the
fitting procedure we used the 3 year WMAP data [8, 18],
the Boomerang 2003 data [15], the CBI [16] and the old
ACBAR data [17], as well as the Sloan Digital Sky Survey
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FIG. 2: The best fit CMB anisotropies from a causal model
of expanding shells is shown (fat black line) and compared
with the data from WMAP and ACBAR, and to the best fit
ΛCDM model (thin green line). The top panel shows the rise
to the first peak, ℓ ≤ 200 which can not be fitted satisfactorily
by this model. The bottom panel shows the spectrum up to
ℓ = 2500. The secondary peaks are well fitted. The parameter
values for the best fit causal shell model are given in the text.

(SDSS) power spectrum for luminous red galaxies [19],
which is supposed to be still in the linear regime. In the
figures the best fit solution for the CMB anisotropies are
compared with the 3 year WMAP data [8, 18] and with
the recent ACBAR results [9].

The maximum of the likelihood for the causal mod-
els has quite a complicated structure, with several peaks
close together. The best-fitting model which we could
find has the following parameter values: a Hubble pa-
rameter H0 = 100hkm/s/Mpc where h = 0.686, a mat-
ter density parameter Ωmh2 = 0.137, a baryon density
parameter Ωbh

2 = 0.0220, an optical depth τ = 0.36,
shell velocities v1 = 0.77, v2 = 1.0 and the amplitude
1010ǫ2 = 26.0. Most cosmological parameters are similar
to their values for inflationary perturbations. The best fit

FIG. 3: The best fit T-E correlation spectrum from a causal

model of expanding shells (fat black line) is compared with
the data from WMAP and with a standard ΛCDM model
(thin green line). The top panel shows the first acausal anti-
correlation peak, at ℓ ≃ 150 which is absent in the causal
model, while the bottom panel shows the spectrum up to ℓ =
1500. The secondary peaks are very similar to the inflationary
case. The parameter values are the same as for Fig. 2.

parameters for a simple inflationary model fitted to the
same data are h = 0.713, Ωmh2 = 0.133, Ωbh

2 = 0.0223,
τ = 0.08, ns = 0.956 and As = 2.3 × 10−9.

The best fit optical depth for the causal seed model is
larger than in the inflationary models. In order to gen-
erate T-E correlations on large scales, the optical depth
tends to increase. It might be possible to motivate a
larger value of τ if the shells could initiate reionization.
Also the best fit velocity v2 is at the upper limit of the
prior and would prefer to exceed the causality limit. Our
MCMC chains had severe difficulties to converge for this
model, which is partly due to the fact that the best fit
lies at the boundary of the priors for several parameters,
which seems to cut a connected acausal best-fit region
up into several unconnected causal ones. We can there-
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FIG. 4: The best fit EE power spectrum from a causal model
of expanding shells (fat black line) is compared with the data
from WMAP and with a standard ΛCDM model (thin green
line). Only the region of the first acausal peak, ℓ ≤ 300
is shown, where the causal model differs from inflation. The
secondary peaks are very similar to the inflationary case. The
parameter values are the same as for Fig. 2.

fore not say that a velocity v1 < 1 is significantly pre-
ferred since there is a second maximum with v1 ≈ 1 and
v2 ≈ 0.7 which seems to have ∆χ2 = 20 with respect to
the best-fit models, but which is completely disconnected
from the first maximum so that no chains have managed
to sample both. We are also reluctant to quote 1-sigma
errors, first of all since the MCMC chains did not con-
verge well, and secondly since the model is not a good fit
and hence error-bars are not useful.

Only if we allow for super-luminal expansion of the
shells can we obtain a good fit to present data. The best
fit cosmological parameters for super-luminally expand-
ing shells obtained using the same data are surprisingly
close to those for an inflationary ΛCDM model: We find
Ωmh2 = 0.134, Ωbh

2 = 0.0232, h = 0.745, τ = 0.11. The
best fit model parameters are v1 = 1.65 and v2 = 5.66.
The amplitude is inversely proportional to

√
v1 and the

CMB normalization requires ǫ2v1 = 9.4 × 10−10, see
Fig. 1. For the above value of v1 we therefore infer
ǫ2 = 5.7 × 10−10.

Even though the recent ACBAR data has not been
used in the fitting procedure, our best fit anisotropies
shown in Fig. 5 do reproduce it nicely.

In Fig. 6 we show the T-E-polarization cross correla-
tion for this model and compare it with the data and
with the result for a standard ΛCDM model. As one al-
ready sees by eye, within the accuracy of present data
both models fit equally well. The same is true for the
E-polarization spectrum shown in Fig. 7. Since the per-
turbations are purely scalar there is no B-polarization.

It is interesting to note that the first polarization peak

FIG. 5: The best fit CMB anisotropies from an acausal seed
model are shown (fat black line) and compared with the data
from WMAP and ACBAR and to a standard ΛCDM model
(thin green line). The top panel uses a linear scale in ℓ while
the bottom panel used log scaling to emphasize the Sachs–
Wolfe plateau at low values of ℓ. The best fit parameter values
used for this plot are given in Table I.

at ℓ ≃ 130 is also reproduced by the seed model. Ac-
cording to [7] this is only possible since the explosions
are super-luminal, v1,2 > 1. This is exactly what we
see. As long as both velocities are below the speed of
light, v1, v2 ≤ 1, the first polarization peak remains ab-
sent, see Fig. 4. When the velocities exceed the speed
of light, the peak starts building up. In order to match
the observed T-E anti-correlation, which is in inflation-
ary models due to a superposition of a cosine wave (from
the adiabatic density mode) and a sine wave (from the
velocity mode) and appears for ktdec ≈ 0.66 we need a
velocity v>∼1/(ktdec) ≈ 1.5 at decoupling, which agrees
well with the point at which the expanding shell model
becomes acceptable. It is also interesting to note that
the spectra do not depend on v2 any more once it ex-
ceeds about v2 ∼ 6. This can be seen in the likelihood
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FIG. 6: The cross correlation spectrum of temperature
anisotropy and E-polarization from a pure seed model is
shown (fat black line) and compared with the WMAP data
given in Ref. [18] (we did not plot the data with ℓ > 500
because of its large error bars). The best fit ΛCDM curve
is also indicated (fine green line) but is nearly invisible since
it coincides nearly perfectly with the seed model curve. The
parameter values are the same as for Fig. 5.

FIG. 7: The E-polarization from a pure seed model is shown
(fat black line) and compared with the data from DASI,
Boomerang-2003 and WMAP as given in Ref. [18]. The best
fit ΛCDM polarization curve is also indicated (fine green line).
The parameter values are the same as for Fig. 5.

plot Fig. 8. The likelihood plots for cosmological param-
eters are quite similar to the ones from inflation. For
completeness we show some of them in the appendix.

In Table I we summarize the results for the acausal ex-
panding shells model. The best-fit likelihood is slightly
below the one of the best-fit inflationary model with
∆ lnL = 2.3. We expect that this could be further im-
proved, at the expense of introducing more parameters,
e.g. by allowing for a different evolution in matter and

log
10

(v
1
)
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(v
2)
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FIG. 8: The 2-parameter likelihood plot for (v1, v2) is shown
(68% and 95% confidence contours). Both velocities have to
be larger than 1. v1 has a preference for v1 ≈ 1.6 while v2 has
no strong upper limit.

radiation domination beyond the simple factor 1/(Ht) in
Eq. (5), or by allowing the shell velocities to change with
time.

v1 v2 10Ωmh2 10Ωbh
2 H0 τ

1.65+7.1

−0.35 5.66+∞
−4.26 1.34+0.07

−0.08 0.23+0.01

−0.01 75+3

−3 0.11+0.07

−0.04

TABLE I: Best-fit values and 95% symmetric confidence in-
tervals for the acausally expanding shell model. The best fit
likelihood is lnL = −1750.4; slightly worse than the for sim-
ple inflationary models with the same number of parameters
where we find lnL = −1748.1.

In our MCMC we have also fitted the power spectrum
of luminous red galaxies (LRG) as given in [19]. The
best fit power spectra are compared with the data in
Fig. 9, for the causal and acausal shell models as well as
for inflation. On super-horizon scales, k <∼ 10−3hMpc−1,
the power spectrum of the causal model is severely sup-
pressed. Of course, there is no data available on these
scales.

If we require causality, v1, v2 ≤ 1, we cannot fit the
CMB data with a pure seed model. However a mixture
of expanding shells and inflation can provide a good fit.
Due to problems in the MCMC for the hybrid model, we
do not have much statistics, so not all best fit parameters
from the likelihood-analysis are converged values. The
best fit parameters which we found for a hybrid model
with flat spatial sections are

1010ǫ2 = 1.20 , v1 = 0.80 , v2 = 0.77 ,

1010As = 20.02 , ns = 0.95 ,

Ωmh2 = 0.131 , Ωbh
2 = 0.0217 , h = 0.70 .

In Fig. 10 we show the two parameter likelihood for the
shell velocities and the one parameter likelihood for the
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FIG. 9: The power spectra from causal expanding shells (dot-
ted, red), acausal expanding shells (solid, black) and inflation
(dashed, blue) are compared with data from luminous red
galaxies [19]. In the observable region, the acausal shell and
inflationary power spectra are indistinguishable.
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FIG. 10: The 2-parameter likelihood plot for (v1, v2) is shown
for the mixed model with expanding shells and inflation (top).
In the bottom panel we also show the likelihood distribution
for f

`

ǫ2
´

= ln ǫ2 − 2τ .

FIG. 11: The ratio
C

T T
ℓ,seed

CT T
ℓ,infla

for the best-fit hybrid model.

amplitude ǫ2. The likelihood for ǫ2 peaks close to zero,
which seems to indicate that the data prefers a vanish-
ing contribution from the shells. Surprisingly for such a
small amplitude (compared to the amplitude As of the
inflationary part) the contribution of the shells is non-
negligible, this can be seen by looking at the ratio of the
Cℓ from shells and from inflation; see Fig. 11.

As can also be seen for the best-fit causal model in
Fig. 2, the shells have a minimal contribution to the tem-
perature anisotropies at ℓ ≈ 10 so they do not contribute
much at the Sachs-Wolfe plateau, but their contribution
amounts to ∼ 10% at higher ℓ, as shown in Fig. 11.

In all, this mixed model is is similar to models mixing
inflation with topological defects. It is a logical possibil-
ity, but does not seem very attractive since it increases
the number of parameters with only a marginal enhance-
ment of the likelihood of the model.

IV. CONCLUSIONS

In this work we have revisited models with seeds, com-
paring them with recent CMB data. We have specifically
analyzed a model proposed by Neil Turok [4], where the
seeds are rapidly expanding spherical shells. We have
found that a seed model with sub-luminal velocities can-
not fit the CMB data.

However, if we allow for super-luminal explosion
speeds, acausal shells, we can find an excellent fit to CMB
anisotropies and polarization as well as to the linear mat-
ter power spectrum. It is intriguing that the velocities
do not need to be much larger than the speed of light,
just v>∼1.5c is already sufficient. This model has effec-
tively the same number of parameters (two) as the sim-
plest inflationary model with purely scalar perturbations.
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The power spectra are so similar to the inflationary ones
that it is not clear, at least on the level of linear per-
turbations, how this model could be distinguished from
inflationary perturbations. One possibility might be via
a tensor component. Even though slight deviations from
spherical symmetry might also lead to a tensor compo-
nent for the expanding shell model, this component will
probably not have the same characteristics as a tensor
component from slow roll inflation (e.g. the consistency
relation between the tensor to scalar ratio and the tensor
spectral index).

Super-luminal explosions do seem somewhat unphys-
ical. Nevertheless, it has been argued [11] that super-
luminal speeds in cosmology do not lead to serious
acausalities since Lorentz invariance is broken in a
Friedmann-Lemâıtre universe, where the cosmological
reference frame represents a preferred frame. Although
this seems quite artificial on small scales, the argument
may be valid on the cosmologically large scales of these
expanding shells. It might therefore be advisable to keep
an open mind. especially when considering that inflation
is usually implemented with the help of the potential en-
ergy of a scalar field, the normalization of which is inti-
mately linked to the cosmological constant, the probably
biggest unsolved problem in cosmology.

We have also investigated hybrid models with seeds
and inflationary perturbations. Good fits are obtained
with seed contributions of about 10% on angular scales,
ℓ>∼100.
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Appendix A: Likelihoods

In this appendix we show some additional likelihood
plots for the parameters of the acausal expanding shell
model discussed in this work. For the 1D likelihoods,
the (blue) solid line always shows the marginalized like-
lihood of the acausal model while the (red) dashed curve
is the marginalized likelihood for the inflationary case.
In Fig. 12 one sees that the cosmological parameters ob-
tained for the acausal seed model are quit similar to in-
flationary parameters. Even though the best fit Ωbh

2,
h and τ for the seed model are somewhat higher, the
inflationary best fit value is within one sigma.

In Fig. 13 the 1 dimensional likelihoods for the veloc-
ities are shown. Clearly, once the velocities are above
about 1.5, the fit becomes good. For v1 the likelihood
decreases steeply above about v1 = 3 (albeit with a long
tail) while it remains nearly constant for v2 which there-
fore seems not to have an upper bound. We have also
found that above v2 ∼ 6 the spectra are nearly indepen-
dent of the value of v2.
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