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I. INTRODUCTION

Up today, string theories are the most promising fundamental quantum theories at hand which include gravity. Open
strings carry gauge charges and end on so-called Dp—branes, p + 1 dimensional hyper-surfaces of the full spacetime.
Correspondingly, gauge fields may propagate only on the p 4+ 1 dimensional brane, and only modes associated with
closed strings, like the graviton, the dilaton and the axion, live in the full spacetime [1]. Super—string theories
and especially M-theory suggest that the observable universe is a 3 + 1 dimensional hyper-surface, a 3—brane, of
a 10 or 11 dimensional spacetime. This fundamental spacetime could be a product of a four dimensional Lorentz
manifold with an n dimensional compact space of volume V,, (n is the number of extra dimensions). Then, the
relation between the 4 + n dimensional fundamental Planck mass, M;, and the effective four dimensional Planck mass,
M. = /1/(87GN) ~ 2.4 x 10'® GeV, is

M2 = M2V, (1)
If some of the extra dimensions are much larger than the fundamental Planck scale, M, is much smaller than M., and
may even be close to the electro-weak scale, thereby relieving the long-standing hierarchy problem [2]. For example,
if one allows for two ‘large’ extra dimensions of the order of 1 mm, one obtains a fundamental Planck mass of 1 TeV.
However, a new hierarchy between the electro-weak scale and the mass-scale associated with the compactification
volume, ﬁ, is introduced.

Clearly,nthis idea is very interesting from the point of view of bringing together fundamental theoretical high energy
physics and experiments, which have been diverging more and more since the advent of string theory. While the four
dimensionality of gauge interactions has been tested down to scales of about 1/200GeV~! ~ 10715 mm, Newton’s
law is experimentally confirmed only above 1 mm. Therefore, ‘large’ extra dimensions are not excluded and should
be tested in the near future by refined micro gravity experiments [3]. The fundamental string scale might in principle
be accessible to LHC [4].

In the past, it was commonly assumed that the fundamental spacetime is factorizable, and that the extra dimensional
space is compact. Recently, Randall and Sundrum [5] proposed a five dimensional model, in which the metric on the
3-brane is multiplied by an exponentially decreasing ‘warp’ factor such that transverse lengths become small already
at short distances along the fifth dimension. This idea allows for a non—compact extra dimension without getting in
conflict with observational facts. In this scenario the brane is embedded in an Anti—de Sitter space, and a fine—tuning
relation,

:‘i52
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between the brane tension, V', and the negative cosmological constant in the bulk, A, has to be satisfied. Here, k5 is
related to the five dimensional Newton’s constant by x52 = 87G5 = M5~>. Randall-Sundrum also proposed a model



with two branes of opposite tension which provides an elegant way to relieve both hierarchy problems mentioned
above [6]. However, also this model requires the fine—tuning (2). Here, we will only consider the case of a single brane.

The main unattractive feature of the Randall-Sundrum (RS) model is the fine-tuning condition (2). Both from the
particle physics and the cosmological point of view this relation between two a priori independent quantities appears
unlikely. One would like to put it on a physical basis, such as a fundamental principle, or explain it due to some
dynamical process.

This paper has the purpose to point out the cosmological problems associated with the fine—tuning condition (2).
The outline of the paper is as follows: In section II, we derive dynamical equations describing the gravitational field
and the dilaton in the bulk coupling to fluid matter and a scalar field on the brane. These equations allow for a
dynamical generalization of the RS model, which is a special static solution of our equations with vanishing dilaton.
Our equations also provide a starting point for further studies of various issues in cosmology, for example inflation.
In Section IIT we discuss a cosmological version of the RS model and show that the fine—tuning condition (2) cannot
be stabilized by an arbitrary scalar field or fluid on the brane. In section IV we discuss linear perturbations of
the static RS model and derive gauge invariant perturbation equations from our general setup. We prove that the
full RS spacetime is unstable against homogeneous processes on the brane such as cosmological phase transitions:
The solutions run quadratically fast away from the static RS spacetime. This instability reminds that of the static
homogeneous and isotropic Einstein universe [7]. In linear perturbation theory the RS spacetime is unstable even
against purely gravitational perturbations. In the last section we present our results and the conclusions.

II. EQUATIONS OF MOTION

In this section we provide the equations of motion. For generality and for future work we have included the dilaton,
although its does not play a role in the present discussion of RS stability. Works on dilaton gravity and the brane
world have also been done by [8] and [9].

A. General case

We consider a five dimensional spacetime with a metric gy parameterized by coordinates (z) = (2#,y), where
M =0,1,2,3,5and u = 0,1,2,3, with a 3-brane fixed at y = 0. We shall use units in which 2k52 = 1. In the string
frame our action is

Sms = / By =ge™* (R +4(Vd)(Vn6)g™Y — A(9)) (3)
- /d4x\/—_§e*2¢ <%(vu¢)(vu‘ﬂ)§lw + Vi) + Eﬂu;d> )

which describes the dilaton, ¢, coupling to gravity as well as to a scalar field, ¢, with a potential V' (¢) and to a fluid.
The graviton, the dilaton and the ‘bulk potential’ A(¢) live in the five dimensional (bulk) spacetime, whereas the fluid
and the scalar field are confined to the brane. The induced four dimensional metric is®

Gy = 0,76, gun (y = 0). (4)
The action in the Einstein—frame is obtained by the conformal transformation

_ g
guN — € P2ZgyN (5)

with D = 5. We find
Suwion = [ ov=3 (R = 5 (Tu0)(TaolgY = 9400 ) ©

: L
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Where confusion could arise, we over-line four dimensional quantities.



where g now denotes the metric tensor in the Einstein—frame, and R, V,V are constructed from g. From this action
we derive the equations of motion by varying with respect to the dilaton, the brane scalar field and the metric:

8 4 OA =3 1 _ 2
§V2¢ _ g6(4/3)¢>A(¢) _ o4/3)6 a? N \/Q__Z(;(y) <§e(2/3)¢(v(p)2 B 56(2/3)¢(V(%0) n Eﬂuid)> —0, (7)
_ oV
/0T ) e(2/3)¢% o, (8)
Gun = % <(VM¢)(VN¢) - %QMN(V@Q) - %gMN€(4/3)¢A(¢) (9)
— 1/ 1 1 1
— \/Q__Z(S(y)&]\‘/[(;]’/\] <—€(2/3)¢§ <(Vﬂ<p)(vy<p) - Eyw(mpf) + §§HV6(2/3)¢V(<‘0) - 56(2/3)¢(Tﬂuid)#u> ;

where G sy is the five dimensional Einstein tensor of the metric gy n -

As we are interested in cosmological solutions, we require the 3—brane to be homogeneous and isotropic and make the
ansatz

d52 _ —eQN(t’y)dtQ + eQR(t,y)da—jQ + e?B(t7y)dy2 ) (10)

where we have assumed the ordinary spatial dimensions to be flat. Note that this metric is not factorizable as the
scale factor on the brane, e®(t:¥) and the lapse function, e™ (4% depend on time as well as on the fifth dimension. The
factor e?(*%) is a modulus field. The energy—momentum tensor of a homogeneous and isotropic fluid, representing
matter in the universe, is

(Thuia", (1) = diag(=p(t), p(t), p(t), p(t)), (11)

and for the dilaton and the brane scalar field we shall assume ¢ = ¢(¢,y), = ¢(t). Finally, the Lagrangian density
of the fluid, Ly,4, is given by its free energy density F (see [10]).

With these assumptions the equations of motion take the following form: (A dot and a prime refer to the derivatives
with respect to ¢ and y, and quantities on the brane carry a subscript zero, for example No = N(t,y = 0).)

61 e NG -GN £ 30R+9B) — Se B8+ 9N + 36K — §'B) + 2 WHA()

+ 6(4/3)‘1)%? +0(y)e™B <%e_(2/3)¢e_2N¢2 + ;6(2/3)¢(V((p) + F)) =0, (12)
¢ e No(p — Ny + 3¢Ro) + el/3) %0 —a‘;(f) =0, (13)
fid = p=p(p) , (14)

. .. 9. 2 1
00: 3¢ *N(R?*+RB - §¢2) + 3¢ 2B(—-R" —2R* + R'B' - §¢’2) - 56(4/3)4’/\((;5)

1 1
— e ® (e BN 1 LBV () +)) =0, 15)
11: e ?*Y(-2R—-B-3R*-B*+2NR+ NB - 2RB — §¢2)
2 1
+e ?B(N"+2R" + N? + 3R” +2N'R' - N'B' - 2R'B' + §¢/2) + 5e<4/3>¢A(¢)
1 1
—d(y)e P <Ze(2/3)¢e2N¢2 + 56(2/3)¢(p _ V((p))> —0, (16)
. . . . 4 .
05: R +RR'-N'R-RB+ 560 =0, (17)



.. . .2, 2 1
55: 3¢ ?N(—R—-2R?>+ NR - §¢2) +3e72B(N'R' + R — §¢'2) + 5e<4/3>¢A(¢) =0. (18)

In order to have a well defined geometry, the metric has to be continuous across y = 0. However, first derivatives with
respect to y may not be continuous at y = 0, and second derivatives may contain delta—functions. Such distributional
parts can be treated separately by writing

"= fleg + oW (19)
where
)= i () = £ (=) (20)

is the jump of f" across y = 0, and f,. is the part which is regular at y = 0. By matching the delta-functions from

the second derivatives of ¢, N and R with those in equations (12), (15) and (16), one obtains the junction conditions

1 1
[¢] = gem /Mot TN Gt 4 262/ D0eBo(V () + F) (21)
5 1
N = e C/oeePom2No g2 4 2e/Do0cPo(3p 4 29~ V(p)) (22)
1 1
[R] = —Ee_(Q/S)d’OeBO_QN%Q - 66(2/3)¢°€B°(V(@) +0) . (23)

Eqs.(22) and (23) are equivalent to Israel’s junction conditions [11]. Our equations agree with those found by other
authors in special cases, see e.g. [12] and [13].

To ensure that our brane does stay in place, we shall assume Z5 symmetry in the remainder of this paper. Further-
more, we neglect the dilaton and consider a simple cosmological constant in the bulk. For the sake of generality we
have not used these assumptions so far.

B. Special case: The Randall-Sundrum model

The RS model is a special static solution of the equations derived in the previous section with N(y) = R(y), B =0,
when A is taken to be a pure cosmological constant, and V' represents a constant brane tension. All other fields are
set to zero. The RS metric is

ds? = e**Wl(—dt? + di?) + dy* . (24)
Our equations of motion then reduce to
6R"” = —% , (25)
3R" = —5(y)% . (26)
Eq. (25) can now be solved by
R(y») =~/ 5l = alyl. (1)

which respects Z, symmetry and leads to an exponentially decreasing ‘warp-factor’. To satisfy simultaneously equation
(26), one must fine-tune the brane tension and the (negative) bulk cosmological constant:
V2
A+ —=0. 28
T (28)
This is the RS solution. A priori, A and V' are independent constants, and there is no reason for such a relation.
However, in a realistic time-dependent cosmological model this relation must be satisfied in order to recover the usual
Friedmann equation for a fluid with p < V see [14]. In the next section we study, whether Eq. (28) can be obtained
by some dynamics on the brane.



III. A DYNAMICAL BRANE

We first consider a dynamical scalar field on the brane. The fine-tuning condition (28) corresponds to the require-
ment that the negative bulk cosmological constant, A, can be canceled by the brane tension, V', which we try to
identify with the potential energy of the scalar field, . If, starting with some initial conditions on ¢ and ¢, the
evolution of the system would stabilize at A + ‘1/—22 = 0, the cancelation could be accomplished dynamically. If this
would be the case for a ‘large class’ of initial conditions, the RS solution (27) would be an attractor of the system.

We start from Eqs. (13-18) for the case of a vanishing dilaton. Taking the ‘mean value’ of the 55 equation across
y = 0, inserting the junction conditions (22,23) and taking into account Z; symmetry, one obtains (see [12])

. . 1 A

Ro+2Rf = —— 3 = 29
0+ 203 144Pb(Pb+ pb)+67 (29)

where py, = p+ p, and p, = p + p, are the total energy density and the total pressure on the brane due to the fluid

and the scalar field. In this section the dot denotes the derivative with respect to the time coordinate 7 given by

dr = eNVo(dt. Using the energy conservation equation on the brane,

s = —3Ro(py + ps), (30)

one can eliminate the pressure and integrate Eq. (29) to obtain a ‘Friedmann’ equation for the expansion of the brane
(see [14])
1 1

C
H? = A+ —p° + — 31
PR PYLCR (1)

where ag(t) = ef(t:¥=0) denotes the scale factor on the brane, H = ap/ag = Ry, and C is an integration constant. If

the dilaton vanishes, Eq. (13) becomes the ordinary equation of motion for a scalar field

ov
p+3Ho+ — =0 32
Y+ P+ 9o (32)
with an energy density and a pressure
1.,
P = 59" +V(9), (33)
1,
pe = 59" = V(%) (34)

We now assume that the energy density of the scalar field dominates any other component on the brane, that is
pep >> p. This may be the case in the early universe. Later in this section we will see that this assumption does not
affect our result. In the same sense we neglect the radiation term, so that equation (31) reduces to

_ 1 pe°
H=+ B <A+ 12). (35)

The positive sign corresponds to an expanding brane. The question whether the system evolves towards A + ‘1/—22 =0
is now translated into the question whether the Hubble-parameter vanishes at some time 7;. From Egs. (32) and
(35) together with Eq. (33) one finds

: 1

= ——p,é". (36)
which is always negative. (The case ¢(71) = 0 simultaneously with H(m;) = 0 will be treated separately.) Starting
with an expanding universe, H > 0, this implies that, indeed, H is decreasing and H = 0 may well be obtained within
finite or infinite time depending on the details of the potential V(¢). However, at 7; the scale factor has reached a
maximum (io(71) = ao(r1)H (1) < 0) and, after a momentary cancelation of A with p,2, H changes sign and the
brane begins to contract with

1 P2
H=—/—(A+=2).
12<+12> (37)



In order for H to stop evolving at 7 when the RS condition, A + p,?/12 = 0 is satisfied, we need ddt—"nH(Tl) =0 for
all n > 0, which implies ddT—"nW = 0 and also ji—ﬁcp(ﬁ) = 0 for all n > 1. Therefore, the scalar field has to be constant
with value ¢1 = (1) and V(p1) = v/—12A. But this is only possible if V; is a minimum of the potential, and we
have to put ¢ into this minimum with zero initial velocity from the start. This of course corresponds to the trivial

static fine-tuned RS solution.

We conclude that the fine-tuning condition (28) can not be obtained by such a mechanism. Note that our argu-
ments have been entirely general and we have thus shown that the fine-tuning problem cannot be resolved by an
arbitrary brane scalar field.

To illustrate the dynamics, we consider the potential V' (p) = %m2ap2. Eq. (35) then takes the form

2
1 1 /1., 1
H? = A4+ — [ =@+ -m?p? | . 38

12 +144<2“’+2m‘p (38)

It is convenient to use dimensionless variables x, y, z and 7 related to ¢, ¢, H and 7 by

24
p=4—z, ¢=v24my, H=mz, 7= —n. (39)
m

1
m

Egs. (32) and (38) are equivalent to a two dimensional dynamical system in the phase space (x,y) with

2=y, vy =-—x-3zy, (40)
with the constraint equation

22 = —K + (2% + ¢y~ (41)
The prime denotes the derivative with respect to the ‘time parameter’ n and K = —ﬁA. In Fig. 1 two typical

trajectories found by numerical solution of the system (40-41) are shown in the phase space (z,y). For large initial
y, the damping term first dominates and lowers y until the potential term becomes comparable. Then, the system
evolves towards the minimum of the potential until the curve hits the circle 22 + y> = /K, where the damping term
changes sign, and the trajectories move away nearly in y—direction.

FIG. 1. Two trajectories in the phase space (x,y) which represent typical solutions of the system (40-41) for K = 1. The
trajectory on the left (dotted, red), starting with an initial condition x;, = —3, yin = 2, winds towards the circle x> +y2 = \/E,
which corresponds to the condition z = H = 0. After reaching the circle, the solution moves away showing that it is not an
attractor. The trajectory on the right (solid) with initial conditions z;n, = 2, yin = 2 shows a similar behaviour. It takes much
longer to pass the region around the kinks than to trace out the remaining parts of the trajectories.
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FIG. 2. The time evolution of the dimensionless Hubble parameter z for the two trajectories shown in Fig. 1.

In ordinary four dimensional cosmology there exists a ‘no—-go theorem’ due to Weinberg [15], which states that the
cosmological constant cannot be canceled by a scalar field. The argument is based on symmetries of the Lagrangian.
In brane cosmology it is known [16] that for a 3—brane, embedded in a five dimensional spacetime, Einstein equations
on the brane are the same as the usual four dimensional Einstein equations, apart from two additional terms: A term
Suv, which is quadratic in the energy-momentum tensor, T),,, on the brane,

1 1

X 1_ w1
SHV = _ZTHQTI/ + ETTW’ + §9uuTaﬁT 7~ ﬂgHVT2’ (42)

and a term E,,, which is the projection of the five dimensional Weyl-tensor, C4 gep, onto the brane:
E,, = C%pepnan©y,’g,”, (43)

where n 4 is the normal vector to the brane and T the trace of the energy momentum tensor. Being purely constructed
from T, S, does not introduce additional dynamical degrees of freedom. It just contributes the term p,? to the
‘Friedmann’ equation (31). It is also clear that E,,, which is traceless, cannot cancel the cosmological constant on
the brane. However, since the effective Einstein equations on the brane cannot be derived from a Lagrangian, and
since E,, contains additional information from the bulk, it is not evident that Weinberg’s theorem holds in our case.

More generally, our ‘no-go’ result also holds for any matter obeying an equation of state p = wp when w > —1.
This can be seen in a similar way: Initially the Hubble-Parameter is

1 P2
H = — A+ = ). 44
T < T ) (44)
Using the energy conservation equation,
p=—3H(1+w)p, (45)
one finds
. 1
H=-—(1 ? 46
5 (LT wle’, (46)

and hence H < 0 as long as the weak energy condition, w > —1 (or p > —p) is satisfied. To relate our finding to
previous results [14,17], let us note that Eqs. (44) and (46) imply the following condition for inflation on the brane:
G . A 243w
g s H2 - = _ 2
a + 12 144

>0, (47)



For a brane energy density given by the brane RS tension V' = +/—12A and an additional component indicated by a
subscript ¢, so that p =V + p; and p = —V + py this gives

g Ps
P [V(1+3wf)+pf(2+3wf)]144 >0, (48)
which coincides with Eq. (8) of Ref [17]. If the RS term dominates, V' > py we obtain the usual strong energy
condition for inflation, 1 4+ 3wy < 0, but if V' < p; the condition is stronger, namely 2 + 3w; < 0.

Like for the scalar field, the brane starts to contract as soon as H = 0 is reached. We have thus shown that a
relation like (28) cannot be realized in a cosmological setting which does not violate the weak energy condition.

After this section, in which we adopted the viewpoint of the brane, we now come back to the full five dimensional
spacetime to investigate the stability of the RS model.

IV. GAUGE INVARIANT PERTURBATION EQUATIONS

We formally prove that the five dimensional RS spacetime is unstable under small perturbations of the brane
tension.

A. Perturbations of the Randall-Sundrum model

The equations of motion derived in section II provide with N(¢,y), R(t,y), and B(t,y) a dynamical generalization
of the RS model. We consider A and V to be constant and set the dilaton, the scalar field on the brane and the
energy-momentum tensor of the fluid to zero. Eqs. (15-18) now reduce to

00: 3¢ *N(R*+ RB) + 3¢ 2B(—R" - 2R + R'B') - %A - (5(y)%e_BV =0, (49)
11: e N(—2R-B-3R>-B>+2NR+ NB - 2RB)

+e2B(N" +2R" + N? + 3R? + 2N'R' — N'B' — 2R'B’) + %A + 5(y)%e_BV =0, (50)
05: R +RR -N'R-RB=0, (51)
55 3¢ *N(—R—-2R?+ NR) + 3¢ 25(N'R' + R?) + %A =0. (52)

The RS solution (27) is a static solution of these equations, provided that condition (28) holds. We now derive linear
perturbation equations from (49-52) which describe the time evolution of small deviations from RS. To this goal we
set

N(t,y) = aly| +n(t,y), (53)
R(t,y) = aly| +r(ty), (54)
B(t,y) = b(t,y), (55)

where a = —4/ % and n(t,y),r(t,y),b(t,y) are small (with respect to 1) at ¢t = 0. The perturbed metric is

dSQ — _eQQ‘yH-QndtQ + e?a‘y‘—l—?rda—jQ + €2bdy2. (56)

We consider an energy-momentum tensor deviating from RS only by a slight mismatch of the brane tension,

Tun = —Agun — 0(y)6h,05e~"Vg,,. (57)
with
V = VI2A(1 4 ), (58)

where || < 1 parameterizes the perturbation of the brane tension, gy is the perturbed metric (56) and g, is its
projection onto the brane. Clearly, if already this restricted set of perturbation variables contains an instability, the



RS solution is unstable under homogeneous and isotropic perturbations. Inserting this ansatz into equations (49- 52)
and keeping only first order terms, we find

" —40®b + 0(y)a(dr’ — V') — 6(y)2a(b+ Q) =0, (59)
e 2025 4 B) — 0" — 2" + 12020 — O(y)a(4n + 8" = 3V') + 6(y)6a(b+ Q) =0, (60)
i —6(y)ab =0, (61)
e~2Wli 4 402b — O(y)a(n’ +3r") =0 , (62)
where
_J+1 fory>0
0ly) = { -1 fory<0. (63)
The junction conditions are
[r'] = [n'] = 2a(by + Q) . (64)

Since we want to consider Zs-symmetric perturbations, we require the functions n, r and b to be symmetric in y. In
order to make coordinate-independent statements, we rewrite these equations in a gauge invariant way.

B. Gauge invariant perturbation equations

Under an infinitesimal coordinate transformation induced by the vector field
X =T(t,y)0 + L(t,y)0y, (65)
the metric perturbations ¢(!) transform according to
g = g 4 £ ¢, (66)

where g1 corresponds to the first order terms in the metric (56), and Lx g9 is the Lie derivative of the static
background metric (24). One obtains the following transformation laws for the variables n, r and b:

n—n+60(y)al+T, (67)
r—r+0(y)al, (68)
b—b+ L. (69)

Since we require the 05—component of the metric to vanish, it must remain zero under the coordinate transformation.
This implies

L = e2lviT’, (70)

From Eq. (69), together with Zy symmetry, one finds that L' must be continuous and symmetric in y. Therefore
L must be continuously differentiable and odd in y, which implies L(t,y = 0) = 0. Hence, the perturbation r
restricted to the brane, rg, is gauge invariant. Note that L(t,y = 0) = 0 also follows from Eq. (68) and L € C*.
Hence the gauge invariance of rg is not a consequence of Zs symmetry, but is also preserved for non Zs symmetric
perturbations. By computing the Lie derivative of the background energy-momentum tensor from Eq. (57) one finds
that the perturbation of the brane tension, Q, is gauge invariant. Condition (70) and the symmetry property of L'
ensure that there is no energy flow onto or off the brane. With the following set of gauge invariant quantities

=1 —0(y)ab , (71)
U =n"—6(y)ab— G(y)ée*h‘y‘f ) (72)
ro =r(t,y =0), (73)
Q, (74)

we can rewrite the perturbation equations (59-62) in terms of these variables



P+ 0(y)da® — §(y)2a2 =0, (75)

2
T+ 28" +60(y)4a(T + 28) + 6(y) <—7’~'0 - 6a9> =0, (76)

a
d=0, (77)
U+30=0. (78)

The junction conditions are
2,

[®] = 2002, [P] = 2002 — o (79)

The solutions of equations (75) with (77) and (78) are given by

d(y) = —%\I/(y) = H(y)aQe_‘m‘y‘ + ®getelyl (80)

Zs symmetry requires ® to be odd in y and thus ®; = 0. Inserting equation (78) in (76) one obtains
o = 400 (81)
and after integration
ro(t) = 2%0t* + Ot, (82)

where Q is a small but arbitrary integration constant determined by the initial conditions. (An additive constant to
ro can be absorbed in a redefinition of the spatial coordinates on the brane.) The scale factor on the brane is

€20 ~ 1 4 20 () = 1+ 402082 + 20t (83)

We have thus found a dynamical instability, which is quadratic in time, when the brane tension and the bulk cosmo-
logical constant are not fine—tuned. Our statement is valid in every coordinate system as rg is gauge invariant. In
addition, more surprisingly, in linear perturbation theory there is no constraint on Q, and it cannot be gauged away.
This linear instability remains even for 2 = 0, that is if the brane tension is not perturbed at all. We conclude that
the RS model is unstable even under purely gravitational modes!

Let us finally discuss our solutions in two particular gauges. As a first gauge condition we set ' = 0, which fixes
L' = —6(y)1r'. The integration constant on L is determined by the condition L(t,y = 0) = 0. (Note that r’ contains
a f-function and therefore L' is continuous.) For all values of y we have

r(t) = 2a%0t% + Ot. (84)
Since b(y) = —0(y) £ 2(y),
bly) = —Qe~4elvl, (85)
From the definition of ¥ it follows
n' = -3® +0(y)ab + G(y)ée_m‘y‘fo ) (86)
which can be integrated to give
n(t,y) = Qe el — 2020l L A/ (1) . (87)

These n, r, and b solve equations (59-62). The integration constant A/(t) can be absorbed in the gauge transformation
T'. Together with the choice of L', this fixes the gauge, and the solutions are therefore unique up to an additive purely
time dependent function to T'.

Another possible gauge is b = 0. Then, from 7’ = @,

10



Pt y) = —%e*‘m‘y‘ +R() (88)

with
R(t) = ro(t) + % =22°Qt* + Ot + % (89)

and
n(t,y) = Zae—w\y\ —20e20l L A(1) (90)

Again, the integration constant A (¢) can be gauged away by choosing an appropriate T', and the solutions are uniquely
determined by the gauge fixing.

Inserting these solutions in the perturbed metric
ds? = _e2elyl+2n g2 + e2elyl+2r g2 + edey27 (91)

we find that the full RS spacetime, not only the brane, is unstable against homogeneous perturbations of the brane
tension.

We must require the initial perturbations to be small, that is at some initial time, ¢t = 0, the deviation from RS
has to be small for all values of y. In the case of a compact spacetime, |y| < ymax, this just requires |Q] < e~ 1@¥max
(remember that « is a negative constant). For a non-compact spacetime, —oo < y < 0o, we have to require Q = 0. In
other words, for V' # /—12A there exists no solution which is ‘close’ to RS in the sense of L? or sup, at any given
initial time!

Finally, we present a geometrical interpretation of the gauge invariant quantities ® and ¥. Since the five dimensional
Weyl tensor of the RS solution vanishes, the perturbed Weyl tensor is gauge invariant according to the Steward-Walker
lemma [18]. The 0505—component of the Weyl tensor of the perturbed metric (56) is up to first order

1 1 .
Cosos = §€2a‘y‘(”” —r"+0(y)an’ —1r")) + 5(7" —b), (92)
which can be expressed in terms of gauge invariant quantities
1 alyl (palul ’ Ls
Cosos = 3¢ Y (6 (@ - ‘I’)) + 5(9)57"0 (93)
All other non vanishing Weyl components are multiples of Cosos:
1
Co1o1 = Co202 = Co303 = C1212 = C1313 = Ca323 = —5620“9‘00505 and (94)
1
Cis15 = Cas25 = Css35 = 500505 . (95)

In first order the projected Weyl tensor (defined in [16]) is E1y = Eay = E33 = %Eoo = 2a°Q) with E#, = 0. The
Weyl-tensor completely vanishes for 2 = 0.

V. RESULTS AND CONCLUSIONS

In this paper we have addressed two main questions: First, we investigated whether the RS fine-tuning condition
can be obtained dynamically by some matter component on the brane. As a concrete example, we studied a scalar
field on the brane and found that a bulk cosmological constant cannot be canceled by the potential of the scalar field
in a non-trivial way. This result can be generalized for any matter satisfying the weak energy condition.

Second, we studied the stability of the RS model in five dimensions. We have found that the RS solution is
unstable under homogeneous and isotropic, but time dependent perturbations. For a small deviation of the fine—
tuning condition parameterized by Q # 0, this instability was expected, it reminds strongly of the instability of the
static Einstein universe, where the fluid energy density and the cosmological constant have to satisfy a delicate balance
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in order to keep the universe static. But even if 2 = 0, there exists a purely gravitational mode, which represents
an instability in first order perturbation theory. The physical interpretation of this mode is not yet clear to us. In
a cosmological setting, our result means that a possible change in the brane tension, e.g. during a phase transition,
or also quantum corrections to the bulk energy density (see [19]) give rise to instabilities of the full five dimensional
spacetime.

Even if one would consider a dynamical scalar field in the bulk (which does not couple to brane fields), which settles
into a vacuum state such that its energy density is constant along the fifth dimension, one would not be able to solve
the cosmological constant problem without falling back to some fine-tuning mechanism. From our results we can
conclude that in order to have a chance to solve the RS fine tuning problem dynamically, we have to consider fully
dynamical bulk fields. This can in principle be done with the system of equations, which we have presented in section
IT, and which also applies to the effective five dimensional low energy theory suggested by heterotic M—theory [20].
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