
Angular Projections of Fractal SetsRuth Durrer, Jean-Pierre EckmannD�ept. de Physique Th�eorique, Universit�e de Gen�eve, 24, Quai E. Ansermet, CH-1211 Gen�eve, SwitzerlandFrancesco Sylos Labini1, Marco Montuori1, Luciano Pietronero1;21Dipartimento di Fisica, Universit�a di Roma La Sapienza and INFM Sezione Roma1, Piazzale A. Moro 2, 00185 Roma, Italy2ITCP Trieste, ItalyWe discuss various questions which arise when one con-siders the central projection of three dimensional fractalsets (galaxy catalogs) onto the celestial globe. The issuesare related to how fractal such projections look. First weshow that the lacunarity in the projection can be arbitrarilysmall. Further characteristics of the projected set|in par-ticular scaling|depend sensitively on how the apparent sizesof galaxies are taken into account. Finally, we discuss theinuence of opacity of galaxies. Combining these ideas, seem-ingly contradictory statements about lacunarity and apparentprojections can be reconciled.PACS: 98.62, 05.20, 02.50The distribution of galaxies in the universe poses someintriguing puzzles. A group of physicists led by one ofthe authors of the present letter (L.P.), found by statis-tical analysis of all publically available three dimensionalgalaxy catalogs, that galaxies are distributed fractallywith a fractal dimension of about 2 up to the largestdistances available, namely (50 � 100)h�1Mpc [1]. Onthe other hand, there are strong arguments which favorhomogeneity i.e., a dimension of 3, in a range of up to3000h�1Mpc, which is the Hubble scale [2,3]. At dis-tances of the order of this limit, largely unknown evolu-tionary e�ects probably inuence the galaxy distribution,which complicates the analysis.In this Letter, we study some of the problems relatedto the observations at \large" distances up to the Hubblelimit.General theoretical arguments lead to a prediction of ahomogeneous universe, which has dimension 3, while theanalysis performed in [1] indicate a dimension of about2, as far as three-dimensional data are available. Whatis even more intriguing is that the projection of the avail-able data onto the celestial globe shows no apparent la-cunarity and this seems in agrant contradiction withthe dimension of 2 found in [1], when one considers thedata as a point set in 3 dimensions. In a widely circu-lated letter, Peebles has asked whether the mathematicsof fractals allows for such a phenomenon.Our|perhaps surprising|result is that if one takes�nite size e�ects properly into account, a set of dimension2 in 3-dimensional space can have a non-fractal and quitehomogeneous projection onto the celestial globe. We willexplain this result below and put it into perspective with

known mathematical facts. Depending on how �nite sizee�ects are taken into account, sometimes the projectionwill be homogeneous and sometimes it will be fractal. Inparticular, we will argue that there is no contradictionbetween observing a fractal dimension 2 in 3-dimensionalspace and a uniform projection of equal size points ontothe celestial globe.Of course, this result leaves wide open the more funda-mental question of how a galaxy distribution of dimen-sion of 2 can be reconciled with the homogeneity of theuniverse predicted by the currently accepted cosmologi-cal models. We have no answer to this puzzle. In thisletter we just show that absence of a unique interpreta-tion of the measurements|to have more con�dence inthe data.In order to explain the \projection paradox" and toput it into context, we �rst explain some mathematicalaspects of the problem. A set A in R3 is said to haveHausdor� dimension d if it can be covered by sets Si;� ofdiameter less than � in such a way that the \Hausdor�measure" Hs(A) = lim inf�!0 Xi (diamSi;�)s (1)is zero for s > d and in�nite for s < d. For s = done can have Hd(A) = 1 or Hd(A) < 1. Thus, if theHausdor� dimension is d, then Hd(A) can be �nite or in-�nite. When d is an integer and Hd(A) is �nite, one candecompose A into a regular part (consisting of piecewiserecti�able sets of dimension d, such as lines or sheets) anda singular part (consisting of \dust"), see [4], Section 6.2,[5], Section 9. For non-integer d the regular part is ab-sent. Almost every projection of the regular part ontoa d-dimensional plane is of positive measure, while allprojections of the singular part (which is the interestingcase for the study of galaxies) have measure 0, i.e., theyare very small. Finally, if Hd(A) is in�nite, then a clevermethod, called the \Venetian blind construction" showsthat the projection onto any subspace can be prescribed,and can be essentially anything we want. For example,one can construct a set in 3-space whose projection ontoall two-dimensional planes is a \sundial" in the sense thatit shows the hour (minutes, and seconds) of the currenttime in Roman numerals ( [4], Section 6.3).Thus, in the light of a strict mathematical de�nition,the answer to Peebles' question is that the projection is1



of positive measure (and hence relatively smooth) only inthe cases when d > 2 or when d = 2 and either H2 =1or A has a regular part. In this last case, the set Amust contain recti�able \lines" or \sheets." We disregardthis situation as physically irrelevant because galaxies areconsidered as points or tiny disks in this analysis and thusform a \dust-like," i.e., irregular set.In this Letter, we argue that this is not the wholestory, because some �nite size e�ects come into play ina subtle and beautiful way. To demonstrate this pointmore clearly, we �rst work with 1-dimensional sets in a2-dimensional space and then illustrate the extension to2-dimensional sets in 3-space.We say that a set (of galaxies) has an e�ective dimen-sion 1 inside a physical space of dimension 2 at lengthscale r if the mean number n(r)dr of galaxies betweendistance r and r+dr goes like Cdr, where C is a constant.Integrating from 0 to r we �nd for the total number ofgalaxies, N :N(r) = Z r0 dr0 n(r0) � Cr ; (2)and this is characteristic of the distribution of a set of di-mension 1. (For a 2-dimensional set, the correspondinglaws are n(r) � C 0r, and N(r) � C 0r2=2.) Eq. 2 showsthe well-known fact that if the dimension of a set is notequal to the dimension of the space in which it is em-bedded, then the number density goes down (in our caselike 1=r). This is precisely the cosmologically intriguingaspect when dealing with distributions which are not ofmaximal dimension.We next study what happens when we project such aset onto the celestial globe (the unit circle in the caseof a 2-dimensional universe). If the galaxies are consid-ered just as a countable set of points, the question ofthe measure of their projection makes no sense, since itis equal to 0 by de�nition. This is, however, not whatone means by the dimension of an experimentally mea-sured set, where anyway only a �nite number of pointsoccur [6]. In fact, dimension is experimentally a notionwhich holds only over a certain range of scales. Even tak-ing that into account, the mathematical theorems citedabove tell us that the projected density has zero measurewhen H1 is �nite and the set is singular.Next, we analyze in more detail various aspects whichcome into play when one considers the projections ofgalaxies onto the celestial globe. The issues we discusshere are lacunarity, the rôle of taking into account ap-parent sizes, and the inuence of opacity. We �rst de�nethese quantities. The lacunarity describes the sizes ofvoids between the galaxies. These voids can be large ina set of small dimension, but we shall show that theycan be arbitrarily small in the projection. The apparentsize problem has to do with whether we represent galax-ies as points of equal size, or apparent size. The �rst

FIG. 1. The Patterns 0 to 3 used to subdivide a �ve by �vesquare.

FIG. 2. A fractal of dimension 1 in 2-space, and its projec-tion onto a circle. There are 7 levels of recursion.representation will be called pixel projection and the sec-ond apparent size projection. Finally, opacity is relatedto the following observational problem: We assume thereis a limit to how close together two galaxies can be ob-served, and this means that little opaque disks are drawnaround each observed galaxy.We illustrate all these phenomena for a set of dimen-sion 1 in 2-space. We then generalize to the case of a setof dimension 2 in 3-space. Our example is constructedas follows: Divide the unit square into 25 equal smallsquares and �ll the central square and the four corners.We call this \Pattern 0." Similarly, we can �ll 5 among25 squares by Patterns 1, 2, and 3 as shown in Fig. 1The fractal of Fig. 2 is then obtained by dividing thesquare recursively, choosing at each level randomly one ofthe 4 patterns. (An even more homogeneous projectionis obtained by choosing at level n the pattern (nmod 4)of Fig. 1.) These fractals have dimension 1, �nite Haus-2



FIG.3.FivelevelsofthesamefractalasinFig.2.Each
\inner"featureisscaledoutwardsasshownbythelinesfor
onefeature.Thecornerscontainthesamefeatureasthe
centralsquare.Theoutermostfeaturesofthecentralsquare
aremappedasindicatedbytheradiallines.Goingdeeperinto
therecursion,eachsuccessivefeatureisprojectedclockwise
totheboundaryuntilonereachesagainthecornersquaresin
lightgraywhicharemappingsoftheinnermostfeature.
dor�measureH 1,andareofthesingulartypedescribed
above.Ofcourse,spacegetsquiteemptyfarawayfrom
theorigin,butsuchfractals\block"theskylightinal-
mostalldirectionsforanobserveratthecenter,and
henceshewillseeanalmostuniformlyblackskyasin
Fig.2.Iftheobserverisnotatacenter,butstillona
\galaxy,"asweare,thisargumentcontinuestoholdaf-
terenoughiterations.Tounderstandwhythelacunarity
decreases,wescaleeachpointfromthecentertoa�xed
distance:(x;y)7!(x=r;y=r),wherer=(x 2+y 2) 1=2.In
Fig.3,webloweach\inner"pointuptoapositionon
theoutersetofsquares.Sincethereisalwaysoneof4
squarescoloredineachofthePatterns0{3,weseethat
theapparentopenspacecanbeatmostabout3=5 thof
whatitwasatthepreviouslevel.Thuswegetanesti-
matethatthemaximalangularvoidscaleslike(3=5) nas
thenumbernoflevelsgrows.ThisanswersoneofPee-
bles'questions:Thereneednotbeanysizeablevoidsin
theprojectionofasetofdimension1in2-space(orfor
thatmatter,asetofdimension2in3-space).
Wenextdiscusshowtheprojectionontothecelestial

globecanvary,dependingonwhetherweshowapparent
size(asinFig.3)orjustapixel(asinthecirclearound
Fig.4).Tosimplifythediscussion,weassumethatall
galaxiesaresmallspheresof�xeddiameter�.Thepro-
jectionofagalaxyatdistancerhasapparentsize��=r.
Onecanviewthisinoneoftwoways:Eitherthere-
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FIG.4.ThesameasFig.3,butnowwith\opaque"galax-
ies.Notethattheprojecteddensityontheunitcirclebecomes
almostuniform.
motegalaxieshaveverysmallprojections(somehowless
thanapixel),ortheclose-byoneshaveverylargeprojec-
tions.Notethatwediscusshereforsimplicityauniverse
ofgalaxiesofequalsize.Howbigistheareacoveredby
theseprojections?SinceH 1(A)=lim�!0 Xi diam(Si;� );(3)
andthereare�Cgalaxiesatadistancerand
diam(Si;� )=�,we�ndthatthenumberofgalaxies(/
areaofpixelprojection)inaringextendingfromrmin to
rmax isgivenbyN(rmin ;rmax )� Zrmaxrmin dr 0C�C(rmax �rmin );(4)
whiletheprojectedareais

Zrmaxrmin dr 0C=r 0=Clog(rmax =rmin ):(5)
(Theareaissmallerwhentheprojectedgalaxiesstart
tooverlap,i.e.,forveryfatrings.)Theseequationsex-
plainwhyprojectedgalaxiesdrawnaspoints(Eq.4)look
morehomogeneousafterincreasingthesizeoftheannu-
lus(rmax ;rmin )!�(rmax ;rmin );whereasaprojectionof
theapparentareaoccupiedbygalaxies(Eq.5)isinvari-
antunderscalingtransformations.Thehomogenization
resultinginapointprojection(Eq.4)hasbeenusedas
proofforthehomogeneityoftheuniverse[3].However,in
oursimplefractalmodel,homogenizationoccursaswell,
forshellswithrmax >5 4rmin ,andthusthereasoningin
[3]isnotconclusive.Atsmallradii,�nitesizee�ects

3



FIG.5.Thep
rojectionofa

2-dimensionals
et(�30000

galaxies)onto
thecelestialgl

obe.Thecalcu
lationinvolves

9levels.Top:
Galaxiesshown

atapparentsiz
e.Bottom:

Galaxiesshown
atequalsize(p

ixelprojection)
.

dominate,asi
nFig.1of[3].

Usingsmaller
sub-divisions

intheconstru
ctionofthee

xample,onec
anlowerthe

necessaryshel
l-widthtor ma

x�2r min.
Intheareapr

ojection,most
oftheareais

coveredby
close-bydisks

,becausethey
arelarger.O

ntheother
hand,Figure

3.10(ofRadio
-galaxies)inP

eebles'book
[2]showsallt

hedisksofthe
samesize(nam

elyassmall
pixels,which

correspondto
theprojected

measureofa
galaxyatdist

anceabout1=
r max��).To

illustratethis
point,wecon

structa2-dim
ensionalsetin

3-space,us-
inganadapted

variantofthe
algorithmdesc

ribedabove.
(Wetakea3

�3�3cube
andselect9a

mongthe27
possiblelittle

cubes,produc
ingessentially

3patterns
withthecentr

alcubeand8
othercubesoc

cupied.This
produceshigh

erdensitytha
n53 .)InFig

.5weshow
theapparent

sizeandthe
pixelprojectio

nofthisset
ontothe2-dim

ensionalcelest
ialglobeusing

theAito�-
projection.On

eclearlynotic
esthatthepix

elprojection
looksless\lac

unary"thant
heapparentsi

zeprojection.
InFig.6wesh

owthesamep
rojectionwhen

thegalaxies
are\opaque."

Thisreducest
helocalmaxim

aoftheap-
parentdensity

ofgalaxies.A
quantitatives

tudyofthis
e�ectisleftas

afutureproje
ct.

Discussion:
Wehaveanal

yzedvoidsan
dprojected

pointsofa2d
imensionalfra

ctalsetin3-sp
aceprojected

ontotheceles
tialsphere.Fi

rst,wehaves
hownthatthe

voidsinthep
rojectioncan

beverysmall
,evenifthey
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FIG.6.Thepr
ojectionofa2-

dimensionalset
ontothece-

lestialglobe.G
alaxiesareshow

nequalsizeand
areopaque.

arelargeinth
eoriginalspac

edistribution.
Wealsohave

shownthatth
eapparentuc

tuationsofthe
projectionof

asetof\galax
ies"dependon

whethertheya
reprojected

with�xedora
pparentsize.I

nthe�rstcase
,theprojec-

tionismoreu
niformthanin

thesecond.T
hisexplains

inparttheapp
arentcontradi

ctionbetween
therelatively

regularprojec
tionofa2-dim

ensionalsetin
3-spaceand

itsintrinsicfr
actalnature.

Ofcourse,thi
ssimplegeo-

metricanalysi
sdoesnotans

werthemuch
deeperappar-

entcosmologic
alcontradictio

nsbetweenth
eisotropyof

theuniversea
ndthefractal

dimensionof2
ofthegalaxy

distributiona
sfoundin[1]

.Itseemsto
usthatthis

�eldisstillwi
deopentosp

eculation.Fin
ally,ifweas-

sumethatthe
reisanobserv

ationallimitt
ohowcloseto

eachothertw
ogalaxiescan
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ydrawinga

little\opaque"
disksofequal

sizearoundea
chobserved

galaxy),thepi
xelprojection

suchasFig.5
abovebecome
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